http://www.geocities.com /coroneosonline

NEW SOUTH WALES
HIGHER SCHOOL CERTIFICATE

Mathematics Extension 2
Exercise 40/67
BY JAMES CORONEOS*

Find the following integrals.

;”212 f\/‘nzfi4 . i‘ﬁi dr 4. [sinzcos®x dx 5. [sinzsec®z dz
6. [cos®’% dx 7. [wsina dx 8. [wsec? 2z dx 9. [tan™! 2z dx 10. fx2+f
z dx z—1)(x+1) dz 2x 23 m (1+x) do
11. f(:c+2 ((ix+4) 12. f((x )2 (: )3) 13. f(2+2x+3 14. f 2z 4 15. f\/1+ac) 2?2
d d
16°fﬁ fwlsfmlgfmzo'fﬁfl

21. f cos™ x dx 22. f /I_'H dx 23. f W 24. fseC 3x dr 25. f 2(1 z)

26. fm 27. [ 1+m2)2 28. [tan’z dz 29. [ ;g0 30. [ g dn
31. f 58—1}—113:206?1 32. f 1—|—0082 33. fm 34. f,CC sinx dx

35. f(a: 1)@ dzgﬁw 3) 36. feidm 37. fm38 f$3 55T da

39. [z°logz dx 40. f%m [loga? dx 42. [ 42

43. [(52® + 7z —1)2.(1522 + 7) dx 44. fm 45. [(z* +z—+1)"! dz
46. [e*sin2z dr 47. [(22 + 2 —1)"" dr 48. [(2? —x)"2 dz 49. 52 da
50. [a3(4+2%)"% de b1, [_Sm2ede 5o [afdrgg [ __do

3cos?2 z+4sin z sinx cos =

/ dx sec? x dx z+1) dx
54. flog z—1dz 55. f o1 56. tanZ 7—3 tan 212 57. f (7)1

(z2—-3x+2)2

58. [sin2zcosx dx 59. [ ﬁf@ 60. [ztan 'z dz 61. [(1+4 3z +22%)"! dx

62. [(9—2%)2 dz 63. [(9+22)7 dz 64. [x(9+22)2 dr 65. [sec?ztan®z dx
66. [z%e™" dx 67. f:z:eg”2 dx 68. fsinxtanx dz 69. fsin4xcos3x dx

70. [ @’ 41) do oy [log(z + Va2 —1) dz 72. [

T 23—z

(:lerl)2 +($+1)

Evaluate the following definite integrals, leaving results in irrational form.

3. f4 xd:r 74. fl x(1+x2) 75. f2 logwd 76. folcos x dx 77. f1 \/%

78. fo 7COSQx+ZSIHm79 fo V1 — 22 dx 80. fologa:dx 81. fl $2+5w+4

x (T+=) d 2% dg
82. fo (1+ 3sinz)~! dx 83. foaje dx 84. f0%85 fo ]

*Other resources by James Coroneos are available. Write to P.O. Box 25, Rose Bay, NSW,
2029, Australia, for a catalogue.
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a (a—z)? dx 1 (z+3) d=x z2 dx
86. [ % dy 87. a7t 88 Jo (@+2)(z+1)2 89. 0 a:6+1

90. foﬂ cos? mx dr, m integral 91. f% xsin 2z dzr 92. fo 2Va? — 22 dx
93. fo sec? xtanz dx 94. fo (x +2)(z? +4:1:+5) dx 95. fl r(logz)? dx

z°+4 4 %44 cosx dx
96. 3 .1‘2+ dr 97. f x(wi?) dr 98. f02 5—3sinx 9. fO

Y
100. f02 2sin 6 cos A(3sinf — 4sin® ) db

/#_/
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-z]‘ log (x%+4) 2. /x2+4
3 log(x-2) + 2 log(x+2) 4. -% cos"x
P S i
27 sectx 6. 2[: + sin x]}
-X cos x + sin x ' 8. 2 X tan 2x "”21: log cos 2x
x tan~! 2x - % log (1+4x2) l0. % x2 - % log (1+x2)
2 log(x+4) - log(x+2) 12. x - 3 log(x~2) + 8 log(x-3)
log(x2+2x+3) - 33- tan~! (%g-)
i 3,1 2,1 1
s X +8x +8"+16 log{2x-1)
1 s 1 &Y - iw 1 - 42X

1 /223 x2+a 1 x
T a log[ x ] °F T a log[?azhc!-a]

1 at/al-x? 1 [ x
- 3 10[E A or - L t0g| o
1 -1 X
= sec” <
a a

3 .

% x R x + ZxLS - 2 log(l-i-x!i)

- %(cos'lx)z 22. /2T + log[x+vx2-T1]
-1 1 + 2 rand
2(log %) 24. 3 tan 3x g tan 3x

log x - % - log{(l-x) 26. - ;l: - tan~lx

1 an-ix 4+ ___T_x 28. < tan2x + log cos x
2 2(14x<) - 2

1 -1 .Lan x/2 1 2 + tan x/2
7 tan ) 0. 4 198G "tan x/2)
-3 log(5 + 3 cos x) 32. 7%- tan'l(tan )

log(sec x + tan x) = log tan(% + %)
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-~ xlcos k + 2x sin x + 2 cO3 X

1 1optx-1) - 4 2og(2) + 2 108(x-2)

10‘(!‘-1) : 1. -Al!- tan-1( 'é tsn x)
N 6 6
?% o 33 -:j' log x - !3-6'

‘ 2.1
Zhgx-zlo;(rbl)i-”l-m

3[x log x - x} A2. un'ltc')
%(5:%7:—1)% 4b. %Etm"lx - -} tan-! g-]
x
7§ tm"‘(-%;l) 46. ";'-(sln 2x - 2 cos 2x)
3 ‘ —_
7} lo;(z"_i+ ) 48. logi(x - -%) + /x1x)
-2x+ 710g(3*x) 0. dut-a/e

log(3 + sin?x)
4 log(1%2) -1 10g(2-x) - § canla
log tan x or - log{cosec 2x + cot 2x)

-%(x—l) log(x-1) - % x

X oy L . tan x - 2
log(e -1) - = 26.  logCro T
/x?=3x+2 +§- log[x - % + /x253x42)

