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SOLUTIONS

3 UNIT (ADDITIONAL) AND
3/4 UNIT (COMMON) MATHEMATICS

QUESTION 1
d 1.y L -1 2x
(a) E(than x) = tan™taxx 2+ T
= 2tan~ly + —2% =
l+x

{b) Gradient of 8y = 2x+ 8 is %

Gradient of y = 5x -9 is 5.
Let 8 be the acute angle between the lines,

tanids |y
1+ m1m2
2
1+~§-x5
=1
9 = 45°,
. g
. sindx 3 . “sindx
. —_— =Zx1
© 11-% Bx 5 xﬁﬁ; 3x
=31 [lim sinx _ 1)
5 =0 X
-3
5
(d) logy14=logy(7x2)
= logs7+logy2
= 2:807+1

= 3807 (to 3 decimal places).

() Ifaxd+bx®+cx+d =0, afy = -»%,

o for 243-14x-1=0, afy=-S2 -1
2 2
3
(f) [ sinx dx
Jo
z
T
=J‘ 1-cos2x dx (using cos 2x = 1—2sin2x)
0 2
x
_ [E_ sin2x}3
2771 |,
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. ]—(O—sinO)
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QUESTION 2
(a) - x¥-2
2%+ lix4—x2+ 1
x4 x?
-2x%+1
Dyt 0
3
o Q) = x>-2 and R(x) = 3.

(b) 3P, invested for n years at r% per annum,
compounded annually, grows to $P(1+ r%)n.

-, 1st contribution grows to
$500(1+8%)* = $500(1-08)*°
2nd contribution grows to $500( 1-08)39

40th contribution grows to $500( 1‘08)1.
. Amount in fund on 65th birthday ¢
= $500[(108)**+ (1:08)"*+ (108)*+ ... + (+08)]

mn
=$500xa[" “11)

where a= 108,
r= 108,
n=40

40
= $500 x 1-08{(—1—-9-&—_-1}

108-1
= $139 890-52.
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A ob B
| [ b
In4cBD, sinB=2
CD = asinB. —Q0
naCAD, sind=Z2
CD = bsin A. —2
. From @ and @,
asinB = bsinA. —i3)
(ii) In ACED, cosB = .Wm
DB =acosB.
In AACD, cosA= m..%
AD = beos A,
AD+DB =brosA+acosB.
That is, c=acosB+beosA. —@
(iif) % = (aeos B+ beos A)® from @

a?cos? B+ 2abcos Beos A +beos’A
and ¢? = dabceos AcosB  {given)

o a’eos? B+ 2abcos Beos A+ b2costA
=4abcos AcosB

5 a?cos?B-2abcos Acos B+blcostA=0
- (@cosB-bcosA) =0

acos B = beosA. —®
Algo, asinB = bsinA from® —-®
®&+® — tanB = tan A
B = A (since 4, B < 180°}
b = a (sides opposite equal
28 in AACE).
QUESTION 3
@) Whenn=1 4"+14=4%414
= 1§
=6x3.
;. Resultis trueforn=1
Let k& be a value of n for which
the result is true.
Then 4%+ 14 = 60, where M
is an integer. —@
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Consider when n= k+1,
then 451414 = d¥x4+14
= (6M ~14)x 4+ 14 from @
=6x4M-4x14+14
= 63 4M —-42
= 6(4M-T).
That is, it is a multiple of 6 and se the result
istrueforn=4%+1
Hence, since the result is true whenn=%k=1,
itis alsotruefora=k=1+1=2 and by
mathematical induction the result will be
true for all positive integral values of n > 1.

(b) )
sind¢+ 3 cos4t = Rsin(4f+a)
= R(sindtcosa + cos4esina)
= Rsindtcosa+ Reosdfsing
—®
—@

Reoso = 1,
and Rsine = 3.
®+@ - tana=+3

Soa= .mw,.;, Amn , ete, .
Choose o = lmm"

0¥+ 2? o wn?omnn+ miunv =4

Eiz4

R =2

N.B. R=2 since @ = = implies R > 0.

3
Hence sin4t + /3 cosdt = NMET: Wu —3

Other answers are possible, for example:

|MWSTH+ MJ

(i) sindt+ 3 cosdt = 0
~  2sin(4t+§) =0

&+m =..,-25 -2 0,7 2%, ...
4= -20-5 on-L, )
O||. w-Mﬁ.k@_...

- .m. for n any integer.

tow ..wr?al.wﬁw

Mamﬁmz.. 1) for n any integer.

x = 1+sindt+/3 cosdt
= 1+2sin ?h.v.m.w from @. —®
This is of the form x = b +asin(nt + &) and
hence represents SHM aboutx = b = 1.

fc) )
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Also, x = 1+ meT: HV

hn+ .W:
=1+ mnomT - .5

H+M3m_

=1+ unOmT& w.v (since cos isan
even function).

