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DRAFT SENIOR SECONDARY CURRICULUM — MATHEMATICAL
METHODS

Organisation

1. Overview of senior secondary Australian Curriculum

ACARA has developed draft seniorsecondary Australian Curriculum for English, Mathematics,
Science and History accordingto a set of design specifications (see
http://www.acara.edu.au/curriculum/development_of the australian_curriculum.html). The

ACARA Board approved these specifications following consultation with state and territory
curriculum, assessment and certification authorities.

Seniorsecondary Australian Curriculum will specify content and achievement standards foreach
seniorsecondary subject. Contentrefers to the knowledge, understanding and skills to be taughtand
learned within agiven subject. Achievement standards refer to descriptions of the quality of learning
(the depth of understanding, extent of knowledge and sophistication of skill) demonstrated by
studentswho have studied the contentforthe subject.

The seniorsecondary Australian Curriculum foreach subject has been organised into four units. The
lasttwo units are cognitively more challenging than the first two units. Each unitis designedto be
taught in about half a 'school year' of senior secondary studies (approximately 50-60 hours duration
including assessment). However, the senior secondary units have also been designed so that they
may be studied singly, in pairs (thatis, year-long), oras four units overtwo years. State and territory
curriculum, assessment and certification authorities are responsible for the structure and
organisation of their senior secondary courses and will determine how they will integrate the
Australian Curriculum contentand achievementstandardsinto courses. They will also provide any
advice on entry and exit points, inlinewith their curriculum, assessment and certification
requirements.

States and territories, through their respective curriculum, assessment and certification authorities,
will continue to be responsibleforimplementation of the seniorsecondary curriculum, including
assessment, certification and the attendant quality assurance mechanisms. Each of these authorities
acts in accordance withitsrespective legislation and the policy framework of its state government
and Board. They will determinethe assessment and certification specifications for their courses that
use the Australian Curriculum content and achievement standards and any additional information,
guidelinesandrulestosatisfy local requirements.

These draft documents should not, therefore, be read as proposed courses of study. Rather, they are
presented as draft content and achievement standards that will provide the basis for senior
secondary curriculumin each state and territory inthe future. Once approved, the contentand
achievement standards would subsequently be integrated by states and territories into their
courses.

D12/3779: DraftSenior Secondary Curriculum—Mathematical Methods Organisation May 2012
Pagel of 6


http://www.acara.edu.au/curriculum/development_of_the_australian_curriculum.html

9 AUSTRALIAN CURRICULUM,
C c ASSESSMENT AND
C REPORTING AUTHORITY

2. Senior Secondary Mathematics subjects

The Senior Secondary Australian Curriculum: Mathematics consists of four subjects in mathematics.
The subjects are differentiated, each focusing on a pathway that will meetthe learningneeds of a
particulargroup of seniorsecondary students. Each subjectis organisedinto four units.

Essential Mathematics focuses on using mathematics effectively, efficiently and critically, to
make informed decisions. It provide students with the mathematical knowledge, skillsand
understandingto solve problemsin real contexts forarange of workplace, personal, further
learningand community settings. This subject provides the opportunity for students to prepare
for post-school options of employment and further training.

General Mathematics focuses on using the techniques of discrete mathematics to solve
problemsin contexts thatinclude financial modelling, network analysis, route and project
planning, decision making, and discrete growth and decay. It provides an opportunity to analyse
and solve awide range of geometrical problemsin areas such as measurement, scaling,
triangulation and navigation. It also provides opportunities to develop systematicstrategies
based on the statistical investigation process foranswering statistical questions thatinvolve
comparing groups, investigating associations and analysing time series.

Mathematical Methods focuses onthe development of the use of calculus and statistical
analysis. The study of calculus in Mathematical Methods provides a basis foran understanding
of the physical world involving rates of change, and includes the use of functions, their
derivatives and integrals, in modelling physical processes. The study of statisticsin
Mathematical Methods develops the ability to describe and analyse phenomenainvolving
uncertainty and variation.

Specialist Mathematics provides opportunities, beyond those presented in Mathematical
Methods, to develop rigorous mathematical arguments and proofs, and to use mathematical
models more extensively. Specialist Mathematics contains topicsin functions and calculus that
build on and deepentheideas presented in Mathematical Methods as well as demonstrate
theirapplicationin many areas. Specialist Mathematics also extends understanding and
knowledge of probability and statistics and introduces the topics of vectors, complex numbers,
matrices and recursive methods. Specialist Mathematics is the only mathematics subject that
cannot be taken as a stand-alone subject.
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3. Structure of Mathematical Methods

Mathematical Methods s structured overfour units. The topics broaden students’ mathematical
experience and provide different scenarios forincorporating mathematical arguments and problem
solving. The units provide a blending of algebraicand geometricthinking. Inthis subject thereisa
progression of content, applications, level of sophistication and abstraction. The statistics topics are
developed across all four units, ending with tools for students to evaluate sophisticated statistical

information.
Unit 1 Unit 2 Unit 3 Unit 4
Mathematical Algebra functons and | Algebra functions and Calculus 3 Interval estmates for
Methods graphs 1 graphs 2 Calculus 4 proportions and
means
Calculus 1 Calculus 2 '
Continuous Random Calculus 5
Probability Discrete Random Variables
Variables

Unit 1 begins with a review of basicalgebraicconcepts and techniques required for a successful
introduction to the study of calculus. Simple relationships between variable quantities are reviewed,
and these are used to introduce the key concepts of a function and its graph. Rates and average
rates of change are introduced, and thisis followed by the key concept of the derivativeasan
‘instantaneous rate of change’. These are reinforced numerically, by calculating difference quotients,
geometrically, as slopes of chords and tangents, and algebraically. The statistics strand begins in this
unitwith a review of the fundamentals of probability, and the introduction of the concepts of
conditioningandindependence. The algebrasection of this unitfocuses on trigonometricfunctions,
exponentials and logarithms. Theirgraphs are examined and theirapplicationsin awide range of
settingsare explored.

In Unit 2, the study of calculusfocuses on the derivatives of polynomialfunctions, with simple
applications of the derivative to curve sketching, calculating slopes and equations of tangents,
determininginstantaneous velocities and solving optimisation problems. In the statistics strand,
discrete randomvariables are introduced, together with their usesin modellingrandom processes
involving chance and variation. The purpose hereisto develop aframework for statistical inference.

In Unit 3, the study of calculus continues with the derivatives of exponential and trigonometric
functions and theirapplications, and some basicdifferentiation techniques. It concludes with
integration, both as a process that reverses differentiation and as a way of calculating areas. The
fundamental theorem of calculus as a link between differentiation and integrationis emphasised.
The statistics strand deals with continuous random variables and their applications. Probabilities
associated with continuous distributions will be calculated using definite integrals.
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In Unit4, the calculus strand deals with derivatives of logarithmicfunctions, and continues with the
conceptof a second derivative, its meaning and applications. It concludes with applications of
standard calculus techniques applied to a wide range of functions. The aimis to demonstrate to
students the beauty and power of calculus and the breadth of its applications. The statistics strand in
this unitisthe culmination of earlier work on probability and random variables. Itintroduces
students to one of the mostimportant parts of statistics, namely statistical inference, where the goal
isto estimate an unknown parameter associated with a population using asample of that
population. Inthis unit, inference is restricted to estimating means of continuous distributions and
proportionsintwo-outcome populations. Students willalready be familiar with many examples of
these types of populations, and if they masterthe basicconcepts of inference in these settings, they
will be well prepared forstudying othertypes of statistical inference.

The achievement standards have been organised into two dimensions, ‘Concepts and Techniques’
and ‘Reasoning and Communication’. These two dimensions reflect students’ understanding and
skillsin the study of mathematics.