2 o2
~ 5 cos’x
1 10801-x02) - 4 1og(1ex) + o canm B35l
%[xztan'lx + tan"lx - x) 6l. log i::x
%{:-W + 9 sin-} %] 63. %{ximz + 9 loglxt/9+x?))
'15(9-012)*2 5. 7 ulz\"x
~o % (x242x42) 8. 3¢
log(sec x + tan x) - ein x 69. -% sindx - % sin”x
x+log(x-1)-log x 1. x log(x+/x2-1)-/x2=1
2 log[1+/x+1) 73. l—g(z-ﬁ)
7 log( 5. g(og 2)? .
3 LL73

1 n. % 18. X
3 8. 14 log 2 - 3 8. 3108
%'8 2 2 ‘e 84, % log 2 + «
g% - 2+ 1 8. J(log4-1)
a{l - log 2) 8. 1+ log(l)
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hr+2 b
+_a+

B Let =
22—-4 z4+2 x-2

Then 5z + 2 = a(z — 2) + b(z + 2)
=(a+b)x—-2a+2b

By equating coefficients

z:a+b=5 ... (1)

2% —2a+20=2  ...... (2)

Equation (2) —2(1)

—4q = —8, J.a = 2

Substitute a = 2 into equation (1)

2+b=5,b=3

Sr+2 2 3

Thus =
2 -4 r+2 z-2

5 _
f;ﬁiid:r=f(;%+xi2)dm
=2f;rcf2+3f:cd—;—r2
=2In(x+2) +3ln(z-2)+C
d Let u = cosz,du = —sinxdr
du
[ sinz cos® zdw = ——f’—_s;:;r-c;.Ecos:’a:

4
:—fu?’du:—%——i-c

EXERCISES SET 4J

cCos™ I

+C

Let u = cosx,du = —sinzdx

du

,——J\q
sin zdx —sinaxdzx

=

[sinz sec® xdr =

cosS T cosd T

2cos?x

| —

seclz+C

B

NS

xdr 1 . 2xzdx

== 1+ cos 2
x 27 244

1 2
==n(z?+4)+C g [ <2 L dr = [ ———d.
5 In(z® +4) B [ ——do=[———d=

1 2xdx »
=-§f Y JIZ¥4+C =-;-fda;+%fcosxd:c



1 1
=§;1:+§ sinx + C

1
= E(a:—l—sinx) +C

[0 Let v = z,du = dz and dv = sin zdx,
V—=—cCcOosI

Jxsinzdr =ww — [vdu =z x — cosz—
J —coszdz
= —rcosx+ fcosa;d:z:
= —zxcosx +sinz+C

Let u = z,du = dz; dv = sec? 2zdx,

1
v = 3 tan 2z
1
Jzsec? 2zdr = wv — [vdu = x x 5 tan 22—
1
f 5 tan 2z x dx

= lx tan 2z — l ftan 2xdx
2 2

1 1 in 2
= =ztan2r — = Smey dz
2 27 cos?z

1 1 . ~2smn2z
= =rtan2r + = | —
2 cos2z

1
= %;1: tan 2x+ 1 Incos2x+C

1+4x2

Let v = tan~! 2z, du = dz; dv = ldz,

V=2

Jtan™! 2zdr = wv — [vdu = tan"! 2 x x—

2
T X dx
f 1+ 4x2
=xtan 122 — [ 2z dzx
1+ 422
1 L
=ztan~12z — = [ Br dz
47 1+ 422

= ztan~! Za:~i In(1+422)+C

23 b
- =mm+d+a$+

00 Let
2?2 +1 22 +1

Then 2% = (mz + d)(z? + 1) +az + b
=mad+d2? +(a+m)z+b+d
By equating coeflicients

22 :m=1
z2:d=0
t:a+m=0 orae+1=0,,, a=-1
20:54+d=0 orb+0=0,6=90
3
Thus z =z — d
22 +1 x? 41

x
= [ xdr — dx
[xdz f$2+11
1 . 2zdx

= {xdr — =
J 27 2241

2
f%—%m@?+n=c

¢ _a n b
(z+2)(z+4) x+2 =z+4

Thus z = a(z +4) + bz + 2)

= (a+b)x +4a +2b
By equating coefficients
r:a+b=1 ... (1)
%:4a+20=0 ..., (2)

Equation (2) —2(1) : 2a = -2, ".a= -1
Substitute @ = —1 into equation (1)

—14+b=1, . b=2

T _ 1 2

3 ——+
(z+2)(z+4) z+2 z+4

: 2
[t = [ 2
(z+2)(z+4) r+2 xz+4
dx 2dx
h_fx+2+fm+4
= —In(z + 2)+
2In(z +4)+ C
2 _
r2—-5r+6 r—2 -3

Then 2% — 1 = m(z? — 52+ 6) + a(x — 3)+
bz —2)
=ma?+ (a +b— 5m)z+
(—3a — 2b + 6m)z?
By equating coefficients
22:m=1



zl:a+b-5=0 or

at+b=5 ... (1)
z°: -3a—-20+6=-1 or
Ba—2%=-7  .eerr. (2)
Equatlon (2)+2(1)
—a=3, .a=-3
Substitute a = —3 into equation (1)

~34+b6="5,".b=8

=z —3In(z - 2)+
8In(z—-3)+C
(2z — 1)dz
2 9. .
z+2x+14+ 2
(x+1)? (v2)?

(2x — 1)dz
2+22+3

T3

2z — 1)dzx
(x + 1)® + (vV2)?

2zrdzr —f dx
@+1)2+ (V2?2 T (@ + 1)+ (V2)?

(2;1’3 + 2 — 2)d17 dx

Er1)P+ (V2?2 (@+1)7+ (VI

(22 + 2)dx ~ 3dzr

(@+1)°+(v2)?  (z+1)"+(V2)?

