http://www.angelfire.com/ab7/fourunit/2005hscsol.pdf
2005 Mathematics Extension 2 HSC Examination Solutions*

By DEREK BUCHANAN

1. (a) Letting u =sinf, du = cosfdf
= [0 d) = [uPdu="F +C =gy + C.

sin® 0

(b) (i) sz =alz+2)+bz—3)=>ife =3 5a=53)=15..0a=3&if
x=-2-5b=—10..b=2

(ii) Hence [ —2Z— 5d f(x 3)(I+2) _I(%"‘%Jrz) dz
—3ln(x—3)+21n(x+2)+0

(c) [{z"Inzdr =[] lnx%(g) dx = [%xilnx]i — [ &L (lnz)de
= [

=3flne — {1l - [[ o lde =5 - [[ 5 de=§ — [5]
—é_(é_ﬁ)_?eg—l—l
- 8 64 64/ 64 °

(d) IW ;f\/ﬁ:%ln@-l- 932—(%)2)-%-01

=1 5 In <2x + V4x2 — ) + Cy (where Cy = Cy — ln 2)

(e) (i) t=tand =L =1lgec?l=1(1+tan?%)=1(1+¢)

s . 2sin £ cos & 2tan ¢ 2t
ii) sinf = 2y = iy =
( ) sin 6 cos? %—l—smz [ 1+tan? % 14¢2

iii) Letting t = tan , df = 24 (from (i)) and cosec = 1 (from (i
. 2t
ifcosec@d@-flgf c2d — (4 —Int+C=Intanl +C

2. (&) (i) 2z+iw=208+i)+i(l—i)=6+2i+i+1=7+3i

() zw=B+9)(1—-1)=B—-)(1—-i)=3—-1—i—3i=2—4i

6(1+1 )
(iii) £ = (1)?13&) 61161 =3+ 3

(b) (i) B=1-iV3=\124+3 2cis (—tan™! ¥2) = 2cis (- %)
(i) B° = (2cis (—%))° = 2%cis (—5F) = 32cis &

*The question paper is available at
http://www.boardofstudies.nsw.edu.au/hsc_exams/hsc2005exams/pdf_doc/maths_ext2_05.pdf

and there are extensive free resources available for the course at
http://www.fourunitmaths.cjb.net
such as over 100 trial papers, comprehensive notes and assignments.
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(iil) 4% = 32cis T = 32(L +i*2) = 16 +i16V/3
(c) z—z2=2iF(2) . |z — 2| <2=>-1<Q(2) < 1

{zeC:|z—2|<2A|z—1]| > 1}

(d) (i) ZPOQ is bisected by ¢, so
arg(z1) + arg(z2) = a — 3ZPOQ + a + 5/POQ = 2a

(i1) 2122 = |21||22]cis (arg(z1))cis (arg(z2)) = |21||21|cis (arg(z1) + arg(z2))
= |21 |?cis 2a

(iii) a = % and R represents z1zo = as z; varies, since z; can’t be 0,
|z1/? > 0 and also cis 2a = cis 5 =i ", the locus of R is {iy : y > 0},
i.e., the positive part if the imaginary axis.

3. (a) (i) y=/(z+3) (i) y = /()

(iv) y = f(|z])




(b) y =

T + mzsfg = Ji(ycxjg)l))((yf__;)) = asymptotes are y = x, * = £3 and

the z-intercepts are at x = +1, 0 and the y-intercept is at y = 0. As
T — F00,y — xF. As x — —3%,y — +00. As x — 3F,y — +o0.