It isassumed that students will be taught the Senior Secondary Australian Curriculum: Mathematics
subjects with an extensive range of technological applications and techniques. If appropriately used,
these have the potential to enhance the teaching and learning of mathematics. However, students
alsoneedto continue to develop skills that do not depend on technology. The ability to be able to
choose when orwhen not to use some form of technology and to be able to work flexibly with
technology are important skillsin these subjects.

4. Links to F-10

In Mathematical Methods, there is a strong emphasis on mutually reinforcing proficienciesin
understanding, fluency, problem solving and reasoning. Students will gain fluency in avariety of
mathematical and statistical skills, including algebraic manipulations, constructing and interpreting
graphs, calculating derivatives and integrals, applying probabilistic models, estimating probabilities
and parameters from data, and using appropriate technologies. Achieving fluency in skills such as
these allows students to concentrate on more complex aspects of problem solving. In studying
Mathematical Methods, itis desirable that students complete topics from 10A. The knowledgeand
skills from the content descriptions ACMNA264, ACMNA269, ACMSP278 from 10A are highly
recommended as preparation for Mathematical Methods.
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5. Representation of General Capabilities

The seven general capabilities of Literacy, Numeracy, Information and Communication technology
(ICT) capability, Critical and creative thinking, Personal and social capability, Ethical behaviour, and
Interculturalunderstanding are identified where they offer opportunities to add depth and richness
to studentlearning. Teachers will find opportunities to incorporate explicit teaching of the
capabilities depending on theirchoice of learning activities.

General capabilities that are specifically covered in Mathematical Methods include Literacy,
Numeracy, Information and communication technology (ICT) capability, Critical and creative thinking
and Ethical behaviour.

Literacy is of fundamental importance in students’ development of Mathematical Methods as they
develop the knowledge, skills and dispositions tointerpretand use language confidently forlearning.
Students will be taughttoread, understand and gatherinformation presentedin awide range of
genres, modes and representations (including text, symbols, graphs and tables). They are taught to
communicate ideas logically and fluently and to structure arguments.

Numeracy involves students recognising and understanding the role of mathematicsin the world
and to use mathematical knowledge and skills purposefully. Mathematical Methods provides the
opportunity to apply mathematical understanding and skillsin real world contexts. The twenty-first
century worldisinformation driven and through statistical analysis, students caninterpret dataand
make informed judgements about events involving chance

Critical and creative thinking is inherentin Mathematical Methods. Students develop theircritical
and creative thinkingasthey learn to generate and evaluate knowledge, clarify conceptsandideas,
seek possibilities, consideralternatives and solve problems. Critical and creative thinkingisintegral
to activitiesthatrequire students to think broadly and deeply using skills, behaviours and
dispositions such asreason, logic, resourcefulness, imagination and innovationin all learning areas
at school and theirlives beyond school.

Ethical behaviourinvolves students exploring the ethics of their own and other others’ actions.
Students develop the capability to behave ethically as they identify and investigate the nature of
ethical concepts, values, charactertraits and principles, and understand how reasoning can assist
ethical judgement. There are opportunities in Mathematical methods to explore, develop and apply
ethical behaviourina range of contexts.

Information and communication technology (ICT) is akey part of Mathematical Methods. Students
develop ICT capability asthey learnto use ICT effectively and appropriately to access, create and
communicate information andideas, solve problems, perform calculations, draw graphs, analyse and
interpret data. Digital technologies can engage students and promote the understanding of key
concepts.

There are also opportunities within Mathematical Methods to develop the general capabilities of
Interculturalunderstanding and Personal and social capability, with an appropriate choice of
activities and contexts provided by the teacher.

D12/3779: DraftSenior Secondary Curriculum—Mathematical Methods Organisation May 2012
Page5 of 6



9 AUSTRALIAN CURRICULUM,
C c ASSESSMENT AND
C REPORTING AUTHORITY

6. Representation of Cross-curriculum priorities

The Cross-Curriculum priorities of Aboriginal and Torres Strait Islander histories and cultures, Asia
and Australia’s engagement with Asia, and Sustainability, are not overtly evidentin the content
descriptions of the Mathematical Methods subject. However opportunities exist forteachers to
reference theminthe context of theirteaching of relevant topics, especially those topics which use
real data to develop mathematical and statistical concepts.

Aboriginal and Torres Strait Islander histories and cultures

Students will deepen theirunderstanding of the lives of Aboriginal and Torres Strait IslanderPeoples
through the application of mathematical conceptsin appropriate contexts. Teachers could develop
statistical and mathematical learning opportunities based on information and data pertinent to
Aboriginal and Torres Strait Islander histories and cultures.

Asia and Australia’s engagement with Asia

In Mathematical Methods, the priority of Asiaand Australia’s engagement with Asia provides rich
and engaging contexts fordeveloping students’ mathematical knowledge, skillsand understanding.

In Mathematical Methods, students develop mathematical understanding by drawing on knowledge
of and examples fromthe Asiaregion. Investigationsinvolving data collection, representation and
analysis can be usedto examine issues pertinenttothe Asiaregion.

Sustainability

In Mathematical Methods, the priority of sustainability provides rich, engaging and authentic
contextsforstudentslearning.

Mathematical Methods provides opportunities for students to develop problem solving and
reasoning essential for the exploration of sustainability issues and their solutions. Mathematical
understandings and skills are necessary to measure, monitorand quantify change in social, economic
and ecological systems overtime. Statistical analysis enables prediction of probable futures based on
findings and helpsinform decision making and actions that will lead to preferred futures.

In Mathematical Methods, students can analyse data relating toissues of sustainability from
secondary sources. They can apply reasoning, calculationand comparison to gauge local ecosystem
health and can cost proposed actions for sustainability.
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DRAFT SENIOR SECONDARY CURRICULUM — MATHEMATICAL
METHODS

Rationale

The subject Mathematical Methods is designed for students whose future pathways may involve
mathematics and statistics and theirapplicationsin arange of disciplines at the tertiary level.
Mathematicsis the study of order, relation and pattern. Fromits originsin countingand measuring,
it has evolvedin highly sophisticated and elegant ways to become the language now used to
describe much of the modern world. Statisticsis concerned with collecting, analysing, modelling and
interpretingdatain ordertoinvestigate and understand real world phenomena and problemsin the
presence of uncertainty. Together mathematics and statistics provideaframework for thinkingand a
means of communication thatis powerful, logical, concise and precise.

The major themes of the subject are calculus and statistics. They include as necessary prerequisites
studies of algebra, functions and theirgraphs, and probability. They are developed systematically
overthe four units of the subject, with increasing levels of sophistication and complexity. Calculusis
essential foran understanding of the physical world because many of the laws of science are
relationshipsinvolving rates of change. Statistics is used to describe and analyse phenomena
involving uncertainty and variation. For these reasons this subject provides afoundation for further
studiesindisciplinesin which mathematics and statistics have importantroles, such as economics,
teaching, computerscience, and all branches of science and engineering. Itis also advantageous for
furtherstudiesinthe health and social sciences.

In calculus, understanding begins with the concept of arate of change. It includesthe notionof a
derivative asafunction, the connections between derivatives and integrals, and the use of functions
and theirderivatives and integralsin modelling physical processes. In the statistics section of this
subject, the key conceptsinclude using probability to quantify uncertainty, the notion of arandom
variable and its distribution, and the nature of inference based onarandom sample froma
population.