(2z + 2)dx 3dx
2 +2 43 7 (@ +1)" + (V2P

r+1
V2

= In(a? +2x—|—3)——3—tan_1( Y+ C
V2

(z® — 1/8 + 1/8)dx
(z-1/2)

_lf.(xz_—ig)d_x.;_..l_ __di._
27 (z-1/2) 167 (z-1/2)

_ lf (x—1/2)(z% +z/2 +1/4)dx
2 (z-1/2)
1 dz
(x—1/2)
1 dr
Zf(a' +xz/2 + 1/4)dz + 16f( Y

2

1 3
i Qe S =1 —1/+C
2(3+4+ )—i—lGn(I /2) +

-3 T
= ln(a:2 + 22 4 3) — —tan1(
V2 V2

—d—(l—m—r2)=—1—2m
dr

Also
l-z—2?=—(z*+z-1)

1 1
_—_—-2 ——1—‘_
(z trt+g 4)

ey

V5 1,
=(5)r-+s)

1+ x)dzx -2 — 2x)dx

V1i—z—z? 2° -z -2

1 . [-14(-1-2x)dz

2! =2
—lf dx _1f(—1—2x)d;1:
T2 2

1 dx

5
—_—\2 _ (o \2
\/(2) (a+2}
1f(—1—2;1:)da:
2° -z —a?
r+1/2
=:1-31n1(——/)-—\/1—a:fa:2+(‘
2 V5
2
1 20+ 1
zawr” ) i Fa+cC
5
] 1
A6l Let z = —, then dx ——;du
u?



Also v? — 1 = 2, thus 2udu = dz

1
d —--—2clu
i.e. | T = : :

z( —(1—-=)1/2

u2 %2

udu udu

= _f — = _f
(u 1)1/ u2 —1
dz
1 Qudu dz
= _Ef__ = __f._

_“,2 -1 2 \/E
S o’
z

=—z2+C=-V2-1+C

2
i—1+C=—,/1 L +cC
T2 2

\/1—x2+
X

C

M7 Let x = atand, dr = asec? §df
a? + 1% = a? +a%tan? 6 = a?(1 + tan®4)

= a?sec?d
fe f dx _ asec? 6d0
zva? + 2 atanfva2sec?
1
_ l f sec 8d0 i c?sed()
a” tan8 a” sinf
cosf
1 . df
T a f sin @
o
Now, let t = tan 3
D
A
t’) Po
X x x
1 z 3
o\? e
1 a

tane_ /l—cosﬂ_ Va? + z?
D 1+ cos@ 1+ a

JaZta—a

Va2l +x2—a
vat+z2 44

val+ 2 —a

_ va +x22 — ¢ g
vaZz+z2 +a

2\/(\/m_a)2

a? 4+ 22— a2

vai+z2—a

_\/&2—{—:82—(1
= - :
2dt
. 1 dg 142 1 .di
1.6, = = — —
S e af T
1+ ¢2

%lnt-i—(" = —ln(tan—) +C

1. Val+z?2—a
= = In( )+ Cor
a z
1 In( ol )+ C
¢ Vae2+zi-a

A8 Let z = asinf,dz = acosfdf
a? —22 =a® —a’tan’l=aq
2

= a2 cos? §

Now, let t = tan-g

R
a
x
4
s T
7__2
a-X

2(1 — sin? 9)

/l —cosﬁ
tan— =
1+c036



a— Va2 — 122

a
a+ Va2 —zx?
a

a—+Va?—x?
a+va?—z?

—Va? — 22 ot va? — z?
-i-\/a2 —a? a+\/a2—:zc2

a? — (vVa® — 22)?
\ @+ va -2

x
a+ Va2 —x?

dr _ a cos 6d8

acos 8df 1 do

=f—.——=_f

asinfacosfd @ sinf

2dt

2 -2
=——1n(\/a +x +a +C

T9 Let x = asecd, dz = asecdtanfdl
Also 72 — a? = a’sec?§ — a?

= a?(sec?0 — 1)
= a?tan?8

‘e f dx _ f asecftan 6d0
zvz? — a? asec0va? tan? @

Va2 — z? asin+/a® — (asin §)>?

. 1
Blu=z=z'2du= Q—dx or

NZ7
dz = 2\/zdu = 2udu
ir 2 Qudi 23
i,e.f xdx =fu X u,u,zgfudu
VT +1 u+1 w41
w+1-—1du ud + 1)du
=2f£————l—=2 L——l——
u+1 w41
du
fu—i—l]
u+ Du? —u+ ldu
=2[f( X —In{u+1)]

u+1

= 2[f(u2 —u+ 1)du — In(u + 1))

3 2
=2[E——u++u—ln(u+l)l+0
3 2
23/2

—r+2s12 —2n(z'?2 + )]+ C

.

Blu=cos 'z,du=— 1 dzx
2 -1
. cos™ ! adzx —cos™ xdx
ie. [ =—]
v1—a? vi-—z?
2 o (cos™!x)? c
1 >+ 1 +1
Py PR C Vel
—1 Ve—1 z+1
z+1 zdz dx
ey /
% - Va2 - Vvz2 -1
1 2rdz +f dr
27 VaTZ1 VT
=22 ~1+h(z+V22-1)+C
1
uzlogx,du:-ﬂ—sda
r(log z)3 ud 2u?
_ 1
2(log x)?

Let u = sec? 3x,du = 2sec 3TX
3sec 3z tan 3z




= 6 sec? 3x tan 3zdz

1
dv = sec? 3xdz, v = 3 tan 3x
i.e. [sect3zdzr = [sec? 3z x sec? 3adx
. o 1
i.e. uv — [vdu = sec? 3z x gtan 3x—

1
f -5 tan 3z x 6sec? 3z tan 3xdr

1
i.e. 3 sec? 3z tan 3z — 2 / sec? 3z tan? 3xdz

\— >
—

— tan3 3z

Now, let «’ = tan® 3z, du’ = 2tan 3z X
sec?3r x 3
= 6tan 3z sec? 3z

1
dv' = sec? 3zdz, v’ = 3 tan 3z

[ sec? 3z tan? 3zdr = w'v' — Ju'dw

1
=tan? 3z x 5 tan 3z —

1
f 3 tan 3z x 6 tan 3z sec? 3zdz

<

= = tan® 3z—

2 j sec? 3z tan? 3zdz or

1
3 [ sec? 3z tan® Jwdr = 3 tan® 3z or
2 2 L, 3.
J sec? 3z tan? 3rdr = 5 tan® 3z
. 4 1 ., .
i.e. [sect3rdr = 3 sec? 3z tan 3r—
1.
2(5 tan” 3z) + C
1 5.
= 5(1 + tan® 3z) tan 3z—
2
5 tan®3z + C

ndr + ;tan"iir—

Il
C/-JII—‘

% tan®3z) + C

1 .
= gtan&r-i— -:—;tan3 3z+4+C

1
BB Let ——— = — 4+ =+
z2(1-z) 22 ¢ 1-=x

Then 1 =a(l — z) + bz(1 — z) + cx?
=a+ (—a+bz+ (c— b)x?
By equating coefficients
2°:a=1
zl:—a+b=0 or
—14b0=0, b=1
#2:c—b=00rc—1=0, .c=1

