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1. Overview of senior secondary Australian Curriculum

ACARA has developed draft senior secondary Australian Curriculum for English, Mathematics,
Science and History according to a set of design specifications (see
http://www.acara.edu.au/curriculum/development of the australian curriculum.html). The
ACARA Board approved these specifications following consultation with state and territory

curriculum, assessment and certification authorities.

Seniorsecondary Australian Curriculum will specify contentand achievement standards foreach
seniorsecondary subject. Contentrefersto the knowledge, understanding and skills to be taught and
learned within agiven subject. Achievement standards refer to descriptions of the quality of learning
(the depth of understanding, extent of knowledge and sophistication of skill) demonstrated by
students who have studied the contentforthe subject.

The seniorsecondary Australian Curriculum foreach subject has been organised into four units. The
lasttwo units are cognitively more challenging than the first two units. Each unitis designedto be
taught in about half a 'school year' of seniorsecondary studies (approximately 50-60 hours duration
including assessment). However, the seniorsecondary units have also been designed so that they
may be studied singly, in pairs (thatis, year-long), oras four units overtwo years. State and territory
curriculum, assessmentand certification authorities are responsible for the structure and
organisation of their senior secondary courses and will determine how they will integrate the
Australian Curriculum contentand achievementstandardsinto courses. They will also provide any
advice on entry and exit points, inline with theircurriculum, assessment and certification
requirements.

States and territories, through theirrespective curriculum, assessment and certification authorities,
will continue to be responsibleforimplementation of the senior secondary curriculum, including
assessment, certification and the attendant quality assurance mechanisms. Each of these authorities
acts in accordance withits respective legislation and the policy framework of its state government
and Board. They will determinethe assessment and certification specifications for their courses that
use the Australian Curriculum contentand achievement standards and any additional information,
guidelines and rules to satisfy local requirements.

These draftdocuments should not, therefore, be read as proposed courses of study. Rather, they are
presented as draft content and achievement standards that will provide the basis for senior
secondary curriculumin each state and territory inthe future. Once approved, the contentand
achievementstandards would subsequently be integrated by states and territoriesinto their
courses.
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2. Senior Secondary Mathematics subjects

The Senior Secondary Australian Curriculum: Mathematics consists of four subjects in mathematics.
The subjects are differentiated, each focusing on a pathway that will meet the learning needs of a
particulargroup of senior secondary students. Each subjectis organised into four units.

Essential Mathematics focuses on using mathematics effectively, efficiently and critically to
make informed decisions. It provides students with the mathematical knowledge, skills and
understandingto solve problemsinreal contexts forarange of workplace, personal, further
learning and community settings. This subject provides the opportunity for studentsto prepare
for post-school options of employment and furthertraining.

General Mathematics focuses on using the techniques of discrete mathematics to solve
problemsin contexts thatinclude financial modelling, network analysis, route and project
planning, decision making, and discrete growth and decay. It provides an opportunity to analyse
and solve awide range of geometrical problemsin areas such as measurement, scaling,
triangulation and navigation. It also provides opportunities to develop systematic strategies
based on the statistical investigation process for answering statistical questions thatinvolve
comparing groups, investigating associations and analysing time series.

Mathematical Methods focuses on the development of the use of calculus and statistical
analysis. The study of calculus in Mathematical Methods provides a basis foran understanding
of the physical world involving rates of change, and includes the use of functions, their
derivatives and integrals, in modelling physical processes. The study of statisticsin
Mathematical Methods develops the ability to describe and analyse phenomenainvolving
uncertainty and variation.

Specialist Mathematics provides opportunities, beyond those presented in Mathematical
Methods, to develop rigorous mathematical arguments and proofs, and to use mathematical
models more extensively. Specialist Mathematics contains topics in functions and calculus that
build onand deepenthe ideas presented in Mathematical Methods as well as demonstrate
theirapplicationin many areas. Specialist Mathematics also extends understanding and
knowledge of probability and statistics and introduces the topics of vectors, complex numbers,
matrices and recursive methods. Specialist Mathematics is the only mathematics subject that
cannot be taken as a stand-alone subject.
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3. Structure of Specialist Mathematics

Specialist Mathematicsis structured overfourunits. The topicsin Unit 1 broaden students’
mathematical experience and provide different scenarios forincorporating mathematicalarguments
and problem solving. The unit provides ablending of algebraicand geometric thinking. In this subject
thereis a progression of content, applications, level of sophistication and abstraction. Forexample,
vectors for 2-dimensional space are introduced in Unit 1 and thenin Unit 3 they are studied for 3-
dimensional space. The Unit 3 Vectortopicleadsto the establishment of the equations of lines and
planes, and thisinturn prepares students forthe solution of simultaneous equationsin three
variables thatis part of the Matrices topic. As a furtherexample of this progression, the study of
calculus, whichis developed in Mathematical Methods and Unit 3 of Specialist Mathematics, is
appliedinVectorsin Unit3 and Applications of Calculusin Unit4.

Unit1l Unit 2 Unit 3 Unit4
Specialist Recurrence Relations Trigonometry Vectors in three Further Calculus and
Mathematics Combinatorics Matrices dimensions Applications  of
Geometry Real and Complex Matrices and Calf.;u.lus
Numbers Systems of Statistical Inference

Vectors in the plane Equations for Continuous Data

Complex numbers

Functions and
Calculus

Graph Theory

Unit 1 contains four topics that complement the content of Mathematical Methods. The proficiency
strand, ‘Reasoning’, of the F-10curriculum is continued explicitly in the topic ‘Geometry through a
discussion of developing mathematical arguments. This topicalso provides the opportunity to
summarise and extend students’ studies in Euclidean Geometry. Thisunderstandingis of great
benefitinthe laterstudy of topics such as vectors and complex numbers. Two of the topicsin this
unitintroduce studentsto some discrete mathematics topics. The topic ‘Recursion’isakeyideain
many areas and is employed widely in the community, forexamplein the calculation of loan
repaymentsandinspreadsheets. Recursionis also appliedin the construction of proofs by the
principle of mathematical induction. The topic ‘Combinatorics’ provides techniques thatare very
useful in many areas of mathematics, including probability, graph theory and algebra. The topic
‘Vectors’ provides new perspectives of working with 2-dimensional space and serves as an
introduction to techniques which can be extended to 3-dimensional space in Unit 3. These four
topics considerably broaden students’ mathematical experience and therefore begin an awakening
to the breadth and utility of the subject. They also enable students toincrease their mathematical
flexibility and versatility.
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Unit 2 contains two topics, ‘Matrices’ and ‘Real and complex numbers’, that are extended in Unit 3.
The topic ‘Trigonometry’ contains techniques thatare usedin othertopicsin both this unitand Unit
3. All of these topics develop students’ ability to construct mathematical arguments. ‘Matrices’
provides new perspectives for working with 2-dimensional space and this topicservesasan
introductionto techniques which will be extended to 3-dimensional space in Unit 3. The ‘Real and
complex numbers’ topic provides a continuation of the study of numbers. ‘Graph Theory’ isan
importantarea of study in discrete mathematics and has many applications. It gives students further
opportunities to construct mathematical proofsin different contexts. The arguments caninvolve
algebraic, combinatoricand geometrictechniques.

Unit 3 contains four topics, ‘Vectors’, ‘Matrices and systems of equations’,’Complexnumbers’ and
‘Functions and calculus’. The study of matrices and vectors beganin Units 1 and 2, In Unit 1, vectors
in 1 and 2-dimensional space were the focus. In this unit, 3-dimensional vectors are studied, and
vectorequations and vector calculus are introduced, with the latter extending students’ knowledge
of calculus from Mathematical Methods. Cartesian and vector equations of lines, together with
equations of planes, enable students to work with geometric considerations as well as motionin 3-
dimensional space. In Unit 2, the emphasis for matricesis on the solution of simultaneous equations
intwo variables and transformations of the plane. Inthis unit, the emphasisis onthe solution of
systems of equations with three variables and the geometricinterpretation of these solutions. The
Cartesianform of complex numberswasintroduced in Unit 2 and the study of complex numbersis
now extended to the polarform. Finally, the study of functions and techniques of calculus begunin
Mathematical Methods are extended and utilised in the sketching of graphs and the solution of
problemsinvolvingintegration.

Unit 4 contains two topics, ‘Further calculus and applications of calculus’ and ‘Statistical inference
for bivariate continuous data’. In Unit 4, the study of differentiation and integration of functionsis
continued and the techniques developed from this and previous topicsin calculus are appliedin the
area of simple differential equations, in particularin biology and kinematics. Thesetopics serve to
demonstrate the applicability of the mathematics learnt throughout this course. In this unit, all of
the students’ previous experience in statistics is drawn togetherin the study of statistical inference
for bivariate continuous data. Thisis a topicthat demonstrates the utility and power of statistics.

The achievement standards have been organised into two dimensions, ‘Concepts and Techniques’
and ‘Reasoning and Communication’. These two dimensions reflect students’ understanding and
skillsin the study of mathematics.
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Itisassumedthat students will be taught the Senior Secondary Australian Curriculum: Mathematics
subjects with an extensive range of technological applications and techniques. If appropriately used,
these have the potential to enhance the teachingand learning of mathematics. However, students
alsoneedto continue to develop skillsthat do not depend ontechnology. The ability to be able to
choose when orwhen not to use some form of technology and to be able to work flexibly with
technology are importantskillsin these subjects.

4. Links to F-10

For all content areas of Specialist Mathematics, the proficiency strands of the F-10curriculum are
still very much applicable and should be inherent in students’ learning of the subject. The strands of
understanding, fluency, problem solving and reasoning are essential and mutually reinforcing. Forall
contentareas, practice allows students to achieve fluency of skills, such as finding the scalar product
of twovectors, or finding the area of a region contained between curves, and frees up working
memory for more complex aspects of problem solving. In Specialist Mathematics, the formal
explanation of reasoning through mathematical proof takes animportant role and the ability to
presentthe solution of any probleminalogical and clearmanneris of paramountimportance. The
ability to transferskills learned to solve one class of problems, for example integration, to solve
another class of problems, such as those in biology, kinematics or statistics, is avital part of
mathematics learningin this subject. In studying Specialist Mathematics, itis desirable that students
complete topics from 10A. The knowledge and skills from the content descriptions ACMMG273,
ACMMG274, ACMSP279 from 10A are highly recommended as preparation for Specialist
Mathematics.

5. Representation of General Capabilities

The seven general capabilities of Literacy, Numeracy, Information and communication technology
(ICT) capability, Critical and creative thinking, Personal and social capability, Ethical behaviour, and
Interculturalunderstanding are identified where they offer opportunities to add depth and richness
to studentlearning. Teachers will find opportunities to incorporate explicit teaching of the
capabilities depending on theirchoice of learning activities.

General capabilities that are specifically covered in Specialist Mathematics include Literacy,
Numeracy, Information and communication technology (ICT) capability, Critical and creative thinking
and Ethical behaviour.

Literacy is of fundamental importance in students’ development of Specialist Mathematics as they
developthe knowledge, skills and dispositions to interpret and use language confidently forlearning.
Students will be taughtto read, understand and gatherinformation presented in awide range of
genres, modes and representations (including text, symbols, graphs and tables). They are taught to
communicate ideas logically and fluently and to structure arguments and proofs.
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Numeracy involves students recognising and understanding the role of mathematics in the world
and to use mathematical knowledge and skills purposefully. Specialist Mathe matics provides the
opportunity to apply mathematical understanding and skills in real world contexts. The twenty-first
century worldisinformation driven and through reasoning and analysis, students can make
informed judgements.