In Mathematical Methods, there is astrong emphasis on mutually reinforcing proficienciesin
understanding, fluency, problem solving and reasoning. Students will gain fluency in avariety of
mathematical and statistical skills, including algebraic manipulations, constructing and interpreting
graphs, calculating derivatives and integrals, applying probabilistic models, estimating probabilities
and parameters from data, and using appropriate technologies. Achieving fluency in skills such as
these allows students to concentrate on more complex aspects of problem solving. Because both
calculus and statistics are widely applicable as models of the world around us, there isample
opportunity for problem solving throughout this subject. There is also asound logical basis to the
subject, and in mastering the subject students will develop logical reasoning skills to a high level.
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Aims
Mathematical Methods aimsto develop students’:

e understanding of conceptsand techniques drawn fromalgebra, functions, calculus,
probability and inferential statistics

o abilitytosolve applied problems using concepts and techniques drawn from algebra,
functions, calculus, probability and inferential statistics

e reasoningin mathematical and statistical contexts and interpretation of mathematical
and statistical information including ascertaining the reasonableness of solutions to
problems

e capacityto communicate ina concise and systematicmannerusing appropriate
mathematical and statistical language
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Unit 1

Unit description

The unitbegins with a review of basicalgebraicconcepts and techniques required fora successful
introduction to the study of calculus. Simple relationships between variable quantities are reviewed,
and these are used to introduce the key concepts of a function andits graph. Rates and average
rates of change are introduced, and thisisfollowed by the key concept of the derivativeas an
‘instantaneous rate of change’. These are reinforced numerically, by calculating difference quotients,
geometrically, as slopes of chords and tangents, and algebraically. The study of statistics beginsin
thisunitwith a review of the fundamentals of probability, and the introduction of the concepts of
conditioningandindependence. Access to technology to supportthe computational aspects of these
topicsisassumed.

Learning outcomes

By the end of this unit, students:

e understandthe conceptsandtechniquesinalgebra, functions,graphs, calculus and
probability

e solve problemsinalgebra, functions, graphs, calculus and probability
e applyreasoningskillsinalgebra, functions, graphs, calculus and probability
e communicate arguments and strategies when solving problems

e interpretandevaluate mathematical information and ascertain the reasonableness of
solutions to problems.
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Content descriptions

Topic 1: Algebra, functions and graphs 1

Review of linear relationships:
e examplesofdirectproportionand linearlyrelated variables

o featuresofthegraphof y = mx + ¢ includingitslinearshape, itsintercepts anditsslope or
gradient

e findthe equation of a straightline given sufficientinformation
e solvelinearequations

Review of quadraticrelationships:
e examplesof quadratically related variables

e featuresofthegraphsof y = x2,y = a(x — b)?+c,andy = a(x — b) (x — ¢),including
theirparabolicshapes, turning points, axes of symmetry and intercepts

e solve quadraticequations using the quadraticformulaand by completing the square
e findthe equation of a quadraticgiven sufficientinformation
e turningpointsand zeros of quadratics and the role of the discriminant

e featuresof the graph of the general quadraticy = ax? + bx + ¢

Inverse proportion:
e examplesofinverse proportion

o featuresofthegraphsof y = iand y= ﬁ, including their hyperbolicshapes, and their

asymptotes
Powers and polynomials:
o featuresofthegraphsof y = x™ for n € N, n=—1andn = %, includingshape, and

behaviourasx — o and x —» —oo
o coefficientsandthe degree of apolynomial
e expandquadraticand cubic polynomials from factors

e featuresofthegraphsof y =x3,y=a(x—b)3+c andy = k(x — a)(x — b)(x —¢),
including shape, intercepts and behaviourasx — co and x - —oo

e factorise cubicpolynomialsin cases where alinearfactoris easily obtained

e solve cubicequations usingtechnology and algebraically in cases where alinearfactoris
easily obtained
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Absolutevalue:
e thenotation |x| for the absolute value forthe real numberx
e |x —y| as the distance between real numbers x and y on the real line

e featuresofthe graphsof y = |x| and y = a|x — b|, includingthe absence of atangent at
the ‘corner’.

Graphs of relations:

e featuresofthegraphsof x>+ y2 =r?and (x — a)? + (y — b)? = r?, including their
circularshapes, theircentres and their radii

e featuresofthegraphof y? = x includingits parabolicshape and its axis of symmetry

Functions:

e functionsas mappings between sets, and as rules orformulas that define one variable
guantity interms of another

e function notation, domain andrange, independentand dependentvariables
e thegraph of a function

e translationsandthe graphsof y = f(x) + aand y = f(x + b)

e dilationsandthe graphsofy = cf(x) andy = f (dx)

e thedistinction between functions and relations and the vertical line test

Binomial theorem:
e expansionsof (x + y) "forsmall positive integersn

e Pascal’striangle andits propertiesto aid binomial expansions

. n .. . .
e thenotation (r) for the number of combinations of r objects taken froma set of n distinct

n!

objects, and the formula (rrl) =

T ri(n=r)!

e thenumbers (Z) as binomial coefficients, (as coefficientsin the expansion of (x +y)™,

and the binomial theorem)
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Topic 2: Calculus 1

Rates of change:

fx+h)=f(x)
h

the difference quotient asthe average rate of change of a function f

the Leibniz notation §x and &y for changes or incrementsinthe variables x and y

flx+h)—f (x)
h

the notation i—;’ forthe difference quotient wherey = f(x)

fx+h)—f(x)

. . . 1) .
interpretation of the ratios andé as the slope orgradient of a chord or secant

of the graph of y = f(x)

variable rates of change of non-linearfunctions

The concept of the derivative:

(x+h)—f(x) as

informal introduction to limits, restricted to the behaviour of ! h—-0

the derivative f'(x) definedas limy,_, w

. . . . d . ()
the Leibniz notation forthe derivative: ﬁ = hm(gx_,oé and the correspondence
d
ﬁ = f'(x) wherey = f(x)
the derivative as the instantaneous rate of change

the derivative asthe slope orgradient of a tangentline of the graph of y = f(x)

Computation of derivatives:

numerical estimates of the value of aderivative, for simple powerfunctions

establishthe formula%{ (x™) = nx™" 1 forpositive integers n by expanding (x + h)"
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Topic 3: Probability
Language of events and sets:

e review the conceptsandlanguage of outcomes, samplespaces and events as sets of
outcomes

e thecomplementA (or A") ofan event A as the event ‘A does not occur’

e theintersectionA N B asthe event ‘both 4 and B occur’ and the union 4 U B as the event
‘at least one of A and B occurs’

e mutually exclusive events

e useeverydayoccurrencestoillustrate set descriptions and representations of events, and
setoperations

Review of the fundamentals of probability:
e probability asameasure of ‘the likelihood of occurrence’ of an event

e the probabilityscale:0 < P(A) < 1foreachevent A, with P(4) = 0if A isan impossibility
and P(A) = 1ifAisacertainty

e therules:P(A) =1—P(A) and P(AUB) = P(A) + P(B) —P(ANB)
e userelative frequencies obtained from data as point estimates of probabilities
Conditioning and independence:

e thenotion of a conditional probability and the use of language, such as: ‘given that’,
‘knowingthat’, ‘if’, and so on, to indicate conditionality

e thenotation P(A|B) for the probability of event A giventhatevent B hasoccurred
e theformulaP(AnB)=P(A|B)P(B)
e independenceofaneventA froman eventB defined by P(A|B) = P(A)

e symmetry ofindependence and the formulaP(A N B) = P(A)P(B) forindependent events
Aand B

e userelative frequencies obtained from data as point estimates of conditional probabilities
and as indications of possible independence of events
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Unit 2

Unit description

The algebrasection of this unit focuses on trigonometricfunctions, exponentials and logarithms.
Theirgraphsare examined and theirapplicationsinawide range of settings are explored. The study
of calculus focuses on the derivatives of polynomial functions, with simple applications of the
derivative to curve sketching, calculating slopes and equations of tangents, determining
instantaneous velocities and solving optimization problems. In statistics, discreterandom variables
are introduced, togetherwith their usesin modelling random processes involving chance and
variation. The purpose hereistodevelop aframework forstatistical inference. Accessto technology
to supportthe computational aspects of these topicsis assumed.

