1999 HicHER ScHooL CeRTIFICATE
SOLUTIONS

3 UNIT (ADDITIONAL) AND
3/4 UNIT (COMMON) MATHEMATICS

QUESTION 1
1x a .
(a) J’ 72——- Sm" ] (standard integral}
= 51n‘1£~sln 19
= E‘O
= E
3
dos. o, d
(b) Lo T = 3sin *omsing
= 8sin? xcosz,
© A-2,7), B(3, ~8)
Ratio2:3
_ 2x8+3x(-2)
FOTP, x--———z:g—
_1o
B
=2,
_ 2x(-8)+3x7
and ¥y= 2+3
. - —5.
5
=1.
. Pis{2, 1).

(d) Asymptote when denominator is ZEro,
thatis, x-8=0 or x=3.
@  Plx}=23-dx
P(-3) = -27+12
= —15 is the remainder.
) If w=tanx

‘2 = du = sec?x d.

= sec
Wheriz=0, u=0,

Whenx= £, 4=4/3.

£ ®
f tan?z sec?x dx=j u? du
0 0
3
= 3.
1999 »

QUESTION 2
{a) Number of ways of choosing 3 females
from 7 is 7Cy. The other two must be male.
The number of ways of choosing 2 from 4
is 402.
" Number of committees = 'C; x 4,
= 210,
(b) Method 1
cos@++3sinf = 1
Now Rcos(f- ) = Reosfcosor+ Rsinfsino

Reosax =1
Rsino = +3.
. Rz(sm &+ 008 a] 3+1=4,
R=2
Rsina £
and Reosa 1’
tan o = 3
=z
=g
_Ej-y _Efp_x\ Bm
2cos(8 3)—1, 35(9 3)53
B4 I §
cos(@ 3) o
4-E . _Z & 5x
3 3'8" 3"
ezo,%,zx
Method 2:

f6=n, cosm+Being = ~14+0 2 1,
-~ 8= is not a salution.

If§#m, let.t=ta.n%.
. 24 1.2
', gind = and ¢osd = :
2 T4eE 1+42
1-¢% 2t
S —— = +n/8 =1
142 VB x 1+¢°
-2 28 = 1442
2?23t =0
Zt(t—@) =0,
L E=0, 43,
Page 4

3 Unir {ADDmONAL AND 3/4 Unm (CoMMON) MaTHEMATICS

That is, tanf = 0, 3.

2
8
—2-—0,3,:1' (0= ox<2n)
. 9=0,2% o

3

(¢) f(x) = x+log, x
(i) The natural domain is x> 0 singe log, x
is defined only forz > 0.
(i) ¥ = f(x) is increasing if f/(x) > 0,
s ()= 1+-:-;- >0, sincex >0,

(i) F(05) = 0-5+1log, 05
F-0193 < 0,
) =1+log, 1
=1>9.
The curve cuts the x axis between x = 0.5
and x =1, since the sign of f(x) changes
and f(x} is continuous.
{iv) Let f(x} = x+log, x
ooy 1
T (x) = 1+ =

Let :cé be a second approximation to the
root of x + log, x = 0.

r o ox . J05) .
. X = 05 Fo5y by Newton’s method,
- 05~ 0-5+1og, 0-5
Moz
= 0-564 ...

N.B. You need to use Newton's method
again to see how many of these digits are
significant, but this is not required by
the question.

QUESTION 3
x
@ V= nf(ssinx)2 dx
0
.3
= Bﬂ'ff's.in2 x dx
o
x
= Qﬁfz(l—cosm) dx
2J)e
= 9x[_ _sin2x £
) [x 2 ]0

- 5{f5-)-0-0]

Lot

2
. Volume = 2’45— cubic units,

1999

=31 plE\-8
®) P(e} =7, P(8)= 2.
Probability of ‘8 on exactly 2 of 7 throws
i)
T HE)\s

x 6

=~—2><

X

o i
X

T =
mlm
o

_ 21875
EEEEID)
2 02344,

(e)

Data: AC is a diameter,
Construction: Join AB, Pg.
Proof; <ABC=90° (anglein semicircle,
given ACis diameter)
ZCPG = £ABC  (exterior angle of cyclic
quadrilateral squais
interior opposite angle)
< ZCP@ is a right angle,

(d) () A(2sinx+cosx}+ B(2cosx— sin x)
= sinx+8cosx
~ (2A-B)sinx +(A+2B)cosx
= sinx+8cosa.
Equating coefficients of sinx and cos x,

2A-B=1 -
A+2B=8 —@
Ox2 5 4A-2B=2 —@
@+@ — 54 =10
A=2
Substitute A = 2 in @:
2B=6
B=3
w A=2 B=3,

(i) sinx+8cosx
2sinx+cosx

dx

from (i)

_ [2(2sinx+ cosx)+ 32052~ sin x)
- 2sinx +cosx

J’Zir+3j2cosx smx
251nx+cosx

=2x+3In(Zsinx+ cosx)+ .