Critical and creative thinking is inherentin Specialist Mathematics. Students develop their critical
and creative thinkingastheylearnto generate and evaluate knowledge, clarify concepts andideas,
seek possibilities, consideralternatives and solve problems. Critical and creative thinkingisintegral
to activities thatrequire students to think broadly and deeply using skills, behaviours and
dispositions such asreason, logic, resourcefulness, imagination andinnovationin all learning areas
at school and theirlives beyond school.

Ethical behaviourinvolves students exploring the ethics of their own and other others’ actions.
Students develop the capability to behave ethically as they identify and investigate the nature of
ethical concepts, values, charactertraits and principles, and understand how reasoning can assist
ethical judgement. There are opportunities in Specialist Mathematics to explore, develop and apply
ethical behaviourina range of contexts.

Information and communication technology (ICT) is a key part of Specialist Mathematics. Students
develop ICT capability as they learnto use ICT effectively and appropriately to access, create and
communicate information andideas, solve problems, perform calculations, draw graphs, collect,
analyse and interpret data. Digital technologies can engage students and promote the understanding
of key concepts.

There are also opportunities within Specialist Mathematics to develop the general capabilities of
Interculturalunderstanding and Personal and social capability, with an appropriate choice of
activities and contexts provided by the teacher.

6. Representation of Cross-curriculum priorities

The Cross-Curriculum Priorities of Aboriginal and Torres Strait Islander histories and cultures, Asia
and Australia’s engagement with Asia, and Sustainability, are not overtly evidentin the content
descriptions of the Specialist Mathematics subject. However opportunities exist for teachers to
reference theminthe context of theirteaching of relevant topics, especially those topics which use
real data to develop mathematical and statistical concepts.

Aboriginal and Torres Strait Islander histories and cultures

Students will deepentheirunderstanding of the lives of Aboriginal and Torres StraitIslander Peoples
through the application of mathematical conceptsin appropriate contexts. Teachers could develop
statistical and mathematical learning opportunities based on information and data pertinent to
Aboriginal and Torres StraitIslander histories and cultures.

D12/3782: DraftSenior Secondary Curriculum—Specialist Mathematics Organisation May 2012
Page 6 of 7


http://www.australiancurriculum.edu.au/CrossCurriculumPriorities/Aboriginal-and-Torres-Strait-Islander-histories-and-cultures
http://www.australiancurriculum.edu.au/CrossCurriculumPriorities/Asia-and-Australias-engagement-with-Asia
http://www.australiancurriculum.edu.au/CrossCurriculumPriorities/Asia-and-Australias-engagement-with-Asia
http://www.australiancurriculum.edu.au/CrossCurriculumPriorities/Sustainability

9 AUSTRALIAN CURRICULUM,
C C c ASSESSMENT AND
REPORTING AUTHORITY

Asia and Australia’s engagement with Asia

In Specialist Mathematics, the priority of Asiaand Australia’s engagement with Asia provides rich
and engaging contexts for developing students’ mathematical knowledge, skillsand understanding.
In Specialist Mathematics, students develop mathematical understanding by drawing on knowledge
of and examples fromthe Asiaregion. Investigationsand analysis can be used to examine issues
pertinenttothe Asiaregion.

Sustainability

In Specialist Mathematics, the priority of sustainability provides rich, engaging and authentic
contexts forstudentlearning. Specialist Mathematics provides opportunities for students to develop
problem solvingand reasoning essential for the exploration of sustainability issues and their
solutions. Mathematicalunderstandings and skills are necessary to measure, monitor and quantify
change in social, economicand ecological systems overtime.
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DRAFT SENIOR SECONDARY CURRICULUM —SPECIALIST
MATHEMATICS

Rationale

Mathematicsisthe study of order, relation and pattern. Fromits origins in counting and measuring it
has evolvedin highly sophisticated and elegant ways to become the language now used to describe
much of the modern world. Statistics is concerned with collecting, analysing, modelling and
interpretingdatain ordertoinvestigate and understand real world phenomena and solve problems
in context. Together, mathematics and statistics provide aframework forthinking and ameans of
communication thatis powerful, logical, conciseand precise.

Because both mathematics and statistics are widely applicable as models of the world around us,
there isample opportunity for problem solving throughout this subject. There is also asound logical
basisto Specialist Mathematics, and in mastering the subject students willdevelop logical reasoning
skillstoa highlevel.

Specialist Mathematics provides opportunities, beyond those presented in Mathematical Methods,
to developrigorous mathematicalarguments and proofs, and to use mathematical models more
extensively. Topics are developed systematically and lay the foundations for future studiesin
guantitative subjectsinacoherentand structured fashion. Students of Specialist Mathematics will
be able to appreciate the true nature of mathematics, its beauty andits functionality.

Specialist Mathematics has been designed to be taken in conjunction with Mathematical Methods.
The subject contains topicsin functions and calculus that build on and deepenthe ideas presented in
Mathematical Methods and demonstrate theirapplicationin many areas. Students will also extend
theirunderstanding and knowledge of probabilityand statistics. Vectors, complexnumbers, matrices
and recursive methods are introduced. Specialist Mathematics is designed for students with astrong
interestin mathematics, includingthose intending to study mathematics, statistics, all sciences and
associatedfields, economics orengineering at university.

For all contentareas of Specialist Mathematics, the proficiency strands of the F-10curriculum are
still very much applicable and should be inherentin students’ learning of the subject. These are
understanding, fluency, problem solving and reasoning. These are essentialand mutually reinforcing.
For all contentareas, practice allows students to achieve fluency of skills, such as finding the scalar
product of twovectors, or finding the area of a region contained between curves, and frees up
working memory for more complex aspects of problem solving. In Specialist Mathematics, the
formal explanation of reasoning through mathematical proof takes animportantrole and the ability
to presentthe solution of any problemin alogical and clear manneris of paramountimportance.
The ability to transferskills learned to solve one class of problems, forexampleintegration, to solve
anotherclass of problems, such as those in biology, kinematics or statistics, is avital part of
mathematics learningin this subject.

Specialist Mathematicsis structured overfour units. The topicsin Unit 1 broaden students’
mathematical experience and provide different scenarios forincorporating mathematicalarguments

D12/3783: DraftSenior Secondary Curriculum—Specialist Mathematics Curriculum May 2012
Page 1 of 22



9 AUSTRALIAN CURRICULUM,
C c c ASSESSMENT AND
REPORTING AUTHORITY

and problem solving. The unit provides a blending of algebraicand geometric thinking. In this subject
thereis a progression of content, applications, level of sophistication and abstraction. Forexample,
in Unit 1 vectorsfor2-dimensional space are introduced and then in Unit 3 vectors are studied for 3-
dimensional space. The Unit 3 Vectortopicleads to establishing the equations of lines and planes
and thisinturn prepares students forthe solution of simultaneous equations in three variables that
is part of the matrices topic. The study of calculus, whichis developed in Mathematical Methods and
Unit 3 of Specialist Mathematics, is applied in Vectors in Unit 3 and Applications of Calculusin Unit 4.

Aims

Specialist mathematics aimsto develop students’:

e understanding of concepts and techniques drawn from discrete mathematics, geometry,
trigonometry, complex numbers, vectors, matrices, calculus and statistics

o abilitytosolve applied problems using concepts and techniques drawn from discrete
mathematics, geometry, trigonometry, complex numbers, vectors, matrices, calculus
and statistics

e reasoningin mathematical and statistical contexts and interpretation of mathematical
and statistical information including ascertaining the reasonableness of solutions to
problems

e capacity to communicate in a concise and systematic manner using appropriate
mathematical and statistical language

e abilityto construct proofs.
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Unit 1

Unit description

Unit 1 of Specialist Mathematics contains four topics that complement the content of Mathematical
Methods. The proficiency strand, ‘Reasoning’, of the F-10curriculumis continued explicitly in the
topic‘Geometry’ through a discussion of developing mathematical arguments. This topicalso
provides the opportunity to summarise and extend students’ studiesin Euclidean Geometry. An
understanding of this topicis of great benefitin the study of latertopics of the course including
vectors and complex numbers.

Two of the topicsin this unitintroduce students to some discrete mathematics topics. The topic
‘Recursion’ isakeyideain many areas and isemployed widely in the community, forexample in the
calculation of loanrepayments andin spreadsheets. Recursionis alsoappliedin the construction of
proofs by the principle of mathematical induction. The topic ‘Combinatorics’ provides techniques
that are very useful in many areas of mathematics including probability, graph theory and algebra.

The topic ‘Vectors’ gives new perspectives of working with 2-dimensional space and serves asan
introduction to techniques which can be extended to 3-dimensional space introduced in Unit 3.

These fourtopics considerably broaden students’ mathematical experience and therefore begin an
awakeningto the breadth and utility of the subject. These topics also enablethe studenttoincrease
their mathematical flexibility and versatility.

Learning outcomes

By the end of this unit, students:

e understandthe concepts andtechniquesinrecurrence relations, combinatorics,
geometry andvectors

o applyreasoningskillsand solve problemsin recurrence relations, combinatorics,
geometry and vectors

e communicate theirarguments and strategies when solving problems
e construct proofsina variety of contextsincluding algebraicand geometric

e interpret mathematical information and ascertain the reasonableness of their solutions
to problems.
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Content descriptions

Topic 1: Recurrence relations

Recursive definitions of sequences:
o defineandgenerate asequencebyusingarecursive relation andinitial term(s)

e workwith particularexamplesincluding the Fibonacci sequence, the factorial sequence,
arithmeticsequences and geometricsequences

e usegeneralfirstorderlinearrecurrence relations to generate sequences

e applyfirstorderlinearrecurrence relationsto solve problemsinareas such as finance and
the study of populations

‘Direct’ formulas for sequences:
e establishand use directformulas forterms of arithmeticand geometricsequences
e establishanduse formulasforthe partial sums of arithmeticand geometricsequences

e establishand use the formulaforthe sum of an infinite geometricsequencewhere the
common ratio has absolute value less than one

Anintroduction to proof by mathematicalinduction:

e understand the nature of inductive proof including ‘the initial statement’ and the inductive
step

e proveresultsforsums,suchas1 +4+9 ..+ n? = %ﬂnm forany positive integern

e prove divisibility results, such as 3274 — 22 jsdivisible by 5 forany positive integern

Topic 2: Combinatorics

Permutations (ordered arrangements):
e solve problemsinvolving permutations
e use the multiplication principle
e usefactorial notation

e solve problemsinvolving permutationsinvolving restrictions with or without repeated
objects

The Inclusion-exclusion principle for the union of two sets and three sets:

e determine anduse the formulasforfindingthe number of elementsinthe unionof 2 and
the union of 3 sets
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The pigeon-hole principle:
e solve problemsand prove results using the pigeon-hole principle
Combinations (unordered selections):

e solve problemsinvolving combinations
. (n n
e usethenotation r)or C,

e Pascal’striangle: deriveand use associated simple identities

Topic 3: Geometry

The nature of proof:
e implication, converse, equivalence, negation, contrapositive
e proof by contradiction
e use of the symbolsforimplication (=), equivalence (<), and equality (=)
e use of the quantifiers ‘forall’ and ‘there exists’
o the use of examplesand counter-examples in this context

e Whiletheseideasareillustrated through deductive Euclidean geometry in this topicthey
reoccur throughout all of the topics of Specialist Mathematics