Learning outcomes

By the end of this unit, students:

e understandthe concepts and techniquesinalgebra, functions, graphs, calculusand
statistics

e solveproblemsinalgebra, functions, graphs, calculus and statistics
e applyreasoningskillsin algebra, functions, graphs, calculus and statistics
e communicate arguments and strategies when solving problems

e interpretand evaluate mathematical and statisticalinformation and ascertain the
reasonableness of solutions to problems.
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Content descriptions

Topic 1: Algebra, functions & graphs 2

Circular measure:
e radian measure and its relationship with degree measure
o extendedanglemeasure
e lengthsofarcsincircles
Trigonometric functions:
e review of sine, cosine and tangent as ratios of side lengths in right-angled triangles
e sineandcosinerules
e theunitcircle definition of cos#@, sin 8 and tan 8 and periodicity
e exactvaluesofsin 8, cosf and tan® atintegermultiplesof r/6 and /4
e thegraphsof y =sinx,y = cosx,and y = tanx on extended domains
e amplitude changesandthe graphsof y = asinxand y = acosx
e periodchangesandthe graphs of y = sin bx, y = cosbx and y = tan bx

e phase changesandthe graphsof y = sin(x + ¢), y = cos(x + ¢) and
e y =tan (x + ¢) and the relationships sin (x g ;—t) = cosx and cos (x - g) =sinx

o identify contexts suitable for modelling by trigonometricfunctions

e solve equationsinvolving trigonometric functions using technology and algebraically in
simple cases

e usetrigonometricfunctionstosolve practical problems

Indices and the index laws:
o review ofindices (including fractional indices) and the index laws
e radicalsand conversionsto and from fractional indices

e scientificnotation and significantfigures
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Exponentialfunctions:

algebraicproperties of exponential functions

qualitative features of the graph of y = a* (a > 0) includingasymptotes, and of its
translations (y = a* + bandy = a**¢)

identify contexts suitable for modelling by exponential functions

solve equationsinvolving exponential functions using technology and algebraically in simple
cases

use exponential functions to solve practical problems

Logarithmic functions:

logarithms defined asindices: a® = bisequivalenttox = log, bi.e. al°8b = p
algebraicproperties of logarithms

the inverse relationship between logarithms and exponentials: y = a* isequivalentto
x =log,y

logarithmicscales such as decibelsin acoustics, Richter Scale for earthquake magnitude,
octavesinmusic, pHin chemistry

solve equationsinvolvingindices using logarithms

qualitative features of the graph of y = log, x (a > 1) including asymptotes, and of its
translationsy =log, x + bandy = log,(x + ¢)

algebraicand graphical solution of simple equations involving logarithmicfunctions
identify contexts suitable for modelling by logarithmicfunctions
algebraicand graphical solution of simple equations involving logarithmicfunctions

use logarithmicfunctions to solve practical problems

Topic 2: Calculus 2

Properties of derivatives:

the concept of the derivative asafunction
linearity properties of the derivative

derivatives of polynomials and other linear combinations of powerfunctions
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Applications of derivatives:

findinstantaneous rates of change
findthe slope of a tangentand the equation of the tangent

construct andinterpret position such astime graphs, with velocity as the slope of the
tangent

sketch curves associated with simple polynomials p(x), find stationary points, and local and
global maximaand minima, and examine behaviouras x - cocandx —» —

solve optimisation problems involving simple polynomials on finiteinterval domains

Topic 3: Discrete random variables

Randomvariables for discrete data:

the concepts of a discrete random variable andits associated probability function, and their
use inmodelling count data

use relative frequencies obtained from datato obtain point estimates of probabilities
associated with adiscrete randomvariable

uniformdiscrete random variables and their applications in modellingrandom phenomena
with equally likely outcomes

simple examples of non-uniform discrete random variables

the mean or expected value of adiscrete random variable as a measure of its location,
evaluatedinsimplecases

the variance and standard deviation of adiscrete random variable as measures of its spread,
evaluatedinsimplecases

use discrete random variables and associated probabilities to solve practical problems

Bernoulli distributions:

a Bernoullirandomvariable as amodel for two-outcome situations
identify contexts and data sets suitable for modelling by Bernoulli random variables
the meanp and variance p (1 — p) of the Bernoulli distribution with parameterp

use Bernoullirandom variables and associated probabilities to model dataand solve
practical problems
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Binomial distributions:

e Bernoullitrialsandthe binomial random variable (as acount variable) as the number of
‘successes’ inn independent Bernoulli trials, with the same probability of success p in each
trial

e identify contextsand datasets suitable for modelling by binomialrandom variables,

e the probabilitiesP(X =1) = (Z)pr(l —p)™ " associated with the binomial distribution
with parametersn and p, evaluated using technology or manually in simple cases

e notethe meannp andvariance np(1 — p) of a binomial distribution

e use binomial distributions and associated probabilities to solve practical problems

D12/3780: DraftSenior Secondary Curriculum—Mathematical Methods Curriculum May 2012
Page 12 of 24



dCdl'd

Achievement Standards Unit1 & 2
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REPORTING AUTHORITY

Conceptsand Techniques

Reasoning and Communication

A The student

understands and applies concepts and techniques
in algebra, functions, graphs, calculus, probability
and stafistics to solve a wide range of problems
including non-routne problems

uses digital technologies appropriately to solve a
range of non-routine problems, and to graph,
display and organise mathematical and statistical
information effectively

represents varied functons and relations,
accurately and precisely in numerical, graphical
and symbolic form and uses differential calculus
eficienty and effectively

ranslates efficiently and effectively between
practical problems and their mathematical or
staisical model in a variety of situations including
unfamiliar contexts

The student

sythesises mathematical techniques, results and ideas
creatively to solve problems

determines the soluions to problems, that require the
application of multi-step mathematical reasoning and
analyses and interprets the reasonableness of the results
and solutions

evaluates and interprets results with comprehensive
consideration of the validity and limitations of the use of
any mathematical or statisical models

communicates observations, judgments and decisions
which are succinct, clear, reasoned, and evidenced, as
needed

evaluates and communicates the inter-relatedness of
different representations of mathematical and statistical
information

B The student

understands and applies most concepts and
techniques in algebra, functions, graphs, calculus,
probability and statistics to solve a wide range of
problems

uses digital technologies appropriately to solve a
range of problems, and to graph, display and
organise mathematical and statistical information
effectively

represents functions and relations, accurately in
numerical, graphical and symbolic form and uses
diflerential calculus competently

translates appropriately between practical
problems and their mathematical or statistical
model in a variety of situations

The student

solves problems that require the interpretation of
mathematical and stafistical information

determines the solutions to problems and analyses and
interprets  the reasonableness of the results and solutions
analyses results with comprehensive consideration of the
validity and limitations of the use of any mathematical or
statiscal models

communicates observations, judgments and decisions
which are clear and reasoned

communicates the inter-relatedness of difierent
representations of mathematical and statistcal  information

C The student

understands and applies some concepts and
techniques in algebra, functions, graphs, calculus,
probability and statistics to solve familiar problems
uses digital technologies to solve problems, and to
graph, display and organise mathematical and
staisical information effectively

represents functions and relations in numerical,
graphical and symbolic form

solves practical problems using a mathematical or
statisical model

The student

solves familiar problems that require the interpretation of
mathematical and statistical information

analyses and interprets the reasonableness of the results
and solutions to familiar problems

analyses results with consideration of the validity and
limitaions of the use of any mathematical or statistical
models

communicates observations and decisions which are clear
recognises the inter-relatedness of different
representations of mathematical and statistcal  information
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Concepts and Techniques