[Nate: %(zsinw- e08x) = 208 - 5in xJ
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QUESTION 4

{a) i{—l)kk = () 2 (-1 %3
k=t +(-1xa+(-1° x5

(b)

d 2
Whenx=2p, H_?ci =5 =p

Equation of tangent AP is
y-yy=mx-m)
¥=p*= p{x-2p)
y = px-p* —®
(i) Egquation of normal BP is
2o Lo,
y-p'=-5{x-2p)
Blieson BPatx=0.
Whenx=0, y=p’- %(—2}))
=p?+2
s Bis(0, pi42).
(iil) Substitute¥=01in @ 0= px—p?
=p
o Ads(p, 0}
If C{x, ¥) is the midpeint of A(p, 0) and
+0 0+{p%+2)
B(O, p2+2), x= -‘11—2——-— and y = —5—=.

x= —@

2
3
i+

y=2 72 —®
From @, p=2x.
* Bubstitute in @: y = %ﬂ =2x%+1,
But p>0, sox> 0

. Cartesian equation of locus of €
isy=22%+1, x>0.

2
4 dx i
(e) {) LT = []nx]l
=In2-Inl
= In2.

2
6 [ 92 D28 fa)s ar{252) 1))
where f{x) = %, a

1 15
=25 (g
=5 (= 0-694)
Gi) W2 ES
25
24 e
2% Hg (raisi'ﬂg both sides to power %g—)
e = 27132 ..
= 2713 (3 dec. places).
QUESTION 5

{a) Prove {(n+1)(n+2) -~ (2n-1)2n
= 2" 1x 3% x(2n-1)]
Ifr=1 LHS=1+1=2
RHS =2!x1=2.
.. The statement is true for n = L.
Assume statement is true for = k, that is,
assume (k+ D(k+2)- {2k - 1)2k
= 24[1x8x - x{2k-1)]. —0

Hence prove statement is true for n=k+ 1,
that ig, prove
(B+2)k+3)--(2k+ 1}(2k + 2}

= 2P 1x8 % x (2k+ )} 3
Now LHS
= (h+ 2fk+3) - (2h+ 12k +2)

(k+1{k+2)(k+3) - (2k— 1) 2k(2k + 1)(2k+ 2)
B k¥ 1

o2t o x(2h - )2k + 1)(2k +2), from ®
= 2o [1x B x(2k - 1] (2k+ 12k +2)

=?mk[1x3x---x(2k—1)](2k+ V2T
= 28118 o x 2k~ 12k + 1))

= RHS.
. If the statement is true forn =k, itis also
trueforn = k+1. Butitis traeforn=1.
. Itistrueforn = 1+1= 2 and so on,
that is, it is true for all integersn> 1.

i999 ¢ Pogeé

(b} flx)=e*-1-x
@ flx)=e-1
= 0 only whenx=0,

-~ There is only one stationary point
(atx =0,

Fxy=e¢*>0foralle

=~ The graph of f{x} is concave up for all x.

Since f{x) is continuous for all x (being
made up of the sum and difference of
eontinuous functions), the stationary
point at x = 0 is both a local and
absolute minimum,

(i) Whenx=0, f{x) = e~ 1-0= o,
~ The least value of f{x} = 0,
s f(x) 2 Oforale,

(i)

N.B. The gradient ofy = ¢* ~latr= 0is 1,
80y =1 Is a tangent at {0, 0).
This is also implied by (i),

(iv) Inverse relation ofy = ¢* —1isx = ¥ — 1.
Thatis, e’=x+1
y=log,(x+1)
&7M(x) = log,(x+ 1).
vy Domain of g7Y(x) is x+ 1> 0,
thatis, x> -1,

(vi} glx) = e -1
g7Hx) = log,(1+ x).

The graphs of 4 pair of inverse functions
are symmetrical about the line y = x.

The graph of y = 2(x) is above the graph

of ¥ = x except at x =0 where they coincide,

< The graph of y = g7Yx) is below
the graph of y = x except at x= 0
where they coincide.

o log{l+x) s aforall x»-1.