Circle properties and their proofs including the following theorems:
e Anangleinasemicircleisarightangle.

e Theangle at the centre subtended by an arc of a circle is twice the angle at the
circumference subtended by the same arc.

o Anglesatthe circumference of acircle subtended by the same arc are equal.
e The opposite anglesof acyclic quadrilateral are supplementary.

e Chordsof equal length subtend equal angles at the centre and conversely chords subtending
equal angles at the centre of a circle have the same length.

e Thealternate segmenttheorem

e Whentwo chords of acircle intersect, the product of the lengths of the intervals on one
chord equalsthe product of the lengths of the intervals on the other chord.

e Whenasecant (meetingthe circle at A and B) and a tangent (meetingthecircle at7) are
drawnto a circle froman external point M, the square of length of the tangent equals the
product of the lengths to the circle on the secant. (AM x BM = TM?).

e Suitable converses of some of the above results. Solve problems finding unknown angles and
lengths and prove furtherresults using the results listed above
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Topic 4: Vectors in the plane

Representing vectors in the plane by directed line segments:

examples of vectorsincluding displacementand velocity
magnitude and direction of avector
representascalar multiple of avector

use the triangle rule to find the sum and difference of two vectors

Algebra of vectorsin the plane:

use ordered pairnotation and columnvectornotation to representavector
unitvectorsand the perpendicularunitvectorsiandj

expressavectorin componentform usingthe unitvectorsiand j

addition and subtraction of vectorsin component form

multiplication of avectorin component form by a scalar

scalar (dot) product

apply the scalar product to vectors expressed in component form

properties of paralleland perpendicular vectors and determiningif two vectors are parallel
or perpendicular

projection of vectors

solve problemsinvolving displacement, force and velocity involving the above concepts

Geometric proofs using vectors in the plane including:

The diagonals of a parallelogram meetatrightanglesif and onlyifitis a rhombus.
Midpoints of the sides of a quadrilateral jointoform a parallelogram.

The sum of the squares of the lengths of the diagonals of a parallelogramis equal to the sum
of the squares of the lengths of the sides.
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Unit 2

Unit description

Unit 2 of Specialist Mathematics contains two topics, ‘Matrices’ and ‘Real and complexnumbers’
that are extendedin Unit3. The topic ‘Trigonometry’ contains techniques thatare used in other
topicsin both thisunitand Unit 3. All of these topics develop students’ ability to construct
mathematical arguments. ‘Matrices’ gives new perspectives for working with 2- dimensional space
and thistopicservesasan introduction to techniques which will be extended to 3-dimensional space
in Unit 3. The ‘Real and complex numbers’ topic provides a continuation of student’s study of
numbers. ‘Graphtheory’isan important area of studyin discrete mathematics and has many
applications. It also gives students further opportunities to construct mathematical proofsin
different contexts. The arguments caninvolve algebraic, combinatoricand geometrictechniques.

Learning outcomes

By the end of this unit, students:

e understandthe concepts and techniquesin trigonometry, matrices, real and complex
numbers and graph theory

e applyreasoningskillsand solve problemsin trigonometry, matrices, real and complex
numbers and graph theory

e communicate theirarguments and strategies when solving problems
e construct proofs of results

e interpret mathematical information and ascertain the reasonableness of theirsolutions
to problems.
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Content descriptions

Topic 1:Trigonometry

The basic trigonometric functions:

e findallsolutions off(a(x — b)) = ¢ wherefisone ofsin, cosor tan

e graph functions with rules of the formy = f(a(x — b)) wheref isone ofsin, cos, or tan
Compound angles:

e prove and apply the angle sum and difference identities

e prove and apply the double angle identities for sine, cosineand tangent.
The reciprocal trigonometric functions, secant, cosecant and cotangent:

o definethe reciprocal trigonometricfunctions; sketch their graphs and graph simple
transformations of them

Trigonometric identities:
e prove and apply the Pythagoreanidentities

e prove and apply theidentities for products of sines and cosines expressed as sums and
differences

e convertsumsa cosx + bsin x to R cos(x £ @) or R sin(x + a) and apply these to sketch
graphs, solve equations of the forma cos x + b sin x = ¢ and solve problems

e prove and apply othertrigonometricidentities suchas cos3x = 4 cos3 x — 3 cosx

Applications of trigonometric functions to model periodic phenomena involving simple harmonic
motion such as heights of tides and other forms of wave motion:

e model periodic motion using sine and cosine functions and understand the relevance of the
period and amplitude of these functions in the model

Topic 2: Matrices

Matrix arithmetic:
e matrix definition and notation

e addition and subtraction of matrices, scalar multiplication, matrix multiplication,
multiplicativeidentity andinverse

e calculate the determinantandinverse of 2 X 2 matrices

e solve matrix equations of the form AX = B, where Aisa 2 x 2 matrixand X and B are
columnvectors
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Simultaneous equations:
e solvesimultaneous equationsintwo variables using matrices

e interpretgeometrically cases where thereisaunique solution, no solution orinfinitely many
solutions.

Transformations in the plane:
e translationsandtheirrepresentation as column vectors

e basiclineartransformations: dilations of the form (x,y) — (1;x,4,y), rotations about the
originandreflectioninaline which passes through the origin, and the representations of
these transformations by 2 x 2 matrices

e application of these transformations to pointsin the plane and geometricobjects

e composition of lineartransformations and the corresponding matrix products

e inversesoflineartransformations and the relationship with the matrix inverse

e therelationship between the determinantand the effectof alineartransformationonarea

e geometricresults by matrix multiplications; forexample: show that the combined effect of 2
reflectionsisarotation

Topic 3: Real and complex numbers

Proofsinvolving numbers. Forexample:
e There are infinitely many prime numbers.
e Anintegernisoddifand onlyifn?is odd.
o The sum of two consecutive odd integers is divisible by 4.
e Ifnand mare evenintegersthenn + mis an eveninteger.

e Forallrealnumbersxandy, if xisrational andy is irrational, thenX + Y isirrational.

1 1
#=+-.
x+y X y

e Forallnon-zeroreal numbersxandy, we have

Infinite decimal expansions:
e expressrational numbers as terminating or eventually recurring decimals and vice versa
e characterise the decimal expansion of irrational numbers

Existence of irrationals:
e directconstruction of decimals such as 0.0100100010....

e proofsofirrationality by contradiction for numbers such asv2 and log,5
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Complex numbers:

the imaginary numberias a root of the equation x? = —1

complex numbersinthe form; a + biwhereaandb are real numbers
real and imaginary parts of a complex number

complex conjugates

complex numberarithmetic: addition, subtraction, multiplication and division

The complex plane:

complex numbers as pointsinaplane with real and imaginary parts as Cartesian coordinates
addition of complex numbers as vectoraddition inthe complex plane

location of complex conjugatesin the complex plane

Roots of equations:

the general solution of real quadraticequations
complex conjugate solutions of real quadraticequations

linearfactors of real quadratic polynomials

Topic 4: Graph Theory

Basic graph concepts:

examplestoillustrate abroad range of applications of graphs as models including molecular
structure, electrical circuits, social networks, connection of utilities, braced rectangular
frameworks

use of examplesto discuss types of problems to be metin graph theoryincluding existence
problems, construction problems, counting problems and optimisation problems

vertices, edges,loops, and multiple edges

the degree of a vertex and the result that the sum of all the vertex degreesis equalto twice
the number of edges (handshaking lemma)

simple graphs, subgraphs, connectedness, components and complementsincluding
recognising subgraphs of agivengraph, determiningif agraphis connected ornot, finding
the complement of agraph

isomorphisms of graphs and finding simple criteria to show two graphs are not isomorphic

simple graphsincludingall simple graphs with fouror fewer verticesand, in particularthe
simple connected graphs with four or fewervertices

regulargraphsincludingthe Platonicgraphs and provingresults such asfor a regulargraph

with nvertices, each havingdegreer, there are g edges
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Trees:

the complete graph K;, onn vertices. Thisincludes the proof of the result that the complete
n(n-1)
2

graph K,, has edgesand applications of thisrule

bipartite graphs, and the complete bipartitegraph K;,, , onm and nvertices. Includes the
resultthata graphis bipartite if and only if every cycle of the graph has an even number of
edges

examples of treesincluding oil or gas distribution networks and chemical bonding

equivalent conditions forasimple graph with nvertices to be a tree including ‘the graphis
connected and has n— 1 edges’ and ‘any two vertices are connected by exactly one path’.
Problemsinclude questions such as ‘How many trees can be formed with five vertices?’

construct spanningtrees from given connected graphs

Planarity:

define planarity and discuss examples of planar graphs such as in planning a golf course and
circuitboards

show the planarity of various types of graphs, including all trees, K, the complete graph
withn vertices, ifn < 4, and K, , the complete bipartite graph withm and n vertices, if
m<2orn<?2

planargraphs correspondingto polyhedra
prove and apply Euler’'sformulav + f — e = 2 forsimple connected planar graphs

use Euler’sformulato establish the followinginequalities for simple connected planar
graphs with at least three vertices

e <3v—6and
e < 2v — 4 for graphs without triangles

the utilities problem and the use of Euler’s formulato establish the non-planarity of K5 and
K33

regular polyhedraand the proof of uniqueness of the Platonicsolids via Euler’s formula

Closed paths:

the Kbnigsbergbridge problem

the concepts of Eulercircuits and Eulertrails, and the necessary and sufficient conditions for
the existence of Eulertrailsand Euler circuits

Fleury’salgorithm for constructing Eulertrails

the concept of Hamiltonian cycles and paths
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Achievement Standards Units 1 and 2

AUSTRALIAN CURRICULUM,
ASSESSMENT AND
REPORTING AUTHORITY

Concepts and Techniques

Reasoning and Communication

A The student

understands and applies concepts and
techniques in recurrence relations,
combinatorics, geometry and vectors in the
plane, matrices, trigonometry, the real and
complex numbers and graph theory to solve a
wide range of problems including non-routne
problems

uses digital technologies appropriately and
skilfully to solve non-routine problems, and to
display and organise information effectively

represents varied mathematical information
accurately, precisely and effectively in
numerical, graphical and symbolic form

ranslates efficiently and eflecively between
practical problems and their mathematical
model in a variety of situatons including
unfamiliar contexts

The student

synthesises mathematical techniques, results and ideas
creatively to solve problems

constructs proofs in a variety of setings using a wide
range of techniques and determines the solutions to
problems, that require the application of multi-step
mathematical reasoning

analyses and interprets the reasonableness of results
and solutions to a wide range of problem types

analyses and interprets results with comprehensive
consideration of the validity and limitations of the use of
any models

communicates observations, judgments and decisions
which are succinct, clear, reasoned, and evidenced, as
needed

demonstrates and communicates an understanding of
the inter-relatedness of different representations of
mathematical information

