2000 HicHER ScHooL CERTIFICATE
SOLUTIONS

3 UNIT (ADDITIONAL) AND
3/4 UNIT (COMMON) MATHEMATICS

QUESTION 1
(a) Ed—xsin’lx = sin x4+ ——2—.
X 1— x2
(b) my=2,my= 3.
tan6 = L L
1+mymy
1
_ %3
- 1
1+2x 3
= 1. v
.. The acute angle is 45° (% radians).

Alternative solution:

/

The sketch shows two lines with gradients

2 and +. By considering the triangle formed
(right-angled isosceles), the angle between
the two lines, 6, is 45°.

0

Method 1:
By the factor theorem, P(3) = 0 whenx — 3
is a factor.
P3) = 27-9k+6=0
9k = 33

=32
k=33

(c)

Method 2:
P(x) = (x~ 3)(x2 +8x— 2)
= x%- 11x +6.

Equating coefficients, k& = 11 3%.

3

Method 3:
P(x) = x% - 3kx+6
Let roots be 3, o, 5.

2000

x+2%*-5(x+2) =0
o (x+2)(x+2-5) =20

. x< -2 or x2>3.
Method 2:

5
<
x+2 ° L

Consider

x# =2

5

ezt
B=x+2
x = 3.

LX< -2 o0r x2>3.

Method 3:

5<x+2,

that is, x=3.

52x+2,

¢ Page4

5(x+2) < (x+2)2

(x+2)(x-3) 2 0.

a+B+3=20 0)
3a+38+0f = -3k ®
3083 = -6 o)
“““ From ® o+f=-3
From ®@ o = -2
In®: 3a+p)+of = -3k
3(-3)-2 = -3k
_u
k= 3
3 el
4 401X N
(d) . e dx = [3tan 3}0 (standard integral)
PO B R |
= 3(tan 3 tan Oj
_4(z_
= 3(6 0)
_ 2
5
(e) Method 1:
5
) <1, x=#-2

-2 3

-
w—@—

When x+2 > 0, thatis, x> -2,

When x+2 <0, thatis, x < -2,



thatis, x < 3. Hencex < -2

-, Solutionis x < -2 or x 2 3.

Method 4:

andy = L.

5
Graphy = g

Point of intersection when x = 3
(see Method 2).
From thé graph, x < -2 or x = 3.

QUESTION 2
(a) ‘O isrepeated 3 times.
The other letters are unique.

!

. The number of arrangements = -?—3—'
= 60480.

7
7
® (5+222) = Y "C,57"(2s?)"
r=0

For a term in x® we require 2r=6, .. r=3.

- The coefficient of x®is "C55732% = 175 000.

(¢) cos20 = sind,
1-2sin26 = sin@
2sin?0+sinf-1=0
(2sin 0 - 1)(sinf+1) = 0

sin@ = % or —1.

-z 5z 3m

=% 6 2
d) u=2+x, x=u-2, ii-’-‘-:l,
du
x u—2
dx = du
JV2+x J u%
1 _1
=J(u2—2u 2jdu

3

- 2u?
3

= %(2+x)%—4M+C
«/—_(2+x——x4)+C
2+ (x-
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3
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3 UniT (ADDITIONAL) AND 3/4 UNit (CoMMON) MATHEMATICS

QUESTION 3
. . fla+h)-fla
@ £(a) = lim ! ) f{a)
- lim (a+h)’—a®
h—0 h
- lim a3+ 3a2h+3ah?+h—ad®
h—0 h
i h(3a2+3ah+h2)
= A5 %
= }llii%(Sa2+3ah+h2)
= 3a?.

() f(x) = 3tan'x.

(i) Range is —ézl <y< %75

N.B. Gradient=3 | /
at origin !

nofat

-3 __ol
=27

Therefore the gradient of the tangent at

X = J— 18 2—
© () From AOTB, - =tan30°= -,
OB 3
- OB = 3h.
(Other answers are possible,
such as OB = v100%+ A% )
(ii) From AOAT, OhA tand5° = 1,
-~ OA = h.
From AOAB, OB?= AQ*+ AB®
h? =h2+ 1002
2h% = 1002
h = 50/2.
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(ii) N
A
b
5 E
50v2 Py
0
AT 100 B
o = OA
sin @ = OB
_ 5042
5076
-1
5
0 = 35°16".

Therefore the bearing is 125° 16”.

QUESTION 4

(a)

(b)

Let S(n) be the statement
1+3+6+---+%n(n+ 1) = —é—n(n+ 1)(n+2).

Whenn=1, LHS =1

RHS = g#x1x2x3 = 1

LHS RHS.