This is of the form x = b+acos(nt+ &)
which is the form stated in the syllabus
to represent SHM aboutx = 6 = 1.

OR x=1+2sin(4t+ %) —®

.
#

8 nomA& + .m.u
—32sin{4t + %)

M
]

memaip?mv
-4%(x-1) from &.

This is of the form # = —n?(x~b), an
hence represents SHM about the point
x=b=1

(i5) Amplitude = 2

#

(iii) Particle is at maximum speed when % = 0.
% = —32sin T: .@ from ©

=0 when WFTI @ =0.

That is, when &‘Twm =0,7...
4 = .llmﬁ_ wlmmu

R R
=1zrere

. First time particle reaches maximum
speedisat ¢ = .ulm.

QUESTION 4

s
@ v= a.ﬁ #% dy where xs(y-15) = 15%
0

ah, [18%-(y-18)"] ay

L
5
‘—)
e &
e
[
=3
]
2
wk
&

n
rm
et
<
=
I
& wl“c
I—l

1]

A
N

=

o

=

3

I
vl %
w

157 - E2

as required.

=~

1998

8
(D) V= 157kt~ aw
Y _ somh o an
a5 = 30nh—nh
av _
g T
Find mw. whistih=6,
av _gdv. dh
dt ~ dh " dt
- 2
& 3=(30%h-zh v&
odh 8
Vodt o 3Qmh-mh*’
dh 3

When k=6, &&=
enE=D G T B0mx6 - nx6°

L
4877

. Water is rising at a rate of M.m..m. cm s

when the water level is 6 cm,

3

M) G} flz) = H+m|.lw..

Let ¥y = flz).
Then y=1+

3
z-2"
This is one branch of a rectangular
hyperbola of the form
=3
= X
translated 2 units to the right and
1 unit up. Hence the horizental asymptote
is ¥ = 1 and the vertical asymptote isx = 2.
Sketch of y = flx) forx > 2,
¥
m.i

-1

x>2.

3
x-2°

x> 2

x>2

Loy-1=

m|

4

(ii) The inverse function is cbtained from

3

FoT wherey>2, x> 1.

x=14 ——

+ Pageo



3 Unit (AppmonaL) anD 3/4 Unm (Common) MatHEMANCS

L]

1
[an
¥

=

@
1
2]

b
!
o
H
e

R
—

2
x-1

o .ﬁlaﬁau =2+ 1 x> 1

L]

y=2+

o |

iii) The range of f{x) isy > 1 (see sketch) so
the domain of £z} is x> 1.

(e) (i) Ifaninterval (B() subtends two equal angles

at two points (D, E) on the same side of it,

then the endpoints of the interval and the
two points are concyclic,

(ii) Exterior ZAED of cyclic quadrilateral EDCB
equals the interiar opposite £DCB.

QUESTION 5

(@) 8427+ - +n%= 2843%+... 408

i
-3

re2
(b) (i) P(x) = 4234+ 227+ 1
Pl0) =1
P() =1
P{-1) =-1
Plx) = 1222+ dx
= 4x{3x+1)

=0whenx=0or |w.

= (0, .d and ﬂ!.w. mmi are stationary points,

¥

7 1,7

1 29 Aam%v
TM. ﬁv |
|||||| Yoy tangent afx = _ 1
S ) T,
|_u .._uw *
(-1,-1) -1

The continuous nature of polynomial
functions and the positions of the
stationary points determine their nature
as turning points,

OR  P'(x)=2dx+4

PY0) = 450
2 (0, 1) is a minimum turning point.
ef Y _
PY-3)=-4<0

Aim. mwmv is a maximum turning point.

(i) P(x) = dx3+228+ 1
P(x) = 122% +4x.
Using Newton's method with x; = Iww.
another approximation is

," o ax(-3e2-21
B T
= 4,

{iii) Newton’s method is calculating the

x intercept of the tangent ta this curve at
x= |Mu and using this value as the next
approximation te the root. Because there is
& turning point between x = ...Mp and the
root, the tangent to the curve at x = |ﬂ..m_..
will not cut the x axis closer to the root.

(See praph.)

(€} () P(4untagged fish)
50,49, 48, 47

60" 597 BB 57
0-4723 to 4 significant figures.

(i) P(at least one tagged fish)

1- P(4 untagged fish)
1-04723

0-5277 to 4 significant figures.

H

fl

(iil) P{no tagzed fish for 7 days)

= (0-4723)

= 0-005 24 to 3 significant figures,
{iv) P(no tagged fish for exactly 2 days)
0, % (0-4723)% x (0-5277)°
0-192 to 3 significant figures.
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QUESTION 6
(a) (i) y v
V sin £45°
1 45°
V cos 45°
[#] x
=0
i= .Hc dt=0C,,

Whent=0, x=Vcosd5°= Mﬂmu

= ..W.W+QN.
Whent=0, x=0
N Cp=0
vt
g —D
j=-¢
wu%ah dt = ..,w?..om.