B The student

understands and applies most concepts and
techniques in recurrence relations,
combinatorics, geometry and vectors in the
plane, matrices, trigonometry, the real and
complex numbers and graph theory to solve a
wide range of problems

uses digital technologies appropriately to solve
non-routine problems, and to display and
organise information efiectively

represents varied mathematical information
accurately in numerical, graphical and
symbolic form

translates appropriately between practical
problems and their mathematical model in
familiar situations

The student

solves problems that require the interpretation  of
mathematical information

constructs proofs in familiar situations

analyses the reasonableness of results and solutions to
problems

analyses results with comprehensive consideration of
the validity and limitatons of the use of any models

demonstrates and communicates reasoned
observations and decisions

demonstrates an understanding of the inter-relatedness
of different representations of mathematical information

C The student

understands and applies some concepts and
techniques in recurrence relations,
combinatorics, geometry and vectors in the
plane, matices, trigonometry, the real and
complex numbers and graph theory to solve
familiar problems

uses digital technologies appropriately to solve
standard problems and to display and
organise information

The student

solves familiar problems that require the interpretation
of mathematical information

reproduces and adapts previously seen proofs

analyses the reasonableness of results and solutions to
familiar problems

analyses results with consideration of the validity and
limtations of the use of any models
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Concepts and Techniques

Reasoning and Communication

represents familiar mathematical and
statistical information in numerical, graphical
and symbolic form

solves practical problems based on standard
techniques and models

e demonsfrates and communicates observations

e recognises the inter-relatedness of different
representations of mathematical information

D The student

demonstrates limited understanding and
application of some concepts and techniques
in recurrence relations, combinatorics,
geometry and vectors in the plane, matrices,
trigonometry, the realand complex numbers
and graph theory to solve standard problems

uses digital technologies to undertake simple
calculations and to display and organise
information

represents some familiar mathematical and
statistical information in numerical, graphical
and symbolic form

applies concepts and techniques to solve
routine problems setin a practical context

The student

e solves routine problems that require the interpretation
of mathematical information

e reproduces some seen proofs

e recognises the reasonableness of results and solutions
to routine problems

e communicates observations

e recognises the inter-relatedness of some
representations of mathematical information

E The student

demonstrates limited familiarity in recurrence
relatons, combinatorics, geometry and vectors
in the plane, matrices, trigonometry, the real
and complex numbers and graph theory

uses digital technologies to undertake routine
calculatons to solve familiar problems

represents mathematical and statistical
information in limited forms

solves some routine problems set in a
practical context

The student
e recognises the soluton to routine problems
e communicates some observations

e recognises the representations of mathematical
information
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Unit 3

Unit description

Unit 3 of Specialist Mathematics contains four topics, ‘Vectors’; ‘Matrices and systems of equations’;
‘Complex numbers’ and ‘Functions and calculus’. In Units 1 and 2, the study of matrices and vectors
was begun. In Unit 1 vectorsin 2-dimensional space were the focus. In this unit, 3-dimensional
vectors are studied, and vector equations and vector calculus are introduced, with the latter
extending students’ knowledge of calculus from Mathematical Methods. Cartesian and vector
equations of lines, together with equations of planes enable students to work with geometric
considerations as well as motionin 3-dimensional space.

In Unit 2, the emphasis for matrices was on the solution of simultaneous equationsin two variables
and transformations of the plane. In Unit 3, the emphasisis on the solution of systems of equations
with three variables and the geometricinterpretation of these solutions.

The Cartesian form of complex numbers wasintroduced in Unit 2 and the study of complex numbers
isnow extended tothe polarform.

The study of functions and techniques of calculus begun in Mathematical Methods are extended and
utilised inthe sketching of graphs and the solution of problemsinvolving integration.

Learning Outcomes

By the end of this unit, students will:

e understandthe concepts and techniquesinvectors, matrices, complex numbers,
functions and calculus

e applyreasoningskillsand solve problemsinvectors, matrices, complex numbers,
functions and calculus

e communicate theirargumentsand strategies when solving problems
e construct proofs of results

e interpret mathematical information and ascertain the reasonableness of theirsolutions
to problems.
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Content descriptions

Topic 1: Vectors in three dimensions

The algebra of vectors in three dimensions:

e reviewthe conceptsof vectorsfrom Unit1 and extend tothree dimensionsincluding
introducing the unitvectorsi, j and k

Vectorequations:

e usevectorequationsof curvesintwo or three dimensions usingaparameterand determine
a ‘corresponding’ Cartesian equation in the two-dimensional case

e determine avectorequationof astraightline, given the position of two points or equivalent
information, in both two and three dimensions

e the position of two particles each described as avector function of time and determiningif
theirpaths cross or if the particles meet

e usethe cross product to determineavectornormal to a given plane.
o determine vectorand Cartesian equations of aplane
Vectorcalculus:
e positionvectorasa function of time
e derive the Cartesian equation of a path given as a vector equation in two dimensions
o differentiateandintegrate avectorfunction withrespecttotime

e determine equations of motion of a particle travellingin astraightline with both constant
and variable acceleration

e applyvectorcalculusto motionintwo and three-dimensions

Topic 2: Matrices and systems of equations
Systems of linear equations:
e thegeneral formof a system of linearequationsin severalvariables
e use elementarytechniques of elimination to solve asystem of linear equations

o three casesfor solutions of systems of equations: aunique solution, no solution and
infinitely many solutions

e therole of the matrixinverse in the solution of equations which have a unique solution

e geometricinterpretation of asolution of a system of equations withthree variables
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Row reduction methods:
e theaugmented matrix as an efficient way of representing a system of linear equations

e row reduction of the augmented matrix as an equivalent of systematic elimination of
variablesinequations

e use of an augmented matrix to calculate the inverse of amatrix
e row echelonform
Topic 3: Complex Numbers
Cartesian formsincluding a review of:
e realand imaginary parts Re(z) and Im(z) of a complex numberz
e (Cartesianform

e complexarithmeticusing Cartesianforms

Complex arithmetic using polar form:

the modulus | z|of a complex numberz

e theargumentArg (z) of a non-zero complex numberz
e the polar coordinates of anumberinthe complex plane
e conversions between Cartesian and polarform

e multiplication, division, and powers of complexnumbersin polarformand the geometric
interpretation of these

e De Moivre’stheorem
The complex plane (The Argand plane):
e addition of complex numbers as vectoradditioninthe complex plane
e multiplicationasalineartransformationinthe complexplane
e identification of subsets of the complex planedetermined by relationssuchas |z — 3i| < 4,
f < Arg(z) < 3;_11, Re(z) > Im(z),and |z— 1| = 2|z — ||
Roots of complex numbers:
e then!™ roots of unity and theirlocation on the unitcircle
e then'roots of complex numbersand theirlocationinthe complex plane
Factorisation of polynomials:
e prove and apply the factortheorem and the remaindertheorem for polynomials
e conjugate roots for polynomials with real coefficients

e solution of simple polynomial equations
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Topic 4: Functions and calculus

Functions:

e determine whenthe composition of two functionsis defined

e findthe composition of two functions

e determineifafunctionisone-to-one

e findtheinverse function of aone-to-one function

o thereflection property of the graphs of a functionanditsinverse
Sketching graphs:

e therelationship betweenthe graphof y = f(x)andthe graphsof y = % y =|f(x)| and
y =f(xD)

e sketchingthe graphs of simple rational functions where the numeratorand denominatorare
polynomials of low degree.

Integration techniques:

. . . . .. G 1 1
e integration usingthe trigonometricidentities sin?x = b (1 — cos 2x), cos?x = > 1+

cos2x)and 1 + tan?x = sec?x
e use of substitutionu = g(X) to integrate expressions of the formf(g(x))g’(x)
e inverse trigonometricfunctions arcsine, arccosine and arctangent

e thederivative of the inversetrigonometricfunctions, arcsine, arccosine and arctangent

. . s +1 a
. mtegratmgexpresswnsoftheformmanda2+x2

Applications of integral calculus:
e thecalculation of areas between curves determined by functions
e volumes of solids of revolution about either axis

e numerical integration using technology
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Unit 4

Unit description
Unit 4 contains two topics, ‘Further calculus and applications of calculus’ and ‘Statistical inference
for bivariate continuous data’.

In Unit4, the study of differentiation and integration of functionsis continued and the techniques
developed fromthisand previoustopicsin calculus are appliedin the area of simple differential
equationsandin particularin biology and kinematics. These topics serveto demonstrate the
applicability of the mathematics learnt throughout this subject.

In this unitall of the students’ previous experience in statisticsis drawn togetherin the study of
statistical inference for bivariate continuous data. Thisis a topicthat demonstrates the utility and
power of statistics.

Learning Outcomes

By the end of this unit, students:

e understandthe concepts and techniquesin applications of calculus and statistical
inference

e applyreasoningskills and solve problems in applications of calculus and statistical
inference

e communicate theirarguments and strategies when solving problems
e construct proofs of results

e interpret mathematical information and ascertain the reasonableness of their solutions
to problems.
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Content descriptions

Topic 1: Further calculus and applications of calculus

Further Integration techniques:
e partial fractions
e use partial fractions where necessary forintegration in simple cases
e integrationby parts

Differentialequations:

e solvesimple firstorderdifferential equations of the form % = f(x), differential equations
of the formj—z = g(y) and in general differential equations of the formz—z =f(x)gly)
using separation of variables

e slope (direction orgradient) fields of afirst order differential equation

o formulate differential equationsincluding the logisticequation that will arise forexample, in
chemistry, biologyand economics in situations whererates are involved

Modelling motion:
e momentum, force, resultantforce, action and reaction
e constantand non-constantforce
e motionofabody underconcurrentforces

e motionina straightline with both constantand non-constantacceleration including the use

12
. dv dv d(zve) '
of expressions—, v — and —— foracceleration
dt dx dx

Topic 2: Statistical inference for continuous data

Data investigation forinference about a mean difference:

e by consideringavariety of (matched) paired data contexts, including before- and - after, use
a single sample of differences of paired observations and the mean of these differences to
considerevidence forsignificant change

e useaconfidence interval to estimate the mean difference, identifying the statistical
population or general situation forwhich the inference is appropriate, and provide simple
justifications for the assumption of independent and identically distributed observations or
observed differences

e for paireddata, use binomial probabilities to find the chance of obtaining atleastthe
observed number of positive (or negative) differences assuming these differences are
equally-likely

e usethisprobabilitytocommentonthe data of differencesin context
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e the conceptof a small chance of obtaining dataunderan assumption providing evidence
againstthe assumption

Investigating data on two possibly related continuous random variables:

o decide whichisthe explanatory variableand whichisthe response variable, if such a
relationship exists

e useascatterplotforan initial indication of whetherastraightline might be an appropriate
model tofit

e usedigital technologiestofita straightline tothe data usingthe method of least squares
e theconceptof leastsquares estimation

e theslopeandinterceptofthe fittedline are (point) estimates of parametersinamodel.
(Thismodel assumes thatthe mean of the response variable is astraightline inthe
explanatory variable.)

e the correlation coefficient as a measure of the strength of the linearrelationship between
twovariables

o residual plotsandtheiruseinassessingthe appropriateness of fittingalinearmodel and
identifying unusual observations

e interpretthe estimated slope interms of changesin the expected value of the response
variable as the explanatory variablechanges

e usedigital technologiesto carry out simple permutations of the response valuesinthe
collected dataand calculate slopes to estimate the probability of obtaining the original
observedslope orgreater (in absolute value) assuming there is nolinear relationship
between explanatory and the response variable

e use thisestimated probability to commenton the data with respect to the original
scatterplot

o fordataforwhicha straightline model may notbe appropriate, use transformations of the
data, such as logarithmicor powerfunctions, and the above procedures toinvestigate the
possibility of fittingalinear model to transformed data