Thus—l-=—1-+l+ =
2?(1-x) 22 = 1l-x
1 1 1 1
—_—dr = [(—+ -+ dx
/ r2(1 — z) f(;vz x l—a:)
dr dx dz
=f—=+[=+
fa;2+f£v fl—;r

-1
=—T+lnx—ln(1—x)+0

1
= —;+ln 2-1n{l-z)+C

Let z = tan 8, dx = sec? 649
1+22=1+tan20 = sec?d

. dx sec? Odf
ie. | =
22(1 + z2) tan? 8(sec? §)
. df ag cos? 0df
1-€. f = - =
tan? @ sin® sin? 6
cos? 0

1 — sin® 8)do
e [ S——)-— = [(cosec’d — 1)df

sin® 9
. 1 -1
l,e,—cot9—0+(7=—-;—tan 2+ C

Let x = tan§, dx = sec? 646
1+2? =1+tan? 0 = sec?d

dx . sec? Bd6
(14 22)2 (sec? §)2

ie. [

(1 +cos 20)d9

= [cos?8df = f



Le. %(9 + % sin 20) + C

i.e. = %(0 +sinfcosf) +C

X

1 1
ie. = =tan"la 4 = X ———X
2 2 ,/1_*_1-2

1
—_—+C

vV1+ax2

. 1., 1
1=e.=72-tan T+ =

C
21+332+

f tan® zdz = [tanz X tan? zdz

ie. [tanz(sec?r — 1)dr = [ tanzsec” rdz—

f tan xdx
sinz
i.e. f tan z sec? xdxr — f dx
cos T
sinx
ie. [tanz sec’z dr— [ dx
N cosS T
d(tan )
dz
. tan?x sinx tan? z
i.e. —f de =
2 cos I 2
d(cos z)
dx
——

—sine

f COsT dx

i.e.

2 xXr
tar; Zdr + In(cosz) + C

i i T
Let t = tan 3 dt = = sec? -2-d:v or

dx = 2dt - = 2cos? Lt
Xz 2

sec? —
2
1

VA

2dt

1412

= 2( )2dt

Lo I
Also cosz = 1 — 2sin? 3

22 1—12

2dt
ie. | 142 iy 2dt
5+ 5t2 +3—3t2 8 + 2t2

1412

dt 1 t
tan"t=+C
5+

e. [——==ta

4+t2 2
1 ta.n%
= =tan™! +C
7 T

sec? =
1
= 2(=———)2dt
V1412
_2dt
142
Also cos:z:=1—25in2§
=1 2(——=)?
V1412
_ 22 142
1+82 1+4¢
2dt
. dx 1+ ¢2
ie. f =
3+ bcosz 1 —¢2
3+ 5( )
1412
2dt
2 2dt
‘e, f 1+¢ iy 2d
3+ 3t2 +5— 5¢2 8 — 212
1+ ¢2

. dt 1 2+t
ie. [ = log,
4—12  2(2) 2-1




Bl Let v =5+ 3cosz,du = —3sin xdx

ie f sin xzdx _ 1f—3sina:d:v
Y54 3cose 3Y 5+3cosx

1 . du
=733
. 1 1
i.e. —ginzt—f—C: —gln(5+3cosx)+c

Let t = tana, dt = sec? xdz or dz = cos? zdt

Lett=tan§

dz dr

ie. [ - ~ =
2T _ 2

cos? 5 —sin” =

2

Ccos &

2dt

1+ 1¢2 . 2dt , dt

= =2
1—¢t2 11—t2 fl—tﬂ
1+1£2

ie. [

. 1 1+¢
i.e. 2 X —log, ——
2(1) 1—1¢

+C
1+ tan =

X 5)

ie. log,———+C
1 —tan —

2

.z
SIDE
L, l+— .
1 + tan = CoS — sin = + cos —
2 2 2 2
T N T T
1—tan — Sin = COS — — SIn —
y 2 2 2
1
T
cos —
2
'.E+ .z :1:.+ .z
cos— +sin=  cos— +sin=
2 2 y 2 2
COS — — SIn — Ccos — + sin —
2 2 2 2
x T x x
cos = + sin = )2 1+ 2sin=—cos=
(cos 3 3) B 2 °%%%
x T .
cos? = — sin? = cosx
2 2
1 + sin: 1 Sh¥
+smax _ + sinT — secT 4 tana
coS T COST COSZ
T
l-i-tan;-
i.e. log, — t C = log,(secx+
1—tan =
2
tanz) + C
7
= log, (tan{—=+
4
T
-+
)

B4 Let u = 2, du = 2zdx and
dv=sinzdz, v = —coszx

te. [r?sinedr=uv— [vdu

2

i.e. T° X —cos:t:—f—cosa: X 2xdx

i.e. —r2cosx +2 f z cos xdx

Now, let v’ = z,du’ = drand
dv' = coszdr,v’ =sinz

Jxcoszdz =u'v' — [v'du’
=z xsinz — [sinz X de

=rsinz — [sinzdr



=gsinz+cosx+C

i.e. —r2cosx +2 f:t:cos zdr = —r2cosz+

2(xsinz + cos )

i.e. —x?cosr+2rsinz + 2cosz + C

2

G- D@ -3 -1

a
Let

b+c
x—2 x-—-3

Then »? = a(z — 2)(z — 3)+
b(x —1)(x — 3) + c(x — )(z — 2)
= a(z? — 5z + 6)+
b(x? — 4z + 3) + c(z? — 3z + 2)
=(a+b+c)z?+
(—5a — 4b—3c)z +6a + 30+ 2
By equating coeflicients

z¢:a+b+ec=1 ... (1)
2t —ba—4b—3¢=0 ... (2)
2°:6a+3b+2c=0 ... (3)
Equations 3(1)+(2): —2a—b6=3 ...... (4)
Equations 2(1) — (3): —da—-b=2 ...... (5)