3 Unim (Apomonal) ano 3/4 Unn (Common) MaTHEmancs

QUESTION 6
(@) x=cos?3, 10, —®
) Substitute = 3 in @
% = cos? 3t
cosdt = tﬂ
2
3 = %, .
=,
t = 18
Particle is first atx = % after % seconds,
() »= Qd[%- = Zcos3¢. ~3sin 8¢
= ~3sin6t.
=7, = .8gi e
When ¢ = 5 v 351n(6x 18)
= —35in13f-
N ER
5 X

Since v < 0, the particle is travelling
in the negative direction.

(i) a = % = ~3x6cos bt

= ~18¢os 6¢.
cosbt = 2e0s? B¢ 1
{using cos 2x = 2cos?x - 1)

= Z2x—1 from @.
= —18{2x - 1).
V) a=-13(2x-1
= =
= ~36(x- )
= -g%,_1
® 2 (x 2)’

which is of the form % = —nz(x— b},
indicating simple harmonie motion
with centre of oscillation at x = zl :

{v) Pericd = %’?« seconds
& %@- seconds

= -735 seconds.

(b) ) o
<
g e
z )
F D.

OD =10 ¢cm (radius)
FD=8cm (Pythagoray theorem},

1999+ Page7



1999 HigHER ScHool Cerpicate

{ii} OBC is a sectar
of a circle,
centre 0,
radius 10 em,

I=ry 4 ¢m
4= 10x £BOC,
~ £BOC = 04 radiang
ZDFE = 2BOC c
-~ LDFE = 04 radians,

fol 10 cm B

¢

%

E
ED* = FD 4 FEi_g x FD x FE cas0-4
(By cosine rule)
=824 8% Ox8xBr0s0.4
= 128(1-cos 0-4),
{ Alternatively:
F. 8cm Fol

. Bein0.2
£
o ED =2x8sin02

= 165in02.}

)
%
E
Yo
%,
D

5

E
OE*+ OD:- Ept
R e
_ 107+ 10%- 128(1- c0s 0-4)
- 2x10% 10
ZDOE = 03192 ...
= 0-312 radians (3 dex. places),

QUESTION 7
(a) Initial conditions for velocity:

I
P

When ¢=9,
%= 30c0s(5%), 7= —30sin &)L -
(i) =9
vox=Cy {constant).
*= 30c08(5°) from @, —®

1999 o

x =f30005(5°) de

= 30¢cos(5°) + ¢,
When £=0, =0, & Cy=0
x = 30t cos(59),
y=-10
¢ g=[-10a
=-10t+ Dy,

Whent=0, = -3000s(5%) from @,
Dy = -30sin(5)
¥ = —10t - 30sin(5°). —@
o j ~10¢ - 30sin(5%) gt
= —6¢*~ 30t sin (5°) + D,
Whent =0, ¥=0, » Dy=9,
¥ = 230¢sin (5% - 52, —@
(ii} Ball strikes the ground wheny = -2,
Substitutey = -2 in @:
~2 = -30¢sin5° - 5¢2
5t% +30tsin5°-2 =

; - ~80sin5°2 (-30sin 59"~ 4x5x(-2)

Zx5

= Z308in5°+ V900 5in? 50+ 40
- 10

{other answer negative
and therefore irrelavant)

= 04229

" The ball strikes the ground after
0-42 seconds {2 dec. places).’

(it} When ¢ = 0-4229,
% = 80cos(5% from @,
¥ = -4229 - 30sin(5%), from @,

m

[

4 in 5°
o - L2550
= 022899 ...
83 129°,
Angla at which the bal] atrikes
the ground is 13° (nearest degree).
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3 UNim (Apomonal) ano 3/4 Unir LCOMMONY MaTHEMATICS

i
The term in x% in (1~ x)" 1+.}E. is
3
1y°_rnY'n af 1\ (n njﬁl
Blak 6 -GL= R (1)
‘ ki n 1 H
coen (et
8. H L
+. The coefficlent of 2° in (1~ x) (14.? is

oA (L)

and this is the expression given
in the question.

sor -3 = [-sf 4]

3o

3o
0

n
The general term of( - x) is

1
(o= v

r

The term in 2% has 2r-n=2
P B2
e

n n+2
" The coefficient of x% = (;HQJ(kl) z,
2

and enly exists if # is even,

(n +2 must be an integer).

2
26056 S AN
{(miZJ{—l)ﬂ%a if n is even,

if' r is odd.

END OF 8 UNIT (ADDITIONAL) AND 3/4 UNIT (COMMON) MATHEMATICS SOLUTIONS
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