Critical analysis of reports showing mean differences, correlations or other statistics for bivariate
data:

e check, where possible, the quality of the dataand the procedures for obtainingthe data

e commentonissuesrelatingtoappropriateness of procedures and provision of evidence for
conclusions
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Achievement Standards Units 3 and 4
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REPORTING AUTHORITY

Concepts and Techniques

Reasoning and Communication

The student

e understands and applies concepts and
techniques in vectors, complex numbers,
functions, calculus and stafisics to solve a wide
range of problems including non-routine
problems

uses digital technologies appropriately and
skilully to solve problems, and to display and
organise information

represents mathematical and statstical
information accurately, precisely and effectively
in numerical, graphical and symbolic form
uses algebraic, geometric, statistcal and
modelling skills and mult-step logic to solve
varied problems

ranslates efficiently and eflecively between
practical problems and their mathematical or
statisical model in a variety of situations
including unfamiliar contexts

The student

synthesises mathematical and stafistcal techniques,
results and ideas creatively to solve problems
constructs proofs in a variety of settings using a range
of techniques and determines the solutions to problems,
that require the application of multi-step mathematical
reasoning

analyses and interprets the reasonableness of results
and soluions to a wide range of problem types
analyses and interprets results with comprehensive
consideration of the validity and limitations of the use of
any models

communicates observations, judgments and decisions
which are succinct, clear, reasoned, and evidenced, as
needed.

demonstrates and communicates an understanding of
the inter-relatedness of different representations of
mathematical and statistical information

The student

e understands and applies most concepts and
techniques in vectors, complex numbers,
functions, calculus and statistics

uses digital technologies appropriately and
competenty to solve problems and to display
and organise information

represents mathematical and statistical
information accurately in numerical, graphical
and symbolic form

uses algebraic, geometric, statistcal and
modelling skills and multi-step logic to solve
problems

translates efficiently and effectively between
practical problems and their mathematical or
statistcal model in a variety of situations

The student

solves problems that require the interpretation of
mathematical and statistical information

constructs proofs in familiar situations

analyses the reasonableness of results and solutons to
mathematical and statistical problems

demonstrates and communicates reasoned
observations and decisions

analyses results with consideration of the validity and
limitaons  of the use of any models

demonstrates an understanding of the inter-relatedness
of difierent representations of mathematical and
statistical information

The student

e understands and applies some concepts and
techniques in vectors, complex numbers,
functions, calculus and statisics

uses digital technologies appropriately 1o solve
problems to display and organise information
represents mathematical and statistical
information in numerical, graphical and symbolic
form

accurately applies concepts and techniques to
solve familiar problems

determines the solution to familiar problems
requiring the application of limited combinations
of concepts and techniques

The student

solves familiar problems that require the interpretation
of mathematical and statisical information

reproduces and adapts previously seen proofs
analyses the reasonableness of results and solutions to
familiar problems

demonstrates and communicates observations
analyses results from standard problems with
consideration of the validity and limitations of the use of
any mathematical or statiscal models

recognises the inter-relatedness of different
representations of mathematical and statistical
information
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Concepts and Techniques

Reasoning and Communication

The student

e demonstrates limted understanding and
applicaton of some concepts and techniques in
vectors, complex numbers, functions, calculus
and statistics

e uses digital technologies to solve some problems

e represents mathematical and statistical
information in limited forms

e applies concepts and techniques to solve routine
problems

The student.

solves routine problems that require the interpretation
of mathematical and statistical information

reproduces some seen proofs

recognises the reasonableness of results and solutions
to routine problems

communicates observations

recognises the inter-relatedness of some
representations of mathematical and statistical
information

The student

e demonstrates limited familiarity in vectors,
complex numbers, functions, calculus and
statistics

e follows procedures to solve simple problems

e uses digital technologies to represent
information and to solve simple problems

The student

recognises the solution to routne problems
communicates some observations

recognises the representations of mathematical and
statistical information
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GLOSSARY ITEMS

Unit 1

Recurrence Relations

Arithmeticsequence

An arithmeticsequence is asequence of numbers such that the difference of any two successive
members of the sequence is a constant. For instance, the sequence

2,5,8,11, 14, 17, ...
isan arithmeticsequence with common difference 3.

If the initial term of an arithmeticsequenceisaand the common difference of successive members
isd, thenthe nthterm t,, of the sequence, isgiven by:

t, =a+(n-1dforn>1

A recursive definition is

t;=a,t, =t,_1 + d wheredisthe common differenceandn=2.
Factorial sequence

The factorial sequenceis:

1,1, 2,6, 24, 120,...

t.=nl=n(n-1(n-2)...3x2x1

The sequence is defined by the recurrence relation
Ol=1,nl=n(n-D'forn>1.

Fibonacci sequence

The Fibonacci numbers are the numbersinthe followinginteger sequence:
1,1 235,8,13,..

The sequence is called the Fibonacci sequence.

The firsttwo Fibonacci numbersare 1 and 1, and each subsequent numberis the sum of the
previoustwo.

The sequence F, of Fibonacci numbersis defined by the recurrence relation
Fo=F_1+Fo_2forn>3

with initial values F;=1and F, =1.
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First order linearrecurrence relation

A firstorderlinearrecurrence relationis defined by the equation
t, =bt,_;+c forn>2andt; = a.

Geometricsequence

A geometricsequence isasequence of numbers where each term afterthe firstis found by
multiplying the previous one by afixed number called the common ratio. For example, the sequence

3,612, 24, ...
isa geometricsequence with commonratio 2. Similarly the sequence

40, 20, 10, 5, 2.5, ...

: : , 1
iIsa geometricsequence withcommonratio E .

If the initial term of ageometricsequence is a and the common ratio of successive membersis r,
thenthe nth term t,, of the sequence, isgiven by:

t, =ar" ‘forn>1

A recursive definitionis

tp=a, t,=rt_;forn>2andwhereristheconstantratio

Partial sums of a sequence

The sequence of partial sums of a sequence ty,..., 1, ... isdefined by
Sp=t+ ...+t

Partial sum of an arithmetic sequence

The partial sum S, of the first n terms of an arithmeticsequence with firstterma and common
difference d.

a,at+td,a+2d,...... ,a+(n-=1)d,...
is
Sn= g(a +1,) :3 (2a + (n - 1)d) whereft, is the n" term of the sequence.

The partial sums forma sequence with S, =S,_; +t,and S; =t;
Partial sums of a geometricsequence

The partial sum S, of the first n terms of a geometricsequence with firsttermaand common ratio
r,

a,ar,ar’,...... ar" Tt
is

_ar"-1)
Sn - r—1 r;ﬁ 1.
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The partial sums forma sequence with S, =S,_; +t, and S; =t;.

Principle of mathematical induction

Let there be associated with each positiveinteger n, aproposition P(n).

If
1. P(1)istrue,and
2. forallk,P(k) istrue implies P(k + 1) is true,

then P(n)is true for all positive integers n.

Combinatorics

Arranging n objectsin an ordered list

The number of ways to arrange n different objectsinan ordered listis given by

nin—1)(n—2) x...x3x2x1=nl

Combinations (Selections)

The number of selections of n objectstakenr at a time (thatis, the numberof ways of selecting r

objects outof n) is denoted by "C, = ( :' Jand is equalto

n!

riin=n)!

Factorial (See factorial sequence in recurrence relations)
Inclusion— exclusion principle

e Suppose Aand B are subsets of a finite set X then

IAUB|=|A|+|B|-]|ANB|
e Suppose A,B and C are subsets of a finite set X then

A &

[AUBUC|=|A|+|B|+|C|-|AnB|-|ANnC|-|BNC|+|AnBNC|
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Thisresultcan be generalised to 4 or more sets.
Multiplication principle

Suppose achoiceis to be made intwo stages. If there are a choices forthe first stage and b choices
for the second stage, no matter what choice has been made atthe first stage, thenthere are ab
choices altogether. If the choice isto be made in n stagesand if foreach i, there are a; choicesfor
the i" stage thenthere are a;a,...a, choices altogether.

Pascal’s triangle

Pascal’s triangle isanarrangement of numbers. Ingeneral the n™ row consists of the binomial

coefficients nC,or( n J withther=0,1,...,n
r

1 5 10 10 5 1

In Pascal’striangle any termis the sum of the two terms ‘above’ it.
For example 10=4 +6.

Identitiesinclude:
» Therecurrence relation,"C, = 'HCH + 'HCk

n
n _ "l
e "G=-"GC,

k

Permutations

A permutation of n objectsisanarrangementor rearrangement of n objects (orderisimportant).
The number of arrangements of N objectsis n! The number of permutations of n objectstakenrat a

timeisdenoted “P andisequal to

(n-n!"

nin-1)...(n-r+1) =

Pigeon-hole principle

Ifthere are n pigeon holesand n + 1 pigeonstogointothem,thenat least one pigeon hole must get
2 or more pigeons.
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Geometry

Glossary for Proof
Contradiction-Proof by

Assume the opposite (negation) of what you are trying to prove. Then proceed through a logical
chain of argumenttill you reach a demonstrably false conclusion. Since all the reasoningis correct
and a false conclusion has been reached the only thing that could be wrongis the initial assumption.
Therefore the original statementis true.

For example:the result\/é isirrational can be provedinthis way by first assuming\/z isrational.
The following are examples of results that are often proved by contradiction:

o Ifthe opposite angles of aquadrilateral are supplementary, then the quadrilateral is
cyclic.

e [fan interval (line segment) subtends equalangles attwo points on the same side of the
interval (linesegment), then the two points and the endpoints of the interval are

concyclic.

Implication and Converse

Implication: ifPthenQ Symbol:P=Q
Examples:

o Ifa quadrilateral isarectangle then the diagonals are of equal length and they bisect
each other.

e Ifx=2thenx’=4.
e Ifan animalisa kangaroothenitisa marsupial.
e Ifa quadrilateraliscyclicthenthe oppositeangles are supplementary.

Converse of a statement The converse of the statement ‘If Pthen Q’is ‘If Q then P’ Symbolically the
converseof P=Qis:Q=PorP«<Q

The converse of a true statementneed not be true.
Examples:

e Statement:|f a quadrilateral isarectangle thenthe diagonals are of equal length and
they bisecteach other.

Converse statement: If the diagonals of a quadrilateral are of equal length and bisect
each otherthenthe quadrilateral isarectangle. (In this case the converse istrue.)

e Statement:If x =2 thenx’=4.

Converse statement: Ifx* = 4 then x = 2. (In this case the converse is false.)

e Statement:If an animalisa kangaroo thenitisa marsupial.
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Converse statement: If an animal isa marsupial thenitis a kangaroo. (In this case the
converseisfalse.)

e Statement: If a quadrilateralis cyclicthenthe opposite angles are supplementary.

Converse statement: If the opposite angles of aquadrilateral are supplementary then
the quadrilateralis cyclic. (Inthis case the converseistrue.)