Equations (4) — (5} : 2a =1, a =1/2

Substitute ¢ = 1/2 into equation (4)
-2(1/2)-b=3, ..b=-4
Substitute a and b into equation (1)
1/2—44+c=1,..¢=9/2

Thus 2 = LI
(x—1)(z—2)(x-3) T2z —1)

+
r—2 2(xz-3)

x2 1

dr = -
/ (x — 1)(z — 2)(z - 3) I[Z(:c—l)

4 9

+ dx
z—2 ‘2(:0—3)]

9
= 2 In(e—1)~4In(a—2)+5 In(z=3)+C

Let u = ¢* — 1,du = e®dx

eTdx

et —1

ie. [
@7 Let t = tanz, dt = sec? zdz or dx

1
= cos? xdt = ——dt
14 t2

=f'd—t'b' =hu+C=h(e"-1)+C
u

Also 3sin?z + 5cos?z = 3sin? 2+
5(1 — sin® z)
=5—2sin’z

5 —2sin’x

3sin?z + 5cos2x

1 dt

18 —
1+4t2 1+12
Le. [—— = [ —
5 + 5t2 — 2t2

t2
5—2(—=) -
1+¢ 1+t

dt
12 +5/3

1
:Ef

tan_l(;) +C
5/3 V5/3

1
i.e. ——tan"1(4/3/5tanz)+C
V15
d(bx* — 7
B! ( ):203:3
dr

i.e. fa:3e55”4—7d:c = 2_10. f20I3€5z4"7d;1!
ie. —1-e5“'4_7 +C

20

1 5
Let u=logx,du = de and dv = z°dz

g
v = =
6
i.e. [zdlogxdr =uv— [vdu
z® AR |
ie. logr x — — | — X =dz
8 6 / 6 =
6 6
. T 1 z
L,e.,?log:v - [2Pdx = - log z—
:126
Zic
36



3z +2 a b

40 Let ==+
zx+12 T (z+1)3

_l_

c + d
(z+1)2 z+1

Then 3z + 2 =a(z + 1) + bz + cx(z + 1)+

dz(z + 1)?
=qa(z® +32% + 3z + 1) + ba+
cz? + cx + dx(x? + 2z + 1)
= (a+ d)z® + (3a + ¢ + 2d)z?+
Ba+b+c+d)z+a
By equating coefficients
2°:a=2 (1)

' 3a+b+c+d=3 ... (2)
?2:3a+c+2d=0 ... (3)
2:rat+d=0 ... (4)

Substitute a« = 2 into equation (4)
24+d=0,.. d=—2

Substitute ¢ and d into equation (3)
32) +c+2(-2)=0, . .c=-2
Substitute a,c and d into equation (2)
32)+b6—-2-2=3, . b=1

z{z+1)3 = (z+1)3
2 2
(z+1)2 z+1
3z +2 2 1
fﬁ_dx:f(—.f_ p—
z(x+1)3 z  (x+1)3
2 2 Ydz
(z+1)22 z+1
dzx dx
f T / (z+1)3
2dx 2dx
f——=-
(x+1) r+1
(x+1)72
=2+ ——
A
2z +1)71
—_— 2In(z+ 1)+ C
2
=92Inr — !

+ —
Ar+1)2  z+1

2In(z +1) + C

. 3dz
BTl Let u = logz® = 3logx, du = 3ldl' =2

xr T

dv=dz,v==2a
i.e. [logatdr =uv— [vdu
3d:
i.e. 3logzxaz— [z x TT =3zlogz — 3 [dz

i.e. =3zlogr —32x+C =3(xlogz) +C
u=e% du=e"dx

p b 3 B
i.e,f dr =f dx _feda,.

T —-x 1 i
et +e w1 L eT+1
ex
. du -1 ~1 _x '
ie [— =tan " u+C=tan"le” +C
us+1

ERIf u = 52% + Tr — 1,du = (1522 + 7)dx

ie. [(523+ Tz —1)%2(1522 + T)da

25/2
i.e. fu3/2du = :—2 + 0 = %1,,5/2 +C

i.e. %(5:1:3 + 72~ 12+ C

B Let 1 _ax+b cr+d
(@2 +1)(z2+4) =x24+1 2244

Then 1 = (ax + b)(z% + 4) + (cz + d)(x® + 1)
= (a+c)zd + (b + d)r?+

(da+c)z+4b+d
By equating coefficients
D db+d=1 ... (1)
2lida+e=0 ... (2)
?:b+d=0 ... (3)
Brate=0 ... (4)

Equations (1) — (3)

3b=1, - b=1/3

Equations (2) — (4)

3a=0,-.a=0

Substitute a = 0 into equation (2)
40) +¢=0, -.c=0

Substitute b = 1/3 into equation (3)
1/24d=0,..d=-1/3

1 1/3 -1/3

(22 +1) (@2 +4) 224+1 z24+4

J 1 d =f(—1/3 +

X
(22 + 1)(22 +4) z?+1

—-1/3
2/ Ydz
r*+ 4




1 dx
=_-f = —
37 z2+4+1
1 dr
39 2
2244
1
= =tan lz—
3
1 1 T
=x=tan =+ C
3><2am 2+
= =(tan"'z—

1
3 tan~! 227-)—}—0

1

1
Ifm2+x+1:;r2+x+z+l—z

1 \/§
=(@+3)"+(5)°
dr

e [(2+z+1) Vdz = [ ———
f( ) f:z:'—’+:c+1

dx

ie. [
- 1.. \/g
(@4 35)2+ (52

x+ =
j.e. —— tan~!( 2

V3 V3

2 3

Y+ C

2 2xr +1
ioEa —'tan.-l( I+

V3 V3

Let u = €%, du = e*dx ; dv = sin2zdx

)+C

1
P = —e o8 2T

ie. [e*sin2rdr = uv - Jvdu

1 1
f.e. €% X -3 cos2x — f_§ cos 2z X e%dx

i-e. —%e“‘ cos2x + % f €” cos 2xdx
Now, let «/ = €%, du’ = e*dx; dv' = cos 2xdx

1 .
v = —sin2x

;. [ €" cos2xdr = /v — Ju'du

1
=T X §sin2x—f%sin2.r>< erdx

1 1
= —e%sin 2z — = [ €” sin 2zdx
2 2
. 1
Then [ ¢ sin 2zdr = —-é-ex cos 2z+
1 ) 1 .
~ (le“C sin2z — = [ €® sin 2zdx)
2°2 2
1
= —=gF 2 e
56" cos 22
1 . 1 .
—e%sin2r — = [ e®sin 2xdx
4 4
. O . 1
i.e. = [€®sin2cdr = —=¢” cos 2x+
4 2
1
—e¥ sin 22
4
. . 4, 1 ‘
i.e. [e"sin2xdr = -L_;(—Ee” cos 2z+
1, ..
77 sn 22)+ C