Reasoning and Communication

D The student

e demonstrates limited understanding of concepts
and techniques in algebra, functions, graphs,
calculus, probability and statisics to solve
standard problems

e uses digital technologies to graph, display and
organise mathematical and statistical information

e represents functions and relations in limited forms

e solves some practical problems using limited
mathematical or statisical information

The student

e solves routine problems that require the interpretaton of
familiar mathematical and statistical information

e interprets the reasonableness of the results and solutions
to routine problems

e recognises results of the use of any mathematical or
statiscal models

e communicates some observations clearly

e recognises the inter-relatedness of some different
representations of mathematical and statistcal information

E The student

e demonstrates limited familiarity of concepts in
algebra, functions, graphs, calculus, probability
and statistics

e uses digital technologies for arithmetic calculations
and the representation of statisical information

e represents mathematical and staistical information
in limited forms

e solves some routine problems set in context

The student

e recognises the solution to routne mathematical and
statistical problems

e makes reasonable observations based on mathematical
and statistical information

e recognises the representations of mathematical and
statistical information
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Unit 3

Unit description

The study of calculus continuesin this unit with the derivatives of exponential and trigonometric
functions and theirapplications, and some basicdifferentiation techniques. It concludes with
integration, both as a process that reverses differentiation and as a way of calculating areas. The
fundamental theorem of calculus as a link between differentiation and integration is emphasised. In
statistics, continuous randomvariables and theirapplications are introduced. Probabilities
associated with continuous distributions will be calculated using definite integrals. Access to
technology to supportthe computational aspects of these topicsis assumed.

Learning outcomes

By the end of this unit, students:
e understandthe concepts and techniquesin calculus and statistics
e solve problemsin calculusand statistics
e applyreasoningskillsin calculus and statistics
e communicate arguments and strategies when solving problems

e interpretand evaluate mathematical and statisticalinformation and ascertain the
reasonableness of solutions to problems.
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Content descriptions

Topic 1: Calculus 3
Exponential functions:
o estimatethe Iimitof%_1 as h — 0 usingtechnology, forvariousvaluesofa > 0
e thenumbere definedasthe unique numbera forwhichthe above limitis 1
e establishthe formula %C(ex) = eX

e use exponential functions and theirderivatives to solve practical problems

Trigonometric functions:

. d, . d : .
e establish theformulasa(smx) = cosx, and E(cosx) = —sinx by numerical
estimations of the limits and informal proofs based on geometric constructions

1

cos2x

. d . .
e establish theformulaa(tan x) = usingthe quotientrule

e usetrigonometricfunctionsand their derivativesto solve practical problems
Differentiation rules:

e theproduct and quotientrules

e thenotion of composition of functions and the use of the chain rule for determiningthe
derivatives of composite functions

e application of the product, quotientand chain rule to differentiate functions such as xe*,
tan x, ﬁ, x sinx, e~ *sinx and f(ax + b)
Topic 2: Calculus 4
Anti-differentiation:
e anti-differentiation as the reverse of differentiation
e the notationff(x) dx foranti-derivatives, primitives orindefinite integrals

. 1
e establishanduse the formula [ x™dx = mx”“ +c forn+-1

e establishanduse the formula [ eXdx = e* + ¢
e establishand use the formulas [ sin x dx = —cosx + ¢ and [ cosxdx = sinx + ¢
e linearity of anti-differentiation

e indefinite integrals of the form [ f(ax + b)dx

D12/3780: DraftSenior Secondary Curriculum—Mathematical Methods Curriculum May 2012
Page 16 of 24



9 AUSTRALIAN CURRICULUM,
C c ASSESSMENT AND
C REPORTING AUTHORITY

o identify families of curves with the same derivative function

e determine f(x),given f~(x) and aninitial condition f(a) = b

e determine displacementgiven velocityin linear motion problems
Definite integrals:

e theareaproblem, andthe use of sums of the form };; f(x;) 6x; to estimate the areaunder
thecurve y = f(x)

e thedefiniteintegral f;f(x)dx asareaunderthecurvey = f(x)if f(x) > 0
e the definite integral f:f(x)dx asalimitof sums of the form Y}; f (x;) 6x;

. ff f(x)dx as a sum of signed areas

e additivity and linearity of definite integrals

Fundamentaltheorem:

e theconceptof the signed areafunction F(x) = f(ff(t)dt
e thetheorem:F~(x) = %C (f;f(t)dt) = f(x), and a geometricillustration of its proof

b
o theformula [, f~(x)dx = f(b) — f () and its use for calculating definite integrals
Applications of integration:
e areas between curvesinsimple cases

e total change as the integral of instantaneous or marginal rate of change

Topic 3: Continuous Random Variables

Randomvariables for continuous data:

e userelative frequencies and histograms obtained from given or collected datato estimate
probabilities associated with intervals of a continuous random variable

e the conceptof a probability density function and probabilities in models of a continuous
random variable asintegrals

e simple examples of continuous random variables, such as: uniform and triangular, with
applicationsin appropriate contexts

e themeanorexpectedvalue of acontinuous random variable asameasure of its location,
evaluatedinsimplecases

e thevariance and standard deviation of a continuous random variable as measures of its
spread, evaluatedinsimple cases

o theeffectsof linearchanges of scale and origin on the mean and the standard deviation
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Exponentialdistributions:

the probability density function, f(t) = Ae~*fort > 0, of the exponential random variable
with parameterA > 0, and its graph

identify contexts and data sets suitable for modelling by exponential random variables

the probability P(X > t) = e~ of the exponential distribution,and its interpretation in
relation to a waitingtime

. In2 . L . In2 .
the medlannT of the exponential distribution, and n? as an estimate of the parameter 4,

where M isthe median of a data set

use exponential random variables and associated probabilities and quantiles to model data
and solve practical problems

Normaldistributions:

identify datasets and contexts such as naturally occurring variation that are suitable for
modelling by normal random variables

the probability density function of the normal distribution with mean g and standard
deviation g, andits graph

the standard normal distribution
quantilesforthe standard normal distribution

calculate probabilities and quantiles associated with a given normal distribution using
technology

use normal distributions and associated probabilities and quantiles to solve practical
problems
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Unit 4

Unit description

The calculus strand in this unit deals with derivatives of logarithmicfunctions, and continues with
the conceptof a second derivative, its meaning and applications. It concludes with applications of
standard calculus techniques applied to a wide range of functions. The aim isto demonstrate to
students the beauty and power of calculus and the breadth of its applications. The study of statistics
inthis unitis the culmination of earlierwork on probability and randomvariables. Itintroduces
students to one of the mostimportant parts of statistics, namely statistical inference, where the goal
isto estimate an unknown parameterassociated with a population using a sample of that
population. Inthis unitinference is restricted to estimating means of continuous distributions and
proportionsintwo-outcome populations. Students willalready be familiar with many examples of
these types of populations, and if they masterthe basic concepts of inference in these settings, they
will be well prepared for studying other types of statistical inference. Access to technology to
supportthe computational aspects of these topicsisassumed.