Contrapositive

The contrapositive of the statement ‘If Pthen Q' is ‘If not Q thennot P’. The contrapositive
of atrue statementisalsotrue. (notQis the negation of the statement Q)

Examples:

e Statement: A rectangle isa quadrilateral that has diagonals of equal length and the
diagonals bisect each other.

Contrapositive: If the diagonals of a quadrilateral are not of equal length ordo not
bisecteach otherthenthe quadrilateral is nota rectangle.

e Statement:If x =2 then x* = 4.
Contrapositive: Ifx? £ 4 then X # 2.
e Statement: A kangaroois a marsupial.
Contrapositive: If an animal is not a marsupial thenitis not a kangaroo.
e Statement: The opposite angles of acyclicquadrilateral are supplementary

Contrapositive: If the opposite angles of quadrilateral are not supplementary thenthe
quadrilateral is not cyclic.

Counterexample

A Counterexampleis an example that demonstrates that astatementis not true.
Examples:
e Statement:If x* = 4thenx = 2.
Counterexample: X =—2 provides a counterexample.

e Statement: If the diagonals of a quadrilateral intersect atright angles then the
qguadrilateral isarhombus.

Counterexample: A kite with the diagonals not bisecting each otheris nota rhombus.
Such a kite provides acounterexampleto the statement. The diagonals of akite do
intersectatrightangles.

e Statement: Every convex quadrilateral isacyclicquadrilateral.

Counterexample: A parallelogram thatis nota rectangle is convex, but not cyclic.
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Equivalent statements

Statements Pand Q are equivalentif P= Q and Q = P. The symbol < is used. Itis alsowrittenasP
ifand onlyif Qor P iffQ.

Examples:

e A quadrilateralisarectangleif and only if the diagonals of the quadrilateral are of equal
length and bisect each other.

e A quadrilateraliscyclicifand only if opposite angles are supplementary.
Negation

If P is a statementthenthe statement ‘not P’, denoted by —P isthe negation of P. If P is the
statement ‘Itis snowing.’ then —Pis the statement ‘Itis not snowing.’.

Quantifiers

For all (For each)
Symbol V
e Forallreal numbersx,x*> 0. (V real numbersx, X2 > 0.)

e Foralltrianglesthe sum of the interioranglesis 180° .(V triangles the sum of the interior
anglesis 180°.)

e Foreachdiameterofa givencircle each angle subtended atthe circumference by that
diameterisa rightangle.

There exists
Symbol 3
o Thereexistsareal numberthatisnot positive (3areal numberthat is not positive.)
e Thereexistsaprime numberthatis not odd. (3 a prime numberthatis not odd.)
e There existsanatural numberthatislessthan 6 and greaterthan 3.
o Thereexistsanisoscelestriangle thatis notequilateral.
The quantifiers can be used together.

For example: V x>0, 3y > 0 such that y* = x.
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Glossary of Geometric Terms and Listing of Important Theorems

Alternate segment

The word ‘alternate’ means ‘other’. The chord ABdivides the circle into two
segmentsand AU istangentto the circle. Angle APB liesin’ the segmentonthe
otherside of chord AB fromangle BAU. We say that itis in the alternate segment.

Cyclic quadrilateral
A cyclic quadrilateral is a quadrilateral whosevertices all lie onacircle.

Lines and line segments associated with circles

Any line segmentjoiningapointonthe circle to the centreiscalled a /‘\ secant
radius. By the definition of acircle, any two radii have the same length
called the radius of the circle. Notice thatthe word ‘radius’ isused torefer d\am‘?r‘e[

bothto these intervalsand tothe common length of these intervals.

e Aninterval joiningtwo pointsonthe circleis called a chord.
J

e A chord that passesthroughthe centre is called adiameter. Since a
diameter consists of two radii joined at their endpoints, every diameter has length equal
to twice the radius. The word ‘diameter’is use toreferboth to these intervalsand to
theircommon length.

A line that cuts a circle at two distinct pointsis called asecant. Thusa chord is the interval that the
circle cuts off a secant, and a diameteris the interval cut off by a secant passing through the centre
of acircle.

Circle Theorems

Result1

Let ABbe a chord of a circle with centre O.
The followingthree lines coincide:

e Thebisectorofthe angle ZAOBsubtended at the centre by
the chord.

e Theline segment (interval) joining O and the midpoint of the chord AB.
e The perpendicularbisectorofthe chord AB.
Result2

e Equal chords of a circle subtend equal angles atthe centre.

In the diagram shown ZAOB= £POQ.

D12/3778: DraftSenior Secondary Curriculum— General Mathematics Glossary May 2012

Page 8 of 29



9 AUSTRALIAN CURRICULUM,
C c c ASSESSMENT AND
REPORTING AUTHORITY

Result3

e Anangleinasemicircleisarightangle. 0\
]

Let AOBbe a diameterof acircle with centre O, andlet P be any otherpointon
thecircle. The angle LAPBsubtended at P by the diameter ABis called an angle
in a semicircle. A

Converse

e Thecircle whose diameteristhe hypotenuse of aright-angled
triangle passesthrough all three vertices of the triangle.
Result4

e Anangleatthe circumference of acircleis half the angle subtended at the centre by the same arc.
In the diagram shown ZAOB =2/APB

P P

180°

The arc AB subtends the angle LZAOBat the centre. The arc also subtendsthe angle ZAPB, called an angle at
the circumference subtended by the arc AB.
Result5

e Two anglesatthe circumference subtended by the same arcare
equal.

ZAPB=/AQB

In the diagram, the two angles ZAPBand £LAQBare subtended by the same arc
AB.

Result 6
e The opposite angles of acyclic quadrilateral are supplementary.
Converse

e Ifthe opposite angles of aquadrilateral are supplementary, thenthe
quadrilateral is cyclic.
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Result?7
Alternate segmenttheorem

An angle between achord and a tangentis equal toany angle inthe alternate
segment. A v

In the diagram £BAU = ZAPB.

Vectors in the plane

Addition of vectors (see Vectorfor definition and notation)

Givenvectorsa and b let OA and OB be directed line segmentsthatrepresentaandb. They have the

same initial point 0. The sum of OA and OB is the directed line segment OC where Cisa pointsuch
that OACBis a parallelogram. Thisis known as the parallelogramrule.

\ 4

0 B

Ifa=(as,a,)andb=(by,b,)thena+b=(a,+b,,a,+b,)
In componentformifa=a,i+a,jand b =b,i+b,jthen
a+b =(a;+by)i+(a+b,)j
Properties of vector addition:
e a+b =b+a (commutative law)
e (at+b)+c=a+(b +¢) (associative law)
e a+0=0+a=a
e a+(-a)=0
Magnitude of a vector (see Vectorfor definition and notation)

The magnitude of a vectora isthe length of any directed line segmentthatrepresentsa. Itis
denotedby |a].
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Multiplication by a scalar

Let abe a non-zerovectorandKk a positive real number (scalar) then the scalar multipleofaby k is
the vectorkawhich has magnitude |k | |a] andthe same directionasa. If k is a negative real
number, thenk a has magnitude | k | |a| and but isdirectedinthe opposite directiontoa. (see
negative of a vector)

Some properties of scalar multiplication are:
e k(ath)=ka+kb
e h(k(a))=(hk)a
e la=a

Negative of a vector (see Vector for definition and notation)

Givenavectora, letAB be a directed line segment representing a. The negative of a, denoted by —a,
isthe vectorrepresented by BA .The following are properties of vectorsinvolving negatives:
e a+(-a)=(-a)+a=0
e —(-a)=a
Scalar product (see Vector for definition and notation)
a=(ay, a,)and b=(by, b,)thenthe scalar producta.b is the real number

a, b, + a, b,. The geometrical interpretation of this numberisa.b =|a| | b|cos (0) where O is the
angle ‘between’aandb

When expressedini, j, notation, ifa= a,i+a,jandb =b,i+ b,jthen

ab=a,b;+ab,

Note |a| :\/;

Subtraction of vectors (see Vectorfor definition and notation)
a-b=a+(-b)

Unitvector (see Vectorfor definition and notation)

A unitvectorisa vectorwith magnitude 1. Given a vectora the unitvectorin the same directionasa

1 A
islTI a. Thisvectoris oftendenotedasa .

Vector projection (see Vectorfor definition and notation)

Leta andb betwovectorsand write 0 forthe angle betweenthem. The projection of avectora on
avectorb isthe vector

A} N
|a] cos © b whereb isthe unitvectorin the direction of b.
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AN A A
The projection of a vectora on avectorbis(a.b) b whereb isthe unitvectorin the direction of b.

a.b
This projectionisalsogivenbythe formulaﬁ b.

Vector

In Physicsthe name vectoris used to describe a physical quantity likevelocity or force that has a
magnitude and direction.
A vectorisan entity awhich hasa givenlength (magnitude) and agivendirection. If ABisa directed

line segmentwith thislength and direction, then we saythatA_ﬁ representsa.

IfAB and CD representthe same vector, they are parallel and have the same length.

The zero vector is the vector with length zero.

In two dimensions, every vector can be represented by adirected line segment which begins atthe
origin. Forexample, the vectorBC from B(1,2) to C(5,7) can be represented by the directed line

segment OA ,Where Aisthe point(4,5). The ordered pair notation fora vectorusesthe co-ordinates
of the end point of this directed line segment beginning at the origin to denote the vector, so

Bt = (4,5) in ordered pairnotation. The same vector can be represented in columnvectornotation

4
5

as
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Unit 2

Trigonometry

Angle sum and difference identities
sin (A+B) =sin Acos B +sin Bcos A
Sin(A —B) =sin A cos B-sin B cos A
cos(A + B) =cos A cos B —sin Asin B
cos(A—B)=cosAcosB +sin Asin B

Cosine and sine functions

Since each angle 6 measured anticlockwise from the positive x-axis determines a point P on the unit

circle, we will define

¥ AN
e the cosine of O to be the x-coordinate of the point P 1
e thesine of O to be the y-coordinate of the point P
........ Flcos 8, sin 8)
e thetangentof 0 isthe gradientof the line segment OP sin® 1
B ﬂl L
Double angle formula -1 O cose alt °~

e sin2A=2sin AcosA
e C0S 2A = cos*A—sin’A
=2cos’A-1
=1-2sin’ A

2tan A

©ENAS T oA

Products as sums and differences

1
o cosAcosB:E(cos(A—B)+cos(A+B))
. . 1
o smAsmB=§(cos(A—B)—cos(A+B))
i 1, . .
e sinAcosB= E(S|n(A+B)+S|n(A—B))

. 1 . .
e COSAsin B=§(sm (A+B)-sin(A-B))
Pythagorean identities
e CosS’A+sin®A=1
e tan’A+1=sec’A

e Ccot’A+1=cosec’A
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Reciprocal trigonometric functions

1
. secA—COSA,cosA;éO

1 .
[ cosecA—SinA,sm A#£0

COS A .
e COtA= SinA,smA;éO

Matrices

Addition of matrices (See Matrix)

If A and B are matrices with the same dimensions and the entries of Aare a;; and the entries of Bare
bijthenthe entriesof A+ Bare a;; + bj

21 51
ForexampleifA=| O 3]andB= 2 1 |then
14 16
7 2
A+B=| 2 4
2 10

Determinantof a 2 x 2 matrix (See Matrix)
ab
IfA = ¢ d the determinantof AdenotedasdetA = ad - bc.