X
i.e. [e®sin2xdr = %(sin 2r — 2cos2z) + C

1 1
@ﬂlf;'z _1=,2 i U, ——
r° 4+ T +a+4 1
. l, ®
—(.r+2) 1
ol By
=(v+3) (=)
dx
ie. 211z = [ ————
I ) f:L'?—i-a:—l
1e,f dr —
1 5
. 2y (VP
@+32-(5)
'L‘+1 \/3
i.e. ! log,( 2 2 1+ C
2(\/5) z:+1+\/5
2 2 2
1 2+ 1 —+/b
i.e _log _l+_._@ +C

V5 o +1+5

1 1

AR If 22 —z =22 — - - =
r ==z :::—i—4 1

1 1..
=(z~ 72')2 - (5)‘2



Le. [(a? —z)Vdr = &

2~ 1

dz
ie. [ =
Je-32-G)

i.e. In(z — % +vz2-z)+C

1-2x dr _ xdr

LR, dr = -2
f(3+:1:) ’ f3+zv f3+a;

(x+3—3)dx
e n3+12) -2 ——mmovuw-—"T1_
i.e. n(3+ ) J s

6dx
3+

iLe. In(3 + z) —2fd;c+f

i.e. In(34+2)—2x+6IlmB+2)+C
ie. TIn(3+2)—2x+C
Let u=2°+4,du = 2zdz

-4

) ~~
Also 23dzr = =(22dx x z?)
D Nt

du

.2 1
ie. [ —2f

Le. = Dy = LA
1.e. Ef(\/’ﬁ—?)du— ; [ -

i.e.

ie. u1/2(§ —4)+C

2 44
i.e. .-r'3+4(l *

-4+ C

2
ie. VaZi4(= = e

let t =tanz,dt = sec? zdz or dz = cos? zdt

R
3
N
‘\x {
X [
T S
1
2t at+b ct+d

Let =
(482 +3)(1+1¢2) 4243  1+41¢2

Then 2t = (at + b)(1 + t2)+

(ct + d)(4¢% + 3)
= (a+4e)t® + (b + 4d)t3+

(@+3c)t+b+3d
By equating coefficients
2:64+3d=0  ...... (1)
t:a+3c=2 ... (2)
2:b+4d=0 ... (3)
t3:a+4c=0 ... (4)

Equations (4) — (2) : ¢ = -2
Equations (3) — (1) : d=0
Substitute ¢ = —2 into equation (2)
a+3(-2)=2,.a=8

Substitute d = 0 into equation (3)
b+4(0)=0,.0=0

sin 2xdxr

i.e.
3cos?x +4sin’x
2sin z cos z{cos® xdt)

ie.
3cos? x +4(1 — cos? )

2sinz cos z(cos? xdt)

i.e.
f 4 —cos?zx
2 1
(=) (——yar
. 1+¢2° 141t
i.e. [
_ i
142
. 2tdt 8tdt 2tdt
i.e.f > = = J( - —f >
(42 +3)(1+£2) T 42 +3 Y 144
= In(4¢2 + 3)—
InQ+#)+C
42 4+ 3 4Si1122$_|_3
e, In—— + 0 =[n =% +C
+ ¢2 sin’ z
1+

cos? ¢



4sin?z + 3cos®

2
. COS* I
ie. In 5 +C
cos?x +sin‘x
cos?

4sin®z +3(1 —sin’ z
i.e. In ( )+C

cos? +sin?z

i.e. In(3+sin? 2)4+C

2 x+ b : d
B Let T =a:L+ cT +
1—2%t 1422 1-—22

Then z? = (az + b)(1 — z*)+

(cx 4+ d)(1 + z%)

= (—a+c)z® + (-b+ d)z*+

(a+c)z+b+d
By equating coefficients
2:b+d=0 ... (1)
zt:a+e=0 ..., (2)
2?2:-b+d=1  ...... (3)
:—a+e=0 ... (4)

Equations (1) +(3) : 2d=1, .. d=1/2
Equations (2) +(4): 2¢=0,c=0
Substitute d = 1/2 into equation (1)
b+1/2=0,. . b=—1/2

Substitute ¢ = 0 into equation (2)
a+0=0, ~a=0

2 -2 12

= +
1—z4 14+a2 1-22

—-f(-*l/Q 1/2 o

1422 1-—22

‘e 1 dx +1f dx
9 2

1+ x2 14 22
1 1 1 1+2x
j.e.—=tan 1z + = X—ln( Y+ C
2 2 2(1) —x
1
i.e,—§ tan™? 3:+Z In( . f z)-f—C
dz 2dx dr
53 [ — = - = [ —
Sin T cos & 2sin Lcos sin 2z
O
sin 2x
i.e. [coseczdr = J cosecexx
(cos ec2x + cot 2x)

(cos ec2z + cot 2)

i.e. —In(cosec2z + cot2x) +C

B4 Let u=log vz — 1,du= ! X
z—1
dzr and
2vx —1
dv=1ldz,v =1
e. [log vz — ldz = uv — fvdu
. 1
ie. logyz—1x2— 22X —er
2(:1:—1)
. zdx
i.e. .rlog\/:c—l——f
r—1+1)dr
i.e. .xlog\/.:v—l—-—f(—-—-—l)—

i.e. rlog/x —

i.e. rlogyvr—1-— %:v— %ln(m—l) +C

BSLet —— =24 0
ufu—1) v u-—1

Then 1 =a(u—1) +bu

={a+bu—a
By equating coefficients
w:—a=1 or a=-1 ... (1)
w:a+b=0 .. (2)