Learning outcomes

By the end of this unit, students:
e understand the concepts and techniquesin calculus and statistics
e solve problemsin calculus and statistics
e applyreasoningskillsin calculus and statistics
e communicate arguments and strategies when solving problems

e interpretand evaluate mathematical and statisticalinformation and ascertain the
reasonableness of solutions to problems.
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Content descriptions

Topic 1: Interval estimates for proportions and means

Random sampling:

the conceptof a random sample of values of arandom variable
discuss sources of biasin samples and procedures to ensure randomness

use graphs of simulated datato investigate the variability of random samplesfrom various
types of distributions, including uniform, exponential, normal and Bernoulli

Sample proportions:

the sample proportion p as the average numberof ‘successes’ inasample, of a fixed size n,
froma ‘two-outcome’ situation, in which the outcomes are typically labelled ‘success’ and
‘failure’, and the probability of successis the parameter p

the concept of the sample proportion p asa random variable whose value varies between
samples

the mean p and standard deviation./(p(1 — p)/n of the distribution of p

the approximate normality of the distribution of p for large samples
simulate repeated random sampling, foravariety of values of p and a range of sample sizes,
to illustrate the distribution of p and the approximate standard normali ofL

P 4 Yo TGa-pm

where the closeness of the approximation depends on bothnand p

Confidenceintervals for proportions:

the conceptof an interval estimateforaparameterassociated with arandom variable

the approximate confidence interval (ﬁ -z /(1 =p)/n, p+ 2z, /(P — ﬁ)/n), asan

interval estimateforp, where z isthe appropriate quantile for the standard normal
distribution

the approximate marginoferror E = z,/(p(1 — p)/n and the trade-off between margin of
error and level of confidence

the approximate conservative 95% confidence interval (ﬁ —1/vn, p+ 1/\/13) forp

use the approximate conservative 95% confidenceinterval to suggestthe sample size
~ 1/E? to estimate p with adesired restriction on the margin of error.
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use simulation toillustrate variations in confidence intervals between samples and to show
that most but not all confidence intervals contain p

collectdataand construct an approximate confidence interval to estimate a proportion, and
reporton survey procedures and data quality

critically analyse surveyprocedures, data quality and the information provided in surveys
and opinion polls giving estimates of proportions

Sample means:

the concept of the sample mean X as a random variable whose value varies between
samples

simulate repeated random sampling, from a variety of distributions and arange of sample
sizes, toillustrate properties of the distribution of X across samples of afixed size n,

includingits mean y, its standard deviation o /v/n (where pand o are the mean and

standard deviation of X), and its approximate normality if n islarge

simulate repeated random sampling, from avariety of distributions and arange of sample
. . . . X-

sizes, toillustrate the approximate standard normality ofs/—i for large samples (n = 30),

\/—
where s isthe sample standard deviation.

Confidenceintervals for means:

the approximate confidence interval (X — zs/v/n, X + zs/vn ), as an interval estimate for
uwhere zisthe appropriate quantile for the standard normal distribution,

the approximate margin of error E = zs/+/n and the trade-off between precision and level
of confidence

2 - . . Z0. 2 .
use an approximate confidenceintervalto suggestthe sample size n = (?) to estimate

with a desired restriction on the margin of error E, where avalue isassumed forthe
population standard deviationc

use simulation toillustrate variations in confidence intervals between samples and to show
that most but not all confidence intervals contain u

use X and s to estimate pand G, to obtain approximate intervals covering desired
proportions of values of anormal random variable and compare with an approximate

confidence interval foru

collect dataand construct an approximate confidence interval to estimatea mean, and
reporton survey procedures and data quality
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Topic 2: Calculus 5

Logarithmic functions:

the natural logarithmInx = log, x

the inverse relationship of the functionsy = e*andy = Inx

establish and use the formula %C (Inx) = i viaimplicit differentiation
establishand use theformulaf%dx =In|x| +¢

use logarithmicfunctions and their derivatives to solve practical problems

Applications of derivatives:

implicit differentiation

optimisation overfiniteintervals

. d
the incrementsformula: §y = ﬁ X 6x

_dy _du

. , d
related rates as instances of the chain rule: =%
dx du dx

The second derivative:
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the second derivative as the rate of change of the first derivative function
acceleration asthe second derivative of position

concavity and points of inflection, and applications in curve sketching

the second derivative test forlocal maximaand minima

solve optimisation problems using firstand second derivatives
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Achievement Standards Unit3 & 4

REPORTING AUTHORITY

AUSTRALIAN CURRICULUM,

Conceptsand Techniques

Reasoning and Communication

A The student

understands and applies concepts and techniques in
calculus and staistics to solve a wide range of
problems including non-routine problems

uses digital technologies appropriately to solve a range
of non-routine problems, and to graph, display and
organise mathematical and statistical information
effectively

represents varied functions and relations, accurately,
precisely and effectively in numerical, graphical and
symbolic form and uses differential and integral calculus
effectively

translates efficiently and effectively between contextual
problems and their mathematical or statistcal model in
a variety of unfamiliar situations

The student

synthesises mathematical and statistcal techniques,
results and ideas creatively to interpret the solutions to
problems

determines the soluions to a wide range of problems,
that require the application of multi-step mathematical
and statisical reasoning and analysis and
interpretaion of the reasonableness of the results and
solutions

evaluates and interprets mathematical and statistical
results with comprehensive consideration of the validity
and limitations of the use of any models

communicates observations, judgments and decisions
which are succinct, clear, reasoned, and evidenced
using appropriate mathematical and statiscal language
evaluates and communicates the inter-relatedness of
different representations of mathematical and statistical
information

B The student

understands and applies most concepts and techniques
in calculus and statistics to solve a wide range of
problems

uses digital technologies appropriately to solve a range
of problems, and to graph, display and organise
mathematical and statistical information

represents funcions and relations, accurately in
numerical, graphical and symbolic form and uses
diferential and integral calculus competenty

solves a variety of contextual problems using a
mathematical or staisical model

The student

analyses mathematical and statistical techniques,
results and ideas to interpret the solutions to problems
determines the solutions to problems, that require the
application of mult-step mathematical and statistical
analysis and interpretaton of the reasonableness of
the results and solutions

evaluates mathematical and statistical results with
consideration of the validity and limitations of the use of
any models

communicates observations, judgments and decisions
which are clear and reasoned using appropriate
mathematical and statistical language

describes the inter-relatedness of difierent
representations of mathematical and statistical
information

C The student

understands and applies some concepts and
techniques in calculus and statstics

uses digital technologies to graph, display and organise
mathematical and statistical information

represents functions and relations in numerical,
graphical and symbolic form

solves contextual problems using a mathematical or
staisical model

The student

analyses mathematical and statistical techniques and
results to interpret the solutions to familiar problems
determines the solutions to problems, that require the
application of mathematical and statisical analysis and
interpretaion of the results and solutions

evaluates mathematical and statistical results with
consideration of the limitaions of the use of any models
uses appropriate mathematical and statistcal language
to communicate observations and judgments
recognises the inter-relatedness of different
representations of mathematical and statistical
information
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ASSESSMENT AND

REPORTING AUTHORITY

AUSTRALIAN CURRICULUM,

Conceptsand Techniques

Reasoning and Communication

D The student

demonstrates limited understanding of concepts and
techniques in calculus and statistics

uses digital technologies to display some mathematical
and stafistical information

represents functions and relatons in limited form
solves routine problems using mathematical or
statisical model

The student

describes mathematical and statistical techniques to
interpret the solutions to familiar problems

interprets the solutons to problems,

recognises the mathematical and statistcal results and
solutions to routine problems

uses some mathematical and statistical language to
communicate observations and judgments

recognises the inter-relatedness of mathematical and
statistical information

E The student

demonstrates limited familiarity of concepts in calculus
and statistics

uses digital technologies for aritimetic calculatons and
to display limited mathematical and statistical
information

represents mathematical and statistical information in
limited form

solves simple problems using mathematical or
statistical information

The student

interprets the solutons to familiar problems
recognises representaton of mathematical and
statistical information

uses simple mathematical and statistical language to
make observations

recognises mathematical and statistical information
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GLOSSARY ITEMSFOR MATHEMATICAL METHODS

Unit 1

Algebra functions and graphs 1

Asymptote

Alineisanasymptote to a curve if the distance between the line and the curve approaches zero as
they ‘tend toinfinity’. Forexample, the line with equation x = /2 isavertical asymptote tothe
graph of y = tan x, and the line with equation y = 0 isahorizontal asymptote to the graph of

y=1/x.