Ifdet A #0,
e thematrixA has an inverse.
e thesimultaneouslinearequationsax + by =eand cx + dy =f have a unique solution.
o Thelineartransformation of the plane, defined by A maps the unitsquare
0(0, 0), B(0,1), C(1, 1), D(1, 0) to a parallelogram OB'C’'D’ of area |detA |.

e Thesign of the determinant determines the orientation of the image of a figure under
the transformation defined by the matrix.
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Dimension (or size) (See Matrix)

Two matrices are said to have the same dimensions (or size) if they have the same number of rows
and columns.

e Forexample, the matrices
180 345
[2 5 7}3”‘1[6 7 8}
have the same dimensions. They are both 2 x 3 matrices.
e Anm x nmatrix has m rowsand n columns.

Entries (Elements) of a matrix

The symbol a;; represents the (i, j) entry which occursin the i row and the j" column. Forexample
ageneral 3 x 2 matrixis:

di1 A
ay; Az | andasyistheentryinthe third row and the second column.
ds; asz

Leading diagonal

The leading diagonal of asquare matrix is the diagonal which runs from the top left cornerto the
bottomright corner.

Linear transformation defined by a 2 x 2 matrix
The matrix multiplication
abx ax +hy
[c d}[y]:[cx+dy}
definesatransformation T(x, y) = (ax + by, cx + dy).
Linear transformations in 2 dimensions
A lineartransformationinthe plane isamapping of the form
T(x,y) = (ax + by, cx + dy).
A transformation Tislinearifand onlyif
T(ou(X1, Y1) + B(X2, Y2)) = aT((X1,Y1)) + BT(X2, Y2))-
Lineartransformationsinclude:
e rotationsaroundthe origin
o reflectionsinlinesthroughthe origin
e dilations.

Translations are not lineartransformations.
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Matrix (matrices)

A matrix is a rectangulararray of elements orentries displayed in rows and columns.

For example,
21

1
A=| 03 andB=[

92 5 7}areboth matrices.
14

Matrix A issaid to be a 3 x 2 matrix (three rows and two columns) while Bis said to be a 2 x 3 matrix
(tworows and three columns).

A square matrix has the same number of rows and columns.
A column matrix (orvector) has only one column.

A row matrix (or vector) hasonly one row.

Matrix algebra of 2 x 2 matrices

IfA, B and Care 2 x 2matrices, I the 2 x 2 (multiplicative)identity matrixand Othe 2 x 2 zero matrix
then:

A+B=B+A (commutative law foraddition)
(A+B)+C=A+(B+ () (associative law foraddition)
A+0=A (additive identity)

A+ (-A)=0 (additive inverse)

(AB)C= A(BC) (associative law for multiplication)
Al=A=IA (multiplicative identity)
A(B+C)=AB+AC (leftdistributive law)

(B+ C)A=BA +CA (right distributive law)

Matrix multiplication

Matrix multiplicationis the process of multiplying a matrix by another matrix. The product AB of
twomatrices A and B with dimensionsmx nandp x qisdefinedifn=p. Ifitisdefined, the product

ABis an m x q matrix and it iscomputed as shownin the following example.

6 10

180
[ 11 3 2[

94 34]
257

151 63

The entries are computed as shown 1x6+8x11+0x12 =94
1x10+8x3+0x4=34
2x6+5x11+7x12=151
2x10+5x3+7x%x4=63
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The entryin row i and column j of the product AB is computed by ‘multiplying’ row i of A by column
j of B as shown.

din di
IfA ax a and B [bll b2 bm} en
=| dp; Az =
(PYRN PYIN P
dz1 As

anbut aphy  aubitashy  anbistasbs
anbiitanby  axnbia+ by, anbist ashs
aabiit Ay anbiatazgby  azbist asbys

AB

(Multiplicative) identity matrix

A (multiplicative) identity matrixis a square matrix in which all the elementsin the leading diagonal
are 1s and the remaining elements are Os. Identity matrices are designated by the letter .

For example,

1 6 0 0
10
[ }and 0100 are bothidentity matrices.
01 0010
0 0 01

There isan identity matrix for each order of square matrix. When clarity is needed, the orderis
written with asubscript: |/,

Multiplicative inverse of a square matrix
The inverse of a square matrix A iswrittenasA™ and has the property that
AA'=A"A=1
Notall square matrices have aninverse. A matrix thathas an inverse is said to be invertible.

multiplicative inverse of a 2 x 2 matrix

ab h d -b
The inverse of the matrix A = iSA™ = c a ,whendetA #0.

cd
Scalar multiplication (matrices)
Scalar multiplicationis the process of multiplyinga matrix by a scalar (number).

For example, forming the product:

21 20 10
1000 3 |=| 0 30
14 10 40

isan example of the process of scalar multiplication.
In general forthe matrix A with entries a;; the entries of KA are ka;;.
Singular matrix

A matrixissingularif detA = 0. A singular matrix does not have a multiplicative inverse.
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Zero matrix

A zeromatrixisa matrixif all of its entries are zero. Forexample:

[o 0 0} d[o o] _
0 0 0 an 0 0 are zero matrices.

There isa zero matrix for each size of matrix. When clarity is needed we write Onxm forthen xm

zero matrix.

Real and Complex Numbers

Complex numbers
Complex arithmetic
Ifzy =X; + ysiand z, = X, + y,i
o L+ =Xt Xt (YitY2)i

o 1-7,=X1—Xpt(Y1-VY2) i

Zi X 1= X1 Xo — Y1 Yo + (X1 Y2 + X2 V)i

z;x(0+0i)=0 Note: 0 + 0i is usually written as 0

1 x(1+0i)=27, Note: 1+ Oi is usually writtenas 1

Complex conjugate

For any complex numberz =X + iy, its conjugate isZ = X — iy. The following properties hold

o LI, =L1I
o 7,/2, =0117;
o 27=|zf

e 7+7 isreal
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Complex plane (Argand plane)

The complex plane isa geometricrepresentation of the complex numbers established by the real
axis and the orthogonal imaginary axis. The complex plane is sometimes called the Argand plane.

2+ 4i

F— |

Imaginary part of a complex n\rmber

A complex numberz may be writtenasx + yi, where xand y are real, and theny is the imaginary
part of z. 1t is denoted by Im (2).

Integers
The integers are the numbers---, -3,-2,-1,0,1, 2,3, ---.
Modulus (Absolute value) of a complex number

If z isa complex numberandz =X + iy then the modulus of z is the distance of z from the originin
the Argand plane. The modulus of zdenoted by |z | =4/X* +Y?.

Prime numbers

A prime numberisa positive integer greaterthan 1 that has no positive integer factor other1 and
itself. The firstfew prime numbersare 2, 3,5,7,11,13,17,19, 23, ---.

Rational numbers

A real numberisrational if it can be expressed as aquotient of twointegers. Otherwiseitis called
irrational.

Irrational numbers can be approximated as closely as desired by rational numbers, and most
electroniccalculators use a rational approximation when performing calculationsinvolving an
irrational number.

Real numbers

The numbersgenerally used in mathematics, in scientificwork and in everyday life are the real
numbers. They can be pictured as pointsona numberline, with the integers evenly spaced along
theline, and a real numbera to therightof areal numberbifa > b.

A real numberiseitherrational orirrational. The set of real numbers consists of the set of all rational
and irrational numbers.
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Everyreal numberhas a decimal expansion. Rational numbers are the ones whose decimal
expansionsare eitherterminating or eventually recurring.

Real part of a complex number

A complex numberz may be writtenasx + yi, where Xxand y are real, and then X is the real part of z.
Itisdenoted by Re (2).

Whole numbers

A whole numberis a non—negative integer, thatis, one of the numbers 0,1, 2,3, -,

Graph Theory

Adjacent (graph)
Vertices are adjacentif they are connected by an edge.
Bipartite Graph

A bipartite graph is a graph whose set of vertices can be splitinto two disjoint subsets Aand Bin
such a way that each edge of the graph joinsa vertexin A and a vertexin B.

Circuit and Cycle
A trail whose end vertices coincide (aclosed trail) is called a circuit.

Ifa walk with vertices x;, inthe sequence Xy Xy, ..., X, withn>3 and the verticesx;with1<i<n
distinct from each otherand fromX; and x; = X, thenitiscalled a cycle.

Complete graph

A complete graph is a simple graph in which everyvertexisjoinedto every othervertex by an edge.
The complete graph with n verticesis denoted by K,

Complete Bipartite Graph

A complete bipartite graph is a bipartite graphin which each vertexinAis joinedtoeachvertexinB
by exactly one edge. The complete bipartite graph withr verticesin Aands verticesin B isdenoted
by K

Connected graphs and disconnected graphs
A graph isconnected if there isa path between each pair of vertices and disconnected otherwise.

Degree (of a vertex). The degree of a vertex v;ina graphis the numberof edgesincident withv;,
with each loop counted twice.

Face

The faces of a planar graph are the regions bounded by the edges including
the outerinfinitely large region. The planar graph shown has 4 faces.

Euler circuit

An Eulercircuit is a circuit that includes each edge in agraph.

D12/3778: DraftSenior Secondary Curriculum— General Mathematics Glossary May 2012
Page 20 of 29



9 AUSTRALIAN CURRICULUM,
C c ASSESSMENT AND
C REPORTING AUTHORITY

Euler'sformula
In a connected planar graph
v-et+tf=2

where Vvisthe number of vertices, ethe numberofedgesandf isthe numberoffacesincludingthe
exteriorface. Thisformularelatingthe numbers of vertices, edges and faces is known as Euler’s
formula.

Euler trail

A trail of a graph containingall edges of the graphisan Euler trail. A connected simple graph has an
Eulertrail ifand onlyif each of the vertices haseven degree.

Fleury’s algorithm

An algorithm tofind an Euler trail.

vertex
Graph
A graph is a diagram that consists of a set of points, called vertices that are edge
joined by asetoflinescalled edges. Each edge joinstwo vertices. Aloopisan
loop

edgeinagraph that joinsa vertexina graph to itself.

Hamiltonian cycle

A Hamiltonian cycle of a graph is a cycle that includes each vertexin that graph.
Hamiltonian path

A Hamilton path of a graph is a path containingall vertices of the graph.
Isomorphism of graphs

Let G be a (labelled)graph. We say that a graph H isisomorphicto G if H can be labelled with the
same "letters" usedtolabel Ginsuch a waythat the pairs of verticesinthe two graphs
corresponding to the same pair of labels are joined by the same number of edges (same number of
edgesinboth graphs).

Konigsberg bridge problem

The Kénigsbergbridge problem asks if the seven bridges of the
city of Kdénigsbergcanall be traversedina single trip without
crossing the same bridge twice, with the additional requirement
that the trip endsin the same place it began.

Labelled graph

A labelled graphis a graph with each vertex labelled differently (but arbitrarily), usually with letters
of the alphabet.
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Paths, Walks and Trails

Awalkina graphis an alternating sequence vy, €1, Vs, €,,...,8,_1, Vy, Of vertices v; and edges ;. A
walkis often described by simply listing the sequence of edges ey, e,,...,e,.1,0r whenthereisno
confusion, by simply listing the sequence of vertices vy, V,,..., Vy.

A pathinagraphisa walkinthat graph with all of its vertices distinct.

