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EXAMINATION

MATHEMATIC

EXTENSION 2

Teacher Responsible:

General Instructions:

* Reading time - 5 minutes

*  Working time - 3 hours

e Wiite using blue or black pen.

*  Marks may be deducted for careless, untidy
or badly arranged work.

*  Board approved calculators may be used.

* A table of standard integrals 1s supplied at
the back of this paper.

e ALL necessary working should be shown
In every question.

* Start each question in a new booklet.

Mr R Judge

Total marks - 120

e Attempt Questions 1-8
e All questions are of equal value.

Students are advised that this is a Trial Examination only and cannot in any way guarantee the content or the

format of the Higher School Certificate Examination.
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Question 1. (15 marks)
, 1
a) Find J‘—de
6X— X
k? X

Ix

o Ifl, :Lex(log x)ndx where n is apositive integer

dx=6e

b) Find the exact value of k if j

1

e€ n

i) Showthat | =—-—1_,
2 2
ii) Hence evaluate Ilex(log x)* dx
3

d) Find _ o using the substitution u =tan x
, 2tcos2x

Question 2 (15 marks)

a) Givenz=1-i/3
i) Write z in modulus - argument form.
i) Hencefind Z% in theform x+iy wherex and y areredl.
iii) Find the least positive value of n such that z" isreal.

b) Sketch each of the following regions on a separate Argand diagram
) |z-2-i|<2

i) o<agﬂuﬂz]sg

c) OABCisasquare. O representsthe complex number O
A represents the complex number 3+i, B represents acomplex number z and
C represents the complex number w.
D isthe point of intersection of the diagonals.
i) Find the complex numbers corresponding to points C and D in the form x +iy.

i) Hndwg(wj
z
i) If Eisthe fourth vertex of the parallelogram OAEB find the complex number
corresponding to E.
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Question 3 (15 marks)

a Thediagram showsthe graph of y = f (x)

ty

Sketch graphs of
) y=[f(x)
1
i) y——f (x)

i) y*=f(x)
iv) theinversefunctiony = f‘l(x) where the domain of f (X) isrestrictedto x>0

b) For the curve defined by 3x* + y* —2xy -8x+2=0
dy _3x-y-4
X X- y
i) Find the coordinates of the points on the curve where the tangent to the curve is
paralel to theline y = 2x

i) Show that

C) Akram estimates that the probability of hiswinning any one game of tennis against a
particular opponent is % . How many games should they play so that the probability
that Akram wins at |east one gameis greater than 0.9?
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Question 4 (15 marks)

a) i) Findthe modulus and argument of the complex number 1+i

ii) Use the binomial expansion for (1+i)", where n is apositive integer, to show that

a) 1- "C2+"C4—...:2%005M
B) ”Cl—"C3+”C5—...:2%sin%T

b)

PQ,CD are paralel chordsof acircle, centre O. Thetangent at D meets PQ extended

at T . B isthe point of contact of the other tangent from T. BC meets PQ a R

i)  Copy the diagram.

i) Provethat OBDT =0BRT and hence statewhy B,T,DandR are concyclic points 3
iii) Prove UBRT =[JDRT. 3
iv) Show that ARCD isisosceles. 3
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Question 5. (15 marks)

a) i) By considering factors, or otherwise show, that the roots of z°—z*+1=0
are among the roots of z° +1=0.

ii) By selecting the appropriate roots of z° +1=0, or otherwise, show that

-7 +1:(z2 —22(:osg+1j(z2 —cho:~:5?ﬂ+1j(z2 —chos%rﬂj

i) Show that cosl—T cosS—n + cosS—ﬂ cos7—n + cos7—n cosE = 3
9 9 9 9 4

b)

Thecurves y =k —x* for somereal k, andy = 1 intersect at the points P, Q and R
X
where x=a,x= £ and x = y respectively.

i) Show that the monic equations with coefficients in terms of
k whose roots are a?, 3%, ) isgiven by x* — 2kx* + k*x-1=0.

i) Show the monic equation, with coefficientsin terms of k, whose roots are
iziz and 1 is x*-k®x*+2kx-1=0
a’' B y

iii)  Henceshow that OP? + 0Q* + OR?* = k? + 2k, where O isthe origin.
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Question 6. (15 marks)

a)  Theregion Rin thefirst quadrant such that y < 4x? - x* isrotated about the y axisto 6
form asolid of revolution. Use the method of decomposition into cylindrical shellsto

show that the volume of the solid is %T cubic units

b i)  Show that the area bounded by the parabola x* = 4ay and the latus 3

2
rectum y=aisequa to 8%

i) A particular solid has atriangular base with all sides 6 metres. 6
Cross sections taken parallel to one side of the base are parabolas. Each parabolic
cross-section is such that its latus rectum lies in the base of the solid.

Find the volume of the solid.

THGS Mathematics Trial 2008 Extension 2 Page 6 of 8



Question 7. (15 marks)

a) A particle of mass 1 kg is projected vertically upwards under gravity with a speed

of 2c in amedium in which the resistance to motion is % times the square of the
c

speed, where ¢ is a positive constant.
2

i) Show that the maximum height (H) reachedis H :;—InS.
g

i) Show that the speed with which the particle returns to its starting point is

given by VZE

NG

b) The diagram shows the point A at a height h vertically above the point O. It also
shows the point B which is positioned at a horizontal distance d from O.
A projectileisfired from A directly at point B with aVelocity V. At the same instant
aprojectileisfired from B directly at the point A with the same velocity V.

<
Y

d

Let & bethe angle between the horizontal and the angle of projection.

Show that

i) The equations of motion of the two projectiles are
X, =Vtcoséd Xz =d —Vtcosé
yA:h—VtsinH—%[2 Ve =Vtsin6?—g7t2

i) Show the particles will always meet

i) Show that the height H at which they meet is given by.
h2+d2
q ool +d’)
2 8v
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Question 8. (15 marks)

a) Giventhat sin"'x, cos™xand sin™(1-x) are acute
i) show that sin(sin‘lx—cos‘l x) =2x° -1

i) solve the equation sin™ x—cos™ x=sin™(1-x)

b)

Two particles are connected by a light inextensible string which passes through a small hole
with smooth edges in a smooth horizontal table. One particle of mass m travelsin acircle
on the table with constant angular motion «w. The second particle of mass M travelsin a
circle with constant angular velocity Q on a smooth horizontal floor distance d below the
table. Thelengths of string on the table and below the table are | and L respectively and

L makes an angle & with the vertical.

)] draw diagrams showing the forces acting on each particle.
ii)  If thefloor exertsaforce N on the lower particle, show N = M (g —sz) .

State the maximum possible value of Q for the motion to continue as
described. What happensif Q exceedsthisvaue?

2
iii) By considering the tension force in the string, show I—L = 5(%}

iv) If thelower particle exerts zero force on the floor, show that thetension T in
thestringisgivenby T - Mg :

v)  Given thetableis 80cm high and the string is 1.5m long, while the masses on
the table and on the floor are 0.4kg and 0.2kg respectively. The particles are
observed to have the same angular velocity. If the lower particle exerts zero
force on the floor, find, interms of g thetension in the string.

END OF PAPER
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