Binomial distribution

The expansion (x + y)™ = x™ + (rll) x"ly 44 (Z) x"Ty" 4+ ...+ y™isknown as the binomial

theorem. The numbers (rrl) =M _mx@oxex(noril)

= = are called binomial coefficients.
ri(n-r)! rX(r—=1)x---x2x1

Completing the square

2 2
. . . b b e
The quadratic expression ax? + bx + ¢ canbe rewrittenasa (x + Z) + (c - E)' Rewritingitin

thisway is called completing the square.

Discriminant

The discriminant of the quadratic expression ax? + bx + c isthe quantity b% — 4ac
Function

A function f is a rule that associates with each elementx inaset S a unique element f(x) inasetT.
We write x — f(x) toindicate the mappingof x to f(x). The set S is called the domain of f and
the set T is called the codomain. The subset of T consisting of all the elements f (x): x € Siscalled
the range of f. If we write y = f(x) we say that x isthe independentvariable and y is the
dependentvariable.

Graph of a function

The graph of a function f isthe setof all points (x,y) in Cartesian plane where xisin the domain of
fandy = f(x)

Pascal’s triangle

Pascal’s triangle is a triangular arrangement of binomial coefficients. The nt" row consists of the

binomial coefficients (r ), for 0 < r < n, eachinteriorentryisthe sum of the two entriesaboveit,

and sum of the entriesinthe nt" rowis 2™
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Quadratic formula

. b+VbZ- . .
Ifax? + bx + ¢ = Owitha # 0, thenx = _TW. Thisformulaforthe rootsis called the

quadratic formula.
Stationary point

A stationary point on the graph of y = f(x) is a point (x, f (x)) where f'(x) = 0. A turningpoint is
a stationary point where the derivative f'(x)changessign. Aturning pointis eitheralocal
maximum or a local minimum.

Vertical line test

A relation between tworeal variables x and y isa functionand y = f'(x) for some function f, ifand
onlyifeachvertical line,i.e. eachlineparallel tothe y — axis, intersects the graph of the relationin
at most one point. Thistestto determinewhetherarelationis, infact, a functionis known as the
vertical line test.

Calculus 1

Gradient(Slope)

The gradient of the straight line passing through points (x1,y;) and (x,,y,) is the ratio 2222 .

X2—X1
Slopeisa synonym for gradient.

Secant

A secant of the graph of a functionis the straightline passing through two points on the graph. The
line segment betweenthe two pointsis called a chord.

Tangent line

The tangent line (or simply the tangent) to a curve at a given point P can be described intuitively as
the straightline that "just touches" the curve at that point. At P the curve meet, the curve has "the
same direction" asthe tangentline. Inthissense itis the best straight-line approximation to the
curve at the point P.

Probability

Conditional probability

The probability thatan event A occurs can change if it becomes known that another event B occurs.
The new probability is known as a conditional probability and is writtenas P(A|B). If B has
occurred, the sample space isreduced by discarding all outcomes thatare notin the event B. The
new sample space, called the reduced sample space, is B. The conditional probability of event Ais

. P(ANB
givenby P(A|B) = %
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Independentevents

Two events are independent if knowing that one occurs tells us nothing about the other. The

conceptcan be defined formally using probabilities in various ways: events Aand B are independent
ifP(An B) = P(A)P(B), if P(A|B) = P(A) orif P(B) = P(B|A).For events A and B with non-zero
probabilities, any one of these equationsimplies any other.

Mutually exclusive
Two events are mutually exclusive if there is no outcome in which both events occur.
Point and interval estimates

In statistics estimationis the use of information derived from a sample to produce an estimate of an
unknown probability or population parameter. If the estimateisasingle number, this numberis
called a point estimate. An interval estimate is an interval derived from the sample that, insome
sense, islikely to contain the parameter.

A simple example of apoint estimate of the probability p of an eventisthe relative frequency f of
the eventina large numberof Bernoullitrials. An example of aninterval estimateforpisa
confidence interval centred on the relative frequency f.

Relative frequency

Ifan event E occursr times when a chance experimentis repeated n times, the relative frequency
of Eisr/n.
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Unit 2

Algebra, functions & graphs 2

Circular measure
Circular measure is the measurement of angle sizein radians.
Radian measure

The radian measure 8 of an angle ina sector of a circle isdefined by 8 = £ /r, where r isthe radius
and ? is the arc length. Thusan angle whose degree measureis 180 has radian measure .

Extended angle measure

Extended angle measure: An angle greaterthan 2 (360°) correspondsto an anti-clockwise
rotation through more than one full circle, and a negative angle corresponds to a clockwise rotation.

Length of an arc

The length of an arc in acircle isgivenby? = rf, where £ isthe arc length, ristheradiusand @ is
the angle subtended atthe centre, measured inradians. Thisis simply a rearrangement of the
formula definingthe radian measure of an angle.

Sine rule and cosine rule
The lengths of the sides of a triangle are related to the sines of its angles by the equations

a b ¢
sinA  sinB sinC

Thisis known as the sine rule.

The lengths of the sides of a triangle are related to the cosine of one of its angles by the equation

c®2=a?+b?%—2abcosC
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Thisis known as the cosine rule.

Sine and cosine functions

In the unitcircle definition of cosine and sine, cos@ and sin @ are the x and y coordinates of the
pointon the unitcircle correspondingtothe angle 8

Period of a function

The period of a function f(x) isthe smallest positive number p with the property that f(x + p) =
f(x) forall x. The functions sin x and cos x both have period 2 and tan x has period 7

Index laws

. 1
Theindexlawsaretherules:a*ay = a**Y,a™* = — (@*)Y =a*Y, a®=1,and (ab)* = a*b*,
foranyrealnumbersx, y, a and b, witha > 0andb >0

Algebraic properties of exponential functions

The algebraicproperties of exponential functions are the index laws: a*a¥ = a**Y,a™ = %,
(a*)Y=a*Y, a®=1,foranyrealnumbersx, y, and a, witha >0

Algebraic properties of logarithms

The algebraicproperties of logarithms are the rules:log,(xy) = log,x +log,y, log, % =

—logg x,andlog, 1 = 0, for any positive real numbersx,y and a

Calculus 2

linearity property of the derivative

The linearity property of the derivative is summarized by the equations:
a — Y
— (ky) =k ™ for any constant k

a — 4 4y
and — On+y2) = ol
Local and global maximum and minimum
A stationary point on the graph y = f (x) of a differentiablefunctionisapointwhere f'(x) = 0.

We say that f(x;) is a local maximum of the function f(x) if f (x) < f (xo) forall values of x near
X We saythat f(xg) isa global maximum of the function f(x) if f(x) < f(x,) forallvaluesof x in
the domainof f.
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We say that f(x;) is a local minimum of the function f (x) if f(x) = f(x) for all values of x near
X We saythat f(xg) is a global minimum of the function f (x) if f(x) = f(x) forall valuesof x in
the domainof f.

Discrete random variables

Random variable

A random variable is a numerical quantity whose value depends on the outcome of achance
experiment. Typical examples are the number of people who attend an AFLgrand final, the
proportion of heads observedin 100 tosses of a coin, and the number of tonnes of wheat produced
inAustraliainayear.

A discrete random variable is one whose possiblevalues are the counting numbers 0,1,2,3, -+, or
forma finite set, asin the firsttwo examples.