From equation (1) Substitute a = —1
into equation (2)

-1+b=0,-.6=1

Thus

1 _ 1,1
u(u— 1) u u-—1

d d
If u=¢",du=e"dx or d: -"-ltz—ﬁ
x iU
du
. dv . w du
e J - -
L.e Ldu =f(—l Ydu
u(u— 1) w u-—1

ie. —Inu+ln{fu—-1)+C

i.e. —lne* +1In(e* —-1)+C

i.e. In(e*—1)—z+C



If t = tanz, dt = sec? zdx or dz = cos? zdt

K

L

1 a b

Let

= +
2-3t4+2 t—1 t—2

Then 1 =a(t —2)+b(t—1)

=(a+b)t—2a—b
By equating coeflicients
0 -2a-b=1 ... (1)
tt: a+b=0 ... (2)
Equations (1) + (2)
—a=1" a=-1

Substitute a = —1 into equation (2)
—14+0=0,.6=1

1
Thus L = — L +
2 —-3t+2 t—1 t-—-2
. sec? xdx
ie.
tan?z — 3tanz + 2
1
> dx
ie. [ — o8 m_
sin” & sin z
S Th LA
cos? x; cos
1
dz
. cos? z
ie. > .
1—cos*z smx
- - 3( }+2
cos? cosx
. dz
ie.
1 —cos?z —3(sinzcosx) + 2cos?
. dzx
ie. -
14+cos?22—3sinzcosz
2
08¢ 2dt
‘e f cos® xd
1 t 1
+ - -3 x X
1+ 12 ViFEe Ji+i2
1
1412 t
. +1
i.e.
f 1 3t
1+ —
1+ 1+1¢2

dt

ie. [

1+t24+1-3t
dt 1 1
ie, [ —— (———  —)dt
ft2—3t+2 J( t—1+t—2)
dt dt
jie.— [ —— — =In(t—-2)—
i T~ (t-2)

In(t-1)+C

i.e. In(tanz —2) —In(tanz — 1) + C

anz — 2
i.e. ln(t—dnL—) +C
tanz — 1
d(z? — 3z +2)
BAlffu=2 -32+4+2 — —— =973
dx
(z + 1)dz 1 2(x+ 1)dx
i.e. f = —f
(22 ~ 3z +2)1/2 27 (22 — 3z 4+ 2)1/2

1 (2z + 2)dx

iee: _f
27 (22— 3z +2)1/2

1. (22—-3+5)de

i.e. =
27 (22— 3z 4 2)1/2

(2z — 3)dz

i.e. +
(22 — 3z + 2)1/2

1
2

dz
(2 — 3z + 2)1/2

N3 ]

J

i.e. Va2 —-3z+92+

g—ln(m—g+\/w2——3m+2)

Since 12 — 3z + 2 =22 —3w+§—-2— +2
N, e e, !

(x—-3/2)> (1/2)?

If u=cosa, du = —sinxzdr
i.e. [sin2zcoszdr = J 2sinz cosx cos xdx

i.e. [2sinzcos? xdr = —2 [ —sinz cos® z dx

u2

2,3
ie. —2 [uldu= —2% +C

i.e=—§ cos*z +C



Let

_a " br+c
1+2% 1+ 22—-z+1

Then z = a(z?> —z + 1) + (bz + ¢)(1 + )
=(a+bz?+(—a+bdb+c)xt+a+tc
By equating coeflicients

z2:a+ec=0 ... (1)
zl:—a+b+ec=1 ..., (2)
22:a+b=0 ... (3)
Equations (2) — (3) : —2a+c=1 ...... (4)

Equations (4) — (1) : —3a=1, .. a=-1/3
Substitute a = —1/3 into equation (1)
—1/3+c¢=0 ,. .c=1/3

Substitute a and b into equation (2)
1/3+b+1/3=1,. . b=1/3

/3  =/3+1/3

Thus r ___ +
1+m3 1+.'L' $2_I+1
2 2 1 1
Also z° —z+1=2z _3;+Z_Z+1
\_ﬂ"'_“v-d

(x—1/2)2 (/3/2)%

- (- 1/3 N z/3+ 1/3)(&‘c

1+ 2?2—-2+1

ie. [ zdz

1+ 23

1 1 . (z+1)dx
iee—=In(z+1)+ - | ——
(2z + 2)dx

1 1
j.e.—=In(z+1)4 =
3 ( ) Gfa:?——:v+1

1 | 2z —1+3)ds
ie.~=In(z+1)+ - | —m———
3 ( ) Gf 22—z +1

2z — l)dz
ice,—éin(«x+1)+%j‘( ) +

2 —z+1

1 3dx
6" 22—z 41

1 1
i,e.—s In{z +1) + i In(z? —z+ 1)+

1 3dx
6 4 (z —1/2)°

i.ee—% In(z+1)+ %m(a:? —r+ 1)+

1 z—1/2
X tan—! / +C

1 1
i.ev—g In(z+1)+ Py In(z? -2+ 1)+

— tan +C
V3 3
Let u=tan lz,du= dr and
14+ z2? ‘
2
dvz:cdx,v:f—
2
i.e. [ztan~!zdr =wv — [vdu
2 /2 1
fe. tan 2 x — — = x dz
2 2 1422
2 .
ie. Ltall_ll‘— lf wide
2 2 1422
.22 1. (@2 +1-1)dz
ie. —tan 1z — = [ ————
2 2 1422
i.e xzt nlz 1fd;z+1f dz
€. —=ta - = -
2 2 291422
2
x 1 1
i.e. 5 tan la — 5% + Etan_l z+C

i.e. %(mz tanlz+tanlz—2)+C
BT Let 222+ 3z +1
3 1
= 2(x? —+ - -
(x 5 T+ 2)
(x+38/ 4)2 (1/4)?