When¢=0, = Vsin45°= qm

v
s Cy=
T
; v
o = —gt
Y M+Nwl
\i4
=||-gt+ dt
v=[(-e+ )
e
H.LMMI+W\W+Q¥
Whent=0, y=1
H Cy=1
—-gt? Vi
g L ARRR AN | —3
¥ 5 .(\M
From @, MJWM.

Substitute in @:
2
y= .%Wml.vww%iu
2
x

& —®

=l+x-g

1998

(ii) When x =93, y=23. "
Substitutein ®; 23 = 1+9-3-98x E

a\n
. 98x(93)°
o ————=8
14 2
yz_ 8x(99)
8
\ 8
V=93 5
= 10-2032...
= 103

. Initial speed £ 103 ma™,

(iii) The ball is at ground level when y = 0.
Substitutey = 0, V= 103, g =9-8in @

9-847

(103

9827 (103)%x - (103 =0

{1034 (109)+ 4 x 3-8 x (10-8)°

- 2x 98

= 11747 06 ... (other answer not relevant
as it is less than 9.3, by inspection}

=117m.

The ball lands approximately {11-7—9-3)

metres from the net, that is,

approximately 2-4 m from the net.

0=1+x-

x

® 6 (1) = 51-s)

MHcN = .?Tlhuv dx

= 3x-2%+C
Whenz=0,v=4
C=8
Wcuu 3x-x%+8
v = 62-22%+16
= 16+ 6x— 25, .
(i) Yes.
Consider the graph of v% = 16+ 6x — 223
Whenz=0, v%=16.
Whenx=2, v?=12
Whenx=3, v®=-20.
.+ Curve cuts x axis between x =2 and x =3,
(at o say).

&)

-62%+6
6(1- %)

=0 whenzx=x1
Whenx=1 pv?=20.
Whenx=-1 v?=12.
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3 UNT (ADDTIONALY AND 374 UNIT (COMMON) MATHEMATICS

2
L3 qt (1,20
\ 2
AY
N A6
ﬁljulu.wv 104
¥ T T f
- 1 2 %8 ¥
v2< 0 is not possible~ v

From the graph, it can be seen that the
particle stops at # = @ (where v = 0},
Accelerationa = m?tanv < D for x> 1, and
since o > 1, the particle begins to move
towards.the left. Tt continues without
stopping and will reach the origin since

v? % 0 for any other value of x (see graph).

QUESTION 7 _
(a) (i} 1+ 2™+ (1-2)™
= 14 2y + 0,2+ 20y + o + M0z
#1- 20 x + Cya- TCxP+ - + Cgp™

= MT+ o g2 B0 x4 e 4 ?Qe_aNJ,
(ii) If x = 1 and # = 10, (i) becomes
2.0 = w?+ Wy + B0+ +.BOEL

o 1420, + 00, + o + P = 919

(b} (i} y=x
x =y
. dx _
N &.twu\
% dx L 2ydy_
el-0 ) yy1-52
; d
“wpl.eu
=2sin"1y+C,
=2sinx+C, 0O<x<l,
(ii) NHR|W
& uﬂ.n+w
Lodx
2 n.hlw

vo | e iz
w5 4
- dz
T
= sin™ m.._. +C,
B
=sin"'2z+C,

=sin"Y2x~N+C, OGex<l,

(iii) Hence sin~}{2x-1)

= 2sin 1Yz +C, O<z<l
To evaluaie constant C, put, say, x= W.
o ] a1
then sin~'0=2sinl—=+C
=
0= mx.m.+0
F oo T '
o C= 5
Hence sin~1(2x-1)
= 2sin™! |mum. O<x<l.
Note
The domain 0 < x < 1is the domain
of the function i

“Ha:... z)

from which this equation was obtained.

However this equation is also true
forx=0andx=1.

(€} |dx-1] > 2fx(1~x).
Using a definition of | x| as NER
the inequality becomes

(4x-1)% > 2.fx(1-x). - ¢
Jx is defined only forx =0
x({l-x)z2 0
0sxxs 1 —@

Squaring both sides of @, we get
(4x=1)%> dx(1~x)

1622 8x+1 > dx—4x?

s 20x8-12x+1> 0

o (10x- 1122~} > €

. 1

w
Lo ox< gy O X 5. —@

From @ and @, the solation is
1

0<x<gp ou.WAamH
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"The graph confirms the
restriction on the domain,

END OF 3 UNIT (ADDITIONAL) AND 3/4 UNIT (COMMON) MATHEMATICS SOLUTIONS

1948 ¢ Paoge l0