A trail ina graphis a walkinthat graph with all of its edges are distinct.

Planar graph

A planargraph isa graphthat can be drawnin 2 dimensionsin such away that notwo edges cross.
Platonic graphs

The five regular planargraphs shown here are known as the Platonicgraphs.

NN

tetrahedron cube octahedron dodecahedron icosahedron

Regular graph
A graphisregularifitsverticesall have the same degree.
Simple graph

A simple graph has noloops or multiple edges.

aspanningtree

Spanning tree

A spanningtree is subgraph of a connected graph that connectsall
verticesandisalsoa tree.

Subgraph

A subgraph of a graph Gis a graph all of whose vertices are vertices of
G and all of whose edges are edges of G.

Trail (see Paths, Walks and Trail)
Tree

A treeis a connected graph with no circuits.

Walk (see Paths, Walks and Trail)
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Unit 3

Vectors in three-dimensions

(See Vectorsin Unit2)

Addition of vectors

In componentformifa = a,i+a,j+ askand b = b,i+h,j+ bskthen
a+b =(a;+by)i+(a, +by)j+ (as+ bs)k

Vector equation of a straight line

Let a be the position vectorof a pointonalinel, and u any vectorwith direction alongthe line. The
line consists of all points Pwhose position vector pis given by

p = a+tuforsomereal numbert.

(Giventhe position vectors of two points onthe plane aand b the equation can be written as
p=a+t(b—a)forsomereal numbert.)

Vector equation of a plane

Let a be a position vectorof a pointAin the plane, and n a normal vectorto the plane.Thenthe
plane consists of all points Pwhose position vector p satisfies

(p—a).n=0. Thisequation may also be written as p.n =a.n, a constant.

(If the the normal vector n is the vector (I, m, n) in ordered triple notation and the scalar product
a.n =k, this gives the Cartesian equation Ix + my + nz = k forthe plane)

Vector function

In this course a vectorfunctionisone that depends on a single real number parametert, often
representing time, producing avectorr(t) as the result. Interms of the standard unitvectorsi, j, k of
three dimensional space, the vector-valued functions of this specifictype are given by expressions
such as

r(t) = f(t)i+g(t)j+h(t)k

where f, g and h are real valued functions giving coordinates.

Scalar product

Ifa = (a;,a, as)and b = (b;, by, bs) then the scalar producta.b is the real number
a;b; +a,b, +asbs.

When expressedini, j, k notation, a= a,i+ a,j+askand b =b,i+ b,j+bsk then

a.b= albl + azbz + a3b3
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Vector product (Cross product)
When expressedini, j, k notation, a= a,i+ a,j+ ask and b =b,i+ b,j+bsk then
axb= (azbg - a3b2)i + (a3b1 - a1b3)j +(a1b2 - agbl)k

The cross product has the following geometricinterpretation. Leta and b be two non- parallel
vectorsthen |ax b| isthe area of the parallelogram defined by aand b and

a x b is normal to this parallelogram.

(The cross product of two parallel vectorsis the zero vector.)

Matrices and Systems of Equations

Augmented matrix
Foragivensetof mlinearequationsinnvariables:
Xy tapX + ... +amX, =by

Ax1Xy +axpXs + ... +auX, =Dby

:Am1X1 + Am2X2 +...+ AmnXn = bn

— A1 aAp an by
dy;  dxp aon bZ
the augmented matrixis
| am am am b

Row-echelon form
A matrixisinrow echelonformif

e Allnonzerorows (rows with atleast one nonzero element) are above any rows of all
zeroes, and

o Theleadingcoefficient (the firstnonzero numberfromthe left) of anonzerorowis
always strictly tothe right of the leading coefficient of the row above it.
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Real and Complex Numbers

Argument (abbreviated arg)

Ifa complex numberis represented by apoint P inthe complex plane thenthe argumentofz,
denotedargz, isthe angle 0 that OP makes with the positive real axis Oy, with the angle measured
anticlockwise from O,. The principal value of the argumentisthe oneinthe interval (-, i].

Complex arithmetic (see Complex arithmeticUnit 2)

Complex conjugate (see Complex conjugate Unit 2)

De Moivre’s Theorem

Forallintegersn, (cos O + i sin 0)" = cos nO + i sin nod.

Modulus of a complex number(Modulus of a complex number Unit 2)

Polar form of a complex number

Fora complexnumberz, let® =arg z. Thenz = r(cos 6 + isin 0) is the polarform of z.
Root of unity (nth root of unity)

A complex numberzsuchthatz" =1

The n" roots of unity are:

cosszn +isin% wherek =0,1,2,...,n-1.

The pointsinthe complex plane representing roots of unity lie on the unitcircle.

The cube roots of unity are

1 . 1 . - 1
=1, zz=£(—1+|\/§),zg=§(—1—|\/§).Note z3=zzandz3=7 and z,z; = 1.

2

Calculus

Inverse Trigonometricfunctions

The inverse sine function, y = sin x

If the domain forthe sine functionis restricted to the interval[_g,g} aoneto one functionis

formed and so an inverse function exists.

The inverse of this restricted sine function is denoted by sin”* and is defined by:
. 1 ) . T
sin: [-1, 1] > R, sin” x=y wheresiny =X,y € [—5,5}

sin™ isalso denoted by arcsin.
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The inverse cosine function, y = cos ' x

If the domain of the cosine functionisrestrictedto [0, ] a one to one functionis formed and so the
inverse function exists.

cos™ X, the inverse function of this restricted cosine function, is defined as follows:
cos™:[-1,1] - R, cos™ x=ywherecosy=x,Y € [0, n]
cos tis also denoted by arccos.

The inverse tangent function,y = tan™ x

T T
If the domain of the tangentfunctionisrestricted to (_E > ) aonetoonefunctionisformedandso

the inverse function exists.
_1 _1 T T
tan”:R > R,tan "x =y wheretany =x,y e (_E ’E)

tan™' is also denoted by arctan.

Rational function

X
A rational functionis afunction such that f(x) = %x))' where g(X) and h(x) are polynomials. Usually

g(x) and h(x) are chosen so as to have no common factor of degree greaterthan or equal to 1, and
the domain of f is usually taken to be

R\{x: h(x) = 0}.
Volume of a solid of revolution
Lety = f(x) be the graph of a functionf, acontinuous function on [a, b], and such that

f(x)>0 forallx € [a,b]. If the region bounded by the x axis, y = f(x) and the lines

b
x =aand x = b is rotated around the x axis the volume of the resultingsolid isnfa [f (x)]?dx
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Unit 4

Further Calculus and Applications of Calculus

Linear momentum

The linearmomentum pof a particle isthe vectorquantity p = mv where m isthe mass and vis the
velocity.
Logistic equation

The logisticequation has applicationsin arange of fields, including biology, biomathematics,
economics, chemistry, mathematical psychology, probability, and statistics.

One form of this differential equationis:

3_3{ = ay - by? (wherea>0and b > 0)

The general solution of thisis

a
=————, Where Cisan arbitrary constant.
y b + Ce at y

Separation of variables

d
Differential equations of the forma{ =g(x)h(y) can be rearranged as longas h(y)# 0 to obtain

1 dy _
h(y) dX - g(X)
Slope field

Slope field (direction or gradient field) is a graphical representation of the solutions of a linear first-
orderdifferential equation in which the derivative atagiven pointisrepresented by aline segment
of the correspondingslope

Statistical Inference for Continuous data

Continuous random variable

A randomvariable Xis called continuousif its set of possible values consists of intervals, and the
chance that it takes any pointvalueis zero (in symbols, if P (X =x) = 0 for every real numberx). A
random variable is continuousifand only if its cumulative probability distribution function can be
expressed asanintegral of a function.

Probability density function

The probability density function (pdf) of a continuous random variable is the function that when
integrated overaninterval gives the probability that the continuous random variable having that
pdf, liesinthatinterval. The probability density functionis therefore the derivative of the
(cumulative probability) distribution function.
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Continuous data
Continuous data are observations or measurements of a continuous random variable.
Matched data pairs

Matched data pairs are sometimes called matched samples. These can arise inthe following
situations:

a. Two samplesinwhichthe membersare clearly paired, orare matched explicitly by the
researcher. For example, IQ measurements on pairs of identical twins.

b. Those samplesinwhichthe same attribute, orvariable, is measured twice on each subject,
underdifferent circumstances. Commonly called repeated measures. Examplesincludethe
times of a group of athletes for 1500m before and aftera week of special training; or the
milk yields of cows before and after beingfed a particulardiet.

Oftenthe difference inthe value of the measurement of interest for each matched pairis calculated,
for example, the difference between before and after measurements, and these figuresthenforma
single sample foran appropriate statistical analysis.

Interpretation of patterns in matched pair situations

To investigate comparisons of measurements on pairs of subjects orin before- and after- situations,
it is customary to study the set of differences. This can be done informally by studying appropriately-
chosen graphs; more formally, binomial probabilities can be used to investigate whether, in the
eventof noactual difference, there are more differences of one sign than could be reasonably
expectedjustdue tochance. If differences are equally likely to be positive or negative, the number
of differences out of n (the sample size) that are of one sign has a binomial distribution with p =0.5,
and the probability of obtaining at least the observed number of differences of one sign can be
obtained. If thisis small, there was little possibility of obtaining such data just due to chance,
thereby providing evidence of a difference between the pairs.

Difference between paired means
Mean of the difference between matched pairs
Least squares line

Suppose that a sample of pairs of measurements of two variables (X, Y) is available, and we seek to
estimate the average value of Yfora givenvalue of X= x, usinga linearfunction of X. The least
squareslineisthe straightline that minimises the sum of squared distances between the sample
valuesy of Yand the predicted values a +bx.

Permutations

Re-arrangements of asequence of values. Random permutations of aset of data may be made by
randomly assigning theirlabels usingrandom numbers.
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Estimate the probability of obtaining values of slopes by chance

Afterrandom re-arrangements of the y-values, and calculating the slopes of the corresponding least
squareslines, obtain the proportion of these slopes that are at least as far from 0 as the slope of the
observed leastsquares line for the original data. This proportionis an estimate of the probability of
obtaining atleastthe slope of the observed leastsquaresline if thereisin factnolinearrelationship
betweenxandy. A small value of this probability therefore indicates that the observed datawere
unlikelyifthereisnolinearrelationship between xandy, and hence provides evidence that thereis.
The smallerthe value of this probability, the greaterthe evidence against the assumption of no
linearrelationship betweenxandy.

Precision

Precisionisameasure of how close an estimatoris expected to be to the true value of the
parameterit purports to estimate.

Independent andidentically distributed observations

Forindependent observations, the value of any one observation has no effect on the chance of
valuesforall the otherobservations. Foridentically distributed observations, the chances of the
possible values of each observation are governed by the same probability distribution.

Random sample

A randomsampleisa setof data in whichthe value of each observationis governed by some chance
mechanism that depends on the situation. The most common situation in which the term “random
sample”isusedreferstoa set of independent and identically distributed observations.

Sample median Fora sample of data of odd size, the middlevalue when the dataare arranged in
increasingorder; fora sample of evensize, the average of the two middle values.

Sample mean the arithmeticaverage of the sample values

Uniformdistribution the distribution of a continuous random variable with constant probability
density function 1/a overaninterval of length a.
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