- S(Q1) is true.
Assume S(k) is true. That is,

1+3+6+~-+%k(k+ 1] = %k(k+ 1)(k+2).
Now

1+3+6+ -~-+%k(k+ 1)+%(k+ 1)(k+1+1)
1 1 :
ah(k+1)(k+2)+5(k+ 1)(k+1+ 1)

(by assumption)

Il

ICESVCES P

S+ 1(k+ 1+ 1k +1+2).

This is Sk + 1).

- If S(B) is true, then S(k + 1) is true.

But S(1) is true, hence S(2) is true, hence S(3)
is true and so on.

By the principle of mathematical induction,
the result is true for all positive integral
values of nn.

Let f() = (1+n|(1+r)* - 1] - 50r
= 1+n®-1+r)-50r
= (1+r®H-1-51r.
f/(r) = 25(1+r)24-51
r = 006,
f(rl)
f(r)

1t

then ry=n-

2000

(1:06)25- 1-51x 0-06

= 0-06-
25(1-06)%* - 51
= 0-055 38...
= 0-055.
() P(x)=x®+px®+qx+r.
(i) Sum of roots = 73.
Vk+(-Vk)+a = -p
oa+p=0.
(i) Product of roots = —%.
VEx(-E)xa = r
' —ka = —r
ko =r.

(iii) Product of roots in pairs = —2.

B (NE) B s (VE)xa = q
. -k =q.
Since o = —p, from (i), then kax =r
from (ii) becomes (-q)x(-p) = r,
that is, pg=r.

(d) Period T = 2nz - 4r,

on= 5
Amplitude a = 3.

Since v? = 17,2(a2 - xz) (putting origin at O)

v?= %(Q—xz).

Whenx=0, at0, v’= %
- Speed = % cm s™L
QUESTION 5
(a) P T
A
B~ é

(i) ZPBA = /TPA

(£ between tangent and

chord equals £ in alternate segment).

ZTPA = ZPCB (alternate /s, PT"BC ),
. ZPBA = /PCB.

(i) In APBA and APCB,
ZAPB = /ZBPC (common)
ZPBA = /ZPCB, from (i).
Therefore the triangles are equiangular,
and hence similar.
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PB _ PA (corresponding sides
PC ~ PB are in the same ratio)
PB% = PAxPC.

(b) f(x) = xi2 , defined for all x # —2.

@) fla) = Zr2xIoxx] i)c’i ;)—Qx x1
_ 2
(x+2)*

since (x+2)2 > 0 forallx = —2.

> 0forallx # -2,

.. x+2—-2
@ @)= g
_q1__2
x+2°
As x > too, _2_ — 0.
x+2

Therefore the horizontal asymptote
isy=1 . .

(iii) ' ¥4
4 £

—4
N.B. 1
Gradient = 5
at origin.

(iv) f(x) is a one-to-one increasing function
(it satisfies the horizontal-line test).

v y= xi2'
-. Theinverseisx = Y
y+2
xy+2x =y
2x = y(1-x)
_ 2x
Y= 1%
_ 2
f l(x): 1-x°

(vi) Domain of f~(x) is the range of f(x).
That is, all real x, x # 1.

3 Unim (ADDITIONAL) AND 3/4 UniT (COMMON) MATHEMATICS

QUESTION 6
(a)

- AP = 4cos@.
ArcPB = 2.20 = 46.

Time from A to B

= time for AP + time for PB.
That is, T= —‘%—P— + EZB—
4cosb +0

= 3(4cos+30).

Gy 2L - %(-4 sin@+3)
3

= 0 when sinf = —.

] 4
= sin‘l(i—)

= 0-848 radians (= 48° 35").

(5o

2
(i1i) (cil_()Tz— = %(—4005 8) < 0 for 6 acute.
Therefore this is a maximum stationary

point, and so not the minimum.

Test the end points.
That is, row direct to B.

4 .1
3 = 1§ hours.

Walk round the lake from A to B.

Time = —%—f— = 1.57 hours.

Time =

- Pat should row directly across the lake
to B to minimise the time.

(b) (i) No. of ways for 2 spades and 4 clubs

= 3¢, x 13¢c, = 557170.
(ii) No. of ways with 5 of the same suit
= 4x 13Cy x 39C; = 200772.
No. of ways with 6 of the same suit
= 4x 13Cy4 = 6864.
. Total number with at least 5 of the same

suit = 200 772 + 6864 = 207 636.
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QUESTION 7 (b) (i) Given x = Vicos8
@ @ F=Au+3 L
. . . . . V cos8
The maximum period of flight implies 1
ini y = Vtsinf - 5 gt?
the minimum fuel used per hour. )
dF ., B _ V.xsinf _1 x2
du 34u T u? Veosd  25VZcostp
2
i‘% =6AU+'2—§‘ > 0, = xtan§—-x? sec? | -2
du? u 2v?
since u > 0 and A and B are positive. 2

xtan 8- x% sec? 9, since Ve 1.