(c) 322 — 4y — 4xy’ + 3y*y' = 322 — 4y + ¥/ (3y* — 4z) = 0 . 3(2)% — 4(1) +
¥'(2).(3(1)2 - 4(2)) =8—-5y'(2) =0..y/(2) = £ . the normal is y — 1 =

(@ =2 ==

5 S . y=_3 9

(d) Horizontally, N sinf = mr”Q and vertically, N cosf = mg. .. N = VN2 =

V/(Nsin)? + (N cos 0)? = \/(m—”2)2 +(mg)2=my/g2 + %

4. (a) (i)

(ii)
(b) ()
(ii)

(iii)

(iv)

T

V =2r fON xydr = 27 fON ze= dx = —x fON —2ze~% dx
N 2 a2 _ A2
= -7 [, (%2(—332))6 dv = —7n[e @ |V = —mw(e™N" — &)
N

)

=7(l—e"
lim V=mn
N—oo

a+0B+v+9d=—p, afy+afd+ ayd+ v = —r

a2+ 32472402 = (a+B4+7+6)2 —2(aB+ay+ad+ By +B5+70) =
(—p)? =29 =p* —2g

If P(z) = 2* — 323 + 522 + Tx — 8, from (ii), a® + B2 + 2 + 6% =
(=3)2 —2(5) = —1 < 0 and so P(z) = 0 cannot have four real roots
for otherwise o? 4+ 32 + v2 + 62 would have to be > 0.

P(0)=—-8 <0< 2= P(1) and P(z) is continuous Vz € R = P(z) =
0 has a root between 0 and 1. But the coefficients are real, so it has
2 real quadratic factors, one of which has 2 real linear factors, and by



(©) (i)

(ii)

5. (a) (i)

(ii)

(b) (i)

(ii)
(©) ()

(ii)

(d) ()
(ii)

6. (a) (i)

(iii), the other has 2 complex factors whose zeros are a conjugate pair.
Hence z* — 323 + 522 + 7x — 8 = 0 has exactly two real roots. Also, if

6 — (%/ 1727 + 3v/331449 + /1727 — 3+/331449 + 5) / 3 then by the

quartic formula, these two real roots are

- (3—\/49—11:t\/8\/92+3 ~ 61911462 ) /4
~ 0.828794716... or — 1.2727703...

If 21 # 0, a®y1(0) — b*z1(=b) = (a® = V)11 = 11 = % but if
r1 = O, Y1 = +b.

3 2

Ifylzazbszﬁbabzﬁaz—bz,-'-s—zﬁé e = 1—2—22 1—%.
1

Soezﬁ.

Area (AABC) = 1be = Lad = v*¢? = (be)? = (ad)? = d?a?
= d?(b? + ¢?) by Pythagoras’ Theorem.

tana = -5, tan 3 = AhC7 tany = %5 = from (i),

. _h? h2 h2 h? h?
AB2. AC2 AP2(A32 +A02> ‘- tanZa  tan?f _ tan2 'y(tan2 « + tanZ B)
= tan?y = tan? a + tan? 3

The five possibilities are:
FMMMMM; MFMMMM; MMFMMM; MMMFMM; MMMMFM

21(() + () + ) + (3) + (3)) = 252

If y = f(x), foxdy-l—fo ydx—fo dy+f0 z) dx
= [P f N @) dx + [ :z:—ab,,fo :z:—ab—fo f~Y(z) d.
f(z) = sin™ %) = f Y(z) = 4sinz. So (i) and Sin_l(%) =% =

(
f02 sin™!(2) dz = — Iy /% g sing dr = 4+ 4[008:(:]0
=T +4(% - ) —+2f 4.

Area (ABCD) = AD.CD = 2V9 — 22.2tan60° = 2x/27 — 32

V= f03 20v/27 — 322 dr = —= ( 6x)v27 — 322 dx

= L [3(d(27 - 322))(27 — 39: V2 dy = —2[(27 — 322)3/2)3
=-2(0- 81\/_) =183

Io(z) = [0 tdt = [~ "] = —e® — =1 = OI[1 — e®(%])] . it is
true for n = 0.