A continuous random variable is one whose set of possible values are all of the real numbersin
some interval.

Probability distribution

The probability distribution of a discrete random variable is the set of probabilities for each of its
possible values.

Uniform discrete random variable

A uniformdiscrete random variable is one whose possible values have equal probability of
occurrence. If there are n possible values, the probability of occurrence of any one of themis 1/n.

Expectedvalue

The expected value E (X) of a random variable X is a measure of the central tendency of its
distribution.

If X isdiscrete, E(X) = ),;p;x;, where the x; are the possible values of X and

pi = P(X = xy).
If X is continuous, E(x) = fjooo xp(x)dx, where p(x) isthe probability density function of X

Mean of a randomvariable

The mean of a randomvariable isanother name forits expected value.

Variance of a random variable

The variance Var (X) ofa randomvariable X is a measure of the ‘spread’ of its distribution.
If X isdiscrete, Var(X) = X;p;(x; — w)? where u = E(X) isthe expected value.

If X iscontinuous, Var(X) = ffooo(x — ) ?p(x)dx

Standard deviation of a random variable

The standard deviation of a random variable is the square root of its variance.
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Effect of linearchange

The effects of linear changes of scale and origin on the mean and variance of a random variable are
summarized as follows:

If X isa randomvariableandY = aX + b, where a and b are constants, then
EY)=aEX)+ b and Var(Y) = a?Var(X)

Bernoullirandom variable

A Bernoullirandom variable has two possiblevalues, namely 0 and 1. The parameterassociated with
such a randomvariable is the probability p of obtaininga 1.

Bernoulli trial

A Bernoullitrial is a chance experiment with possible outcomes, typically labeled ‘success’ and
failure’.
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Unit 3

Calculus 3

Euler’'snumber
Euler'snumber e isan irrational numberwhose decimal expansion begins
e = 2.7182818284590452353602874713527 ---

It isthe base of the natural logarithms, and can be defined invarious ways including:

_ r 1.1, . =1 Iin
e—1+1!+2!+3!+ ande—hmn_)oo(1+n).
Product rule

The product rule relates the derivative of the product of two functions to the functions and their
derivatives.

Ifh(x) = f(x)g(x)thenh'(x) = f(x)g' (x) + f'(x)g(x),
and in Leibniz notation: = (uv) = uZ &y,

dx dx dx
Quotientrule

The quotientrule relates the derivative of the quotient of two functions to the functions and their
derivatives

I 1) =22 then j(x) = SOOI

g(x g(x)?

d (u vy L

and in Leibniz notation: — (—) = dx_dx
dx \v v2

Composition of functions

Ify = g(x) and z = f(y) for functions f and g,then z is a composite function of x. We write
z=fog(x) = f(g(x)). Forexample,z = VxZ + 3 expresses z as a composite of the functions
f(y) = \/I/ and g(x) =x?+3

Chain rule

The chain rule relates the derivative of the composite of two functions to the functions and their
derivatives.

If h(x) = f o g(x) then (f o @)’ (%) = f'(g(x)) g’ (%),

. . . dz dz d
and in Leibniz notation: — = 22y
dx dy dx
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Calculus 4

Antidifferntiation

An anti-derivative, primitive orindefinite integral of afunction f (x) isa function F (x) whose
derivativeis f (x),i.e. F'(x) = f(x).

The process of solving foranti-derivatives is called anti-differentiation.

Anti-derivatives are not unique. If F(x) isan anti-derivative of f (x), thensotoois the function
F (x) + c where cisany number. We write [ f (x) dx = F (x) + ¢ to denote the set of all anti-
derivatives of f(x). The numberc is called the constant of integration. For example, since

%C (x3) = 3x2,wecan write [ 3x2dx = x3+ ¢

The linearity property of anti-differentiation

The linearity property of anti-differentiation is summarized by the equations:

[ kf (x)dx = k [ f(x)dx foranyconstant k and

J(A0) + £,(0)dx = [ fi(x)dx + [ f>(x) dx for any two functions f; (x) and f,(x)

Similarequations describethe linearity property of definiteintegrals:

b b
fa kf(x)dx = kfa f(x)dx forany constant k and

f:(fl(x) +f2(x))dx = f;fl(x)dx + fffz(x)dxfor any twofunctions f; (x) and f,(x)
Additivity property of definite integrals

The additivity property of definite integrals refers to ‘addition of intervals of integration”:
b

fa flx)dx + fbcf(x)dx = facf(x)dx for any numbers a, b and c and any function f (x).

The fundamental theorem of calculus

The fundamental theorem of calculus relates differentiation and definiteintegrals. It has two forms:

L (7 f(®Odt) = () and [} ' ()dx = F(b) — £ (@)

Continuous random variables

Probability density function

The probability density function of a continuous random variable isafunction that describesthe
relative likelihood that the random variable takes a particularvalue. Formally, if p (x) is the
probability density of the continuous randomvariable X, then the probability that X takesa valuein

someinterval [a, b] isgiven by f;p(x) dx.
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Uniform continuous random variable

A uniform continuous random variable X is one whose probability density function p(x) has
constantvalue onthe range of possible values of X. If the range of possible valuesisthe interval

[a,b] thenp(x) = ﬁ ifa < x < bandp(x) = 0otherwise.
Triangular continuous random variable

A triangular continuous random variable X is one whose probability density function p(x) hasa
graph with the shape of a triangle.

Quantile

A quantile t, for a continuous randomvariable X isdefinedby P(X > t,) = a, where0 < a < 1.

The median m of X isthe quantile correspondingtoa = 0.5: P(X > m) = 0.5
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Unit 4

Interval estimates for proportions and means

Central limit theorem

There are various forms of the Central limittheorem, a result of fundamental importancein
statistics. Forthe purposes of this course, it can be expressed as follows:
“If X isthe mean of n independent values of random variable X which has afinite mean uanda
- N _ . X-
finite standard deviation g, thenasn — oo the distribution ofa/—’:l approachesthe standard normal

=
distribution.”

In the special case where X is a Bernoulli random variable with parameterp, X is the sample

proportionp, u = p and o = ,/p(1 — p). In this case the Central limittheoremis astatementthatas

n — oo the distribution of\/%lapproaches the standard normal distribution.

Margin of error

The margin of error of a confidence intervalof the form f — E <p < f + EisE, the half-width of
the confidence interval. Itis the maximum difference between f and p if p is actuallyin the
confidence interval.

Level of confidence

The level of confidence associated with a confidence interval foran unknown population parameter
isthe probability thatarandom confidence interval will contain the parameter.

Calculus 5

Implicitdifferentiation

When variables x and y satisfy a single equation, this may define yas a function of x even though
thereisno explicitformulafory interms of x. Implicit differentiation consists of differentiating
each term of the equation asitstands and making use of the chain rule. This can lead to a formula

ford—y. For example,
dx
ifx2+xy3—2x+3y =0,
PANL A S ay _
then 2x + x(3y )dx+y 2+3dx—0,

d 2-2x-y3
andso 2 =220
dx 3xy2+3

Concave up and concave down

A graph of y = f(x) is concave up at a point P if pointsonthe graph near P lie above the tangentat
P.The graph isconcave down at P if points on the graph near P lie below the tangent at P.
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Point of inflection

A point P on the graph of y = f(x) isa pointofinflectionif the concavity changesat P, i.e. points
near P on one side of P lie above the tangentat P and points near P onthe otherside of P lie below
the tangentat P

Second derivative test

Accordingto the second derivativetest, if f'(x) = 0, then f(x) isalocal maximum of f if
f"(x) < 0and f(x)is alocal minimumif f'"(x) > 0
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