Therefore we have a minimum when

% =0, ' (ii) On the inclined plane,
] x=rcosc, y=rsina.
that is, when 3Au? = % r2cos?
u rsina = reosatand - ————~
4 B : cos“ 0
=34 sin cccos? 6
B i . = cossin@cos§—reos® a (since r = 0)
u= (ﬂ) : .. rcos” o = cos6(sin cos @~ cos arsin §)

(ii) Let the distance be s and the time ¢. _ Cosf.sin(@-q)

s = ut cos?
_ yX (where kis a positive constant, (iii) Using the given identity with A = 8-«
F  the amount of fuel) and B = 6. we have
uk ’
= m e sin(Q—St)cose
u cos” &
_ u’k ' _ sin(260—o)+sin )
Au*+B B 2cos? o ’
ds _ 2uk(Au* + B)—u’k-4Au® This will be a maximum
du (Au* + B)* when sin(260 - o) = 1.
_ 2Aku® + 2Bku - 4 Aku® , x
= (Au® + B)? (That is, when 26 -« = E)
_ 2Bku-— 2Aku® - So the maximum range is
(Au* + B)? g lsinCa
_ 2ku(B-Au*) T 2cos?a
(Au*+B)? _ _l-sino
For a maximum s, ds _y, 2(1— sin? a)
du
) . +_ B _ 1-sinx
. u=0or ut=—. 2(1-sina)(1+ sin @)
A
When u = 0, s is obviously = ____1__
a minimum value, 1 2(1+sina)
. maximum occurs lwhen u= (%)4 (iv) Method 1.
(E)Z Let mg and mq be the slopes of the
New speed _ \A tangents at O and T respectively.
Old speed ( B )% y = xtanf - x%sec? 9
3A ¥’ = tan6—2xsec® 6.
3 3% At O, x=0, so mg = tané.
_ 13162 Equation of OT is y = x tana,

so T satisfies xtan @ = xtan8 — x2 sec? 6.

132% (nearest per cent).

2
) i . xsec“f = tanO—tano (x#0at7T)
Therefore the speed for maximum distance _ tanf-tana

is approximately 32% faster than the speed X = secZ 0
for maximum time.
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tanf — Z(Mj- sec’ 8

m
T sec? 0
= 2tanqa —tané
= 2tan(20 - §)-tan (from (iD)
= —2cot20—tano
1-tan®6
= —g| 2=t 2 |_tanf
2( 2tan@ ) tan
- +tang—tané
tan6
___1
tan6’
momyp = tan@x(— 1 )
tan @
Therefore the tangents are perpendicular.
Method 2:

The endpoints of a focal chord have
tangents which are perpendicular, so
it is enough to show that for maximum
range OT is a focal chord.

Method 2a (focal chord from geometry):
The following diagram shows a general
parabola x% = —4ay with focus S(0, -a).
The tangent at P (y = tx+ atz) intersects
the y axis at V(O, at2).

Therefore PM =SV (= at?+ a).

Also, PM = PS by definition of a parabola.
Therefore PMVS is a rhombus, and PV
bisects ZMPS.

y

v(0, at?)

P(—2at, - atz)

This only works because PS is a focal
chord. For any other point S on the

y axis, ZVPS would be different.

So if a tangent bisects the angle between
the vertical and a chord, that chord must
be a focal chord.

3 UniT (ADDITIONAL) AND 3/4 UNrT (CoMMON) MATHEMATICS

In part (iii) we showed that the
maximum range occurs when

=z

26—a——2.
= _

0o = 5 0.

This means that the tangent at O
(with angle ) bisects the vertical
(with angle 12’-) and OT (with angle o).

Hence OT is a focal chord as required.

Method 2b (focal chord using algebra):

xtan6 — x2sec? o

y =
cos? 6.y = xsinfcosf—x%.
( sin()cosf))z_ sin2 6 cos® 8 2
| = —————— — (08 6.y
2 4
= —-cos2 (2] y__Ei.Iﬁ_e_
|
2
Focal length = Coi 6.
. 2
Vertex = (sm@zcosé)’ sui1 9}
“Focus F = (sianosO sin® 6 — cos? 6)
2 ’ 4 )

sin? 6 - cos® @
2sin 8 cosf

-1 __1
= 2(tan9 tan@)'

Now for maximum range, 20— 0 = -725

Slope of OF =

tan26 = tan (tx + —E)

2
1
" tana
1
" tan26
1-tan%6
" 2tan#d

I

tana =

l('can 6-

1t

w7)
2 tan®

Therefore the slope of OF equals the
slope of OT, and so OT is a focal chord,
as required.

.

END OF 3 UNIT (ADDITIONAL) AND
3/4 UNIT (COMMON) MATHEMATICS
SOLUTIONS
N
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