If it is true for n =k, I(z) = [ tFe ™" dt = KI[1 — —mzj 0 J,]

g (z) = [ tR et dt Jo tFTH (L (—et)) dt
_[ tk“ e — fy e (&) dt=—aF e 4 (k+1) [y the F dt



— —ah et 4 (b4 1) I(x) = —at e + (k+ DRI — e~ Y5 =]
—x k zJ

= (k+ DL —e " 3555 2]

i.e., if it is true for n = k then it is true for n = k£ + 1.

Now I’ll be like Darth Vader and be the chosen one to bring balance to
“the force”, I'll placate mathematicians by ending the proof here and
say the statement is therefore true for all integers n > 0 by induction.[]

and to placate teachers I'll put the dreaded mantra here but say also
that although I have for funny reasons decided to include it in this set
of solutions it isn’t part of the above proof:

“It is true for n = 0 ", it is true for n = 1 -, it is true for n = 2, etc.,
i.e., by induction it is true for all integers n > 0.”

(i) 0<t<1=0<tre ! <t" =
0< [ftretdt < [l tmdt=[L)h = .

(iii) From (ii), O<I =nll—et>" 4] < =7 =

(iv) . 0< lim (1—e?Y" jd)=1-€e1372, 4 < lim 1 =

n— 00 J=0 j!

(b) (i) w"=1, w ”—1-(@0—1)23Ouﬂ—Oandw#ljzjowj—O
Hence (w—1) 375 (j + Dw! = Y720 + 1w — 1)w?
=nw" -1+ 30—+ D))l =n(l) =Y Jw =n—0=n

ss R D cis (—0) __ cosf—isinf
(11) If z = CZSQ’ ci 529 17 22-1 7 z—2"1 7 cisO—cis (—0) 2isin 0
ses _ T a2 L2 1 _ 1, 1\ __ 1
(lll) Ife—ﬁ,w—CZST—Z @%(m)—%(—ﬁzcote—i)——i

(iv) If n =5, 1+ 2cos Z + 3cos = + 4 cos & + 5cos &F
= R(1 + 2w + 3w? + 4w’ + 5w?) = ére(ﬁ) = 5(__) =3

v 1—1—2c082—”—|—3cos 4” —|—4c0867r + 5cos &
5 5

:1+2cos 30033—4cos——|—5cos =1+ Tcos2E —7003%:
5 5 1 1 _ . _
—§:>COS%—COS5+§ 2 cos? g—COSS—§—0..COS%—
2_4(2)(—1
ave 2(;1§ D) _ 1+4\/§ (% acute .. cos £ > 0).

7. (a) (i) £4BMP=/BNP =90° ... BNPM is cyclic (opp. £’s supp.)

(ii) LZMNP = ZMBP (/’s standing on same interval MP in cyclic quad.
BNPM)



—90° — ZBPM (BM L TP)

=90° — ZNAP (alt. seg. thm.)

— /NPA (TA L NP)
S.MN||PA (alt. £’s equal)

(ili) LZTNM = /LTAP (corresp. /’s, MN||PA) and ZT common =
ATMNI||ATPA (AAA)
= = pﬂ'ju (corresp. sides prop.)
srptrqgtru=rptrgtsptsqoru=s(p+q) .= <

p+q
(iv) s < = WP =t “f—u

QI3

P P
. . 2 2 p3
(b) (1) xr = —% = —Rw? = —R(%”)Q — 47;21% — 47rT2R
(i) L(iv?) = _4775221?23 = L2 = f_(47r;§3) 2 gy — 47r ‘R L o0 and
when £ = Rbv = 0 = C; = 47;_232:>%U2:4;22§3_47r;§2_

4WT2£%2(R30 ) vt = 8ﬂ;52<Rmm)

_2v2rR /R—=x
T =

(iii) Satellite moves towards star = ‘é—t = -

_ T /| x

"~t:_2\/:f7er 7 dr=— N R(Rsm Y =) —Vz(R—1z))+C
andt=0=x =R, so Cy = Tijl—erl:%ﬁandhence
t = 4—\/5 T R(Rsm Y %) — Vx(R—x) ) so if the star were

concentrated at a single point, if the satellite could reach that point,
x = 0 and the time would be 455.

8. (a) a,beRT, f(x) = % for z > 0.

. 3(abz)t/3(1 a+b+x)(abx 2/3 (ab 3abr—ab(a+b+x ab(2x—a—b
(l) f’(fl)) = Habe) ) Q((abx)Z/%( ) —Let) 9(abx()4/3 } = 9((ab1’)4/3)

= 0=z = %L and f/(%2)7) = 07, f((%)F) = 0F =z = 25

minimises f(z).

(i) c€ R* and %t > Vab and



4bhie)\3 a+botb )3
) (32

(iii)

(iv)

(b) (i)
(ii)

:< 3(a+b)/2 )3
33/ab(a+b)/2

_ _(atb)®
" 4ab(a+d)

> (\/% )2/ab
=ab/ab
=1

So ;”4\37:"72 >1 .. %b“ > /abe

3 — px? + qr — r = 0 has 3 positive real roots o, 3, 7.

Sumofroots:—_Tp:p.'.oz—l—ﬂ—f—v:pand%BJ”:% Also,
T

product of roots = afy = —=F = r .. from (i), %ﬁﬂ =L >

VaBy=r..p>3Yr. .p>>27r

Letp=2,g=1,r=1fora® —pz?+qr—r=0. . 22-222+2x—-1=0.
Now for < 0,22 — 222 + 2 — 1 < 0. Hence all the real roots (if they
exist) of 3 — 222 +x — 1 = 0 are positive. From (iii), if it has 3 real
roots, p> = 8 > 27(1) = 27. But 8 < 27 - contradiction. .". it has at
most 2 real roots (one of which is a double root). If it has a double root,
it must also be a root of 322 —4x +1 =Bz —1)(z —1)=0. .2 =1
or . But 13 —2(1)2+1-1=-1#0& (3°—-23)?+45-1=
—% # 0 either. . it does not have a double root. Or perhaps one
might consider it having 2 real roots and a complex root, but then the
polynomial would have complex coefficients, and we know already that
the coefficients are real. Also, it won’t have more than 3 roots by the
fundamental theorem of algebra. It has real coefficients and odd degree
and therefore it has exactly 1 real root and by the cubic formula that

root is ({'/100 +12v69 + /100 — 12v/69 + 4) /6 ~ 1.7548776662....

AP.PB = (bsec — btan)(btan + bsec ) = b?(sec? @ — tan? §) = b2

LACP + 8 =« (ext. £ = sum of int. opp. £’s) .. ZACP =a—f3
& AP _ __cP__ _ cp __cpP __ cpP

sin(a—B) = sinZCAP = sin(r—ZOAB) = sinZOAB = cosf3
O Abes
ZxOB = (3 (by symmetry) and if C'D intersects the z-axis at W,
LOWD = ZPWz = « (vert. opp.).
5. ZPDB = a+ [ (ext. £ = sum of int. opp. £’s).

T . PD _ PD __ PB
/OBA = /0AB = 9 = 6 ©rsin(5—B) T cosB  sin(a+pB)

. _ PBcosp
;. PD = sin(a+0)




ses _ APcosfB A PBcosfB __ b2 cos? 3
(iii) CP.PD = Snla—7) " sm(ath) — sn(a—p) smath) and therefore depends

only on the value of o and not the position of P.

(iv) CP = p,QD = q¢,PQ = r, so CP.PD = p(qg+7r) = pqg+ pr = ¢,
a constant. Likewise, DQ.QC = q(p +r) = pq+ qr = c¢. Hence
pg+pr=gqp+gqr...p=gq.

(v) UT = ling)p = lir%q = VT. . T is the midpoint of UV

Taylors College, Sydney
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