=2l +3) - (3

ie. [(1+32+22%) 1de=[ —%E——l
2+ -2+ =
2 2




i.e.

y 2r+1
+Ci =lo
i TO B Y@+ 1)

i.e. log,( + 4

i.e. log,(2x+1) —logy 2 —log,(z +1) + C}
i.e. log,(1+2z)~log,(x+1)+C

B2If x = 3sinb, dzr = 3cos8dl

K
3 X
e

" Vo *t

i.e. (9~ 2%)2dr = [(9 - 9sin?6)/2x
3 cos 0do

i.e. 9 [(1—sin®0)1/2cosdf = 9 [ cos b cos Bdf

i.e. %f(l + cos 26)df = g(f df + [ cos20d6)

ie. 20+ Lo 4
2 2 2T
2sinfcos
Zsmbcosty L o
2
i.e, %(9 +sinfcosd)+ C = g(sin_l §+
r V9—2x?
33 )¢

i.e. -é—(.()sin’1 g +zvV9—x2)+ C

If = 3tan#,dz = 3sec? Hdf
Then 9+ 22 =9 + 9tan? 8 = 9(1 + tan? §)
= 0sec?

N
N~
X
X A
n e

° 3
ie. [(9+2%)2dz = [(9sec?§)/23sec? Bdb
i.e. [3secd x 3sec? 6df = 9 [ sec #sec® 8df

= 9 [ sec3 0df

Let u =sec,du = secftan df and
dv = sec? 6df,v = tan b

fsecﬂsec2 0df = uv — fvdu

fsec3 0d0 = secl x tan 8 — ftan@x
sec@tan 8d0

fsec"3 0df = secHtanf — fseceta,n2 6de

[ sec® 6d0 = secdtan H—
[ secO(sec? 8 —1)dd or
2 [ sec® 0df = sec B tan + [ sec 0df

= secf tan 6+

fsecg(w)dg
secf + tan 8

= secftanf + In{sec§ + tan §)

fsec?’ B8 = se_cﬂ:_an_di

% In(secf + tan )

secOtanl

i.e, 9fsec3 6dd = 9] 5

% In(sec@ + tan )]

9
i.e. 3 secftan § + % In(sec @ + tan8) + C;

. 9 VO9+a22 =z
1.€. 72-( 3 )(5)*"‘



9. VI+z2 L E J Let v = z,du’ = dz and

21 AN
5 In(—3 3)+ 0
d”U, = €_Id;L‘., ’U, = —e 7
VoL 12 :
ie. 2avOF e + 2 (T T 40
2 ’ o fae T dr = u'v — [v'dd
1 —
be 51‘ 9+atr =zXx—e%— [—e " xdx
= —xe % >~ ]
g{lll(w+\/9+w2) —In3]|+ 4 re " + [e "dx
ie. —z%e " +2 [ze “dr = —2Pc "+

i.e. .lm\/g + 22 + 2 In(z+vV9+22)+C
2 2 2(—ze=® + [ e *dz)

i.e. %(m\/g + 22 +9In(z+ V9 +22))+C ie. —x2e™" +2 [ze dr = —zle ¥
If u=9+ 22 du=2zxdz 2re™" +2 fe~"dx
3 _ 2, re—Tdp — 2,—T__
e [z(9+ 1) 2dr = %an:(g—{—a:?)l/zdx Le. —a%e™® 42 [z "dz ve
33 2pe™" —2e "+ C

ie. = [ul2du=+[2i—]+C . ‘

2 2°3/2 ie. —z%e ¥ +2 [ze Tdx = —e % (2%+
Le. %[u3/2] e 2% +2) +C

1 Let u = 22, du = 2zdx
i.e. 5[(9 + 223+ C

i.e. fwe‘”zdm = lmeemzdx = lfe'“olu,
If u = tan® z, du = 3tan? rsec? zdr and 2 2
dv =sec? zdz, v = tanz 1
i.e. §e“‘ +C

i.e. [sec?ztan®zdr =uv— Jvdu

3 2 2 €. du
1. -g + (1
1.€. tarl T X ta«n:L - f ta.ll.’B X 3tarI} I sec :LCLL 2

: PINP.. . . ) sinz
i.e. tan?z — 3 [ sec? ztan® zdz [sinztanzdr = [sinz x dz
cos T
: ) CYNE T O
i.e. [sec’ztan® xdr = tan®x— . 2
‘f . sin? (1 —cos“z)
ie. [ dr = [ ————dzx
cos T cos
3 f sec? g tan® xdx
. dx cos?x ’
i.e. llfsec2 ztan® zdr = tan*x ie. [ cos / cos T ax
. tantz i.e. [secxdr — [coszdr
i.e. [sec?ztan®zdr = +C / /
secr + tanzx
i.e. | sec o ————=w=)dz — | cos xdx
If u =22, du=2rdr and / (sec;r + tana:’) /

dv =e *dr,v=—e%
i.e.In(secz + tanx)dx — sinx + C
ie. [z %dx=uv— [vdu
Let v =sinz,du = cos xdr
ie. 22 x —e % — [ —e™® x 2zdx
ie. [ sin* zcos® zdz = | sin? zcosz x cos? zrdx
ie. —2%e¥ +2 [ze  dx



ie. [sin*zcosz x (1 —sinz)dz

ie. [u*(1—u?)du= [(u®—ub)du

u®
ie. ———=+4C
6 7
2 —z+1 a b
fOLet ——— =m + -~ +
S — z x-1

Then z° —z+1=mz(r — 1)+ a(z — 1) + bz
= ma?+(a+b—m)r—a
By equating coefficients

2:i—a=1 . (1)
glia+b-—m=-1 ... ... (2)
2?2:m=1 . (3)
Substitute a = —1 and m = 1 into equation
(2)
-1+b6-1=-1,-b=1
2 —z+1 1 1

Thus ——— =1 - = 4 ——

P — r x-—1

L 1
i.e,f ms_-'-d = f(l —_ - + _l)dl
v — 45

1 1
ie. [{1 -=
ie. [( pol e

l)d;r = [dx—

dr

dz
f?_*_f;r—l

ie. z~Inz+In(z—-1)+C

Let u = log(x + vz — 1)

du = ! %
T4+ vz —1
1
1+ — x 2z)d
2vx? —1
1
=— (14 )dx
r+vVrz—-1 vzi—1
_ 1 \/ +l)d:1,'
T+ V22 VT2
dr

= and dv=1dr,v=zx
x2—-1

ie. [log(z +va? ~1)dz = wv — [ vdu

ie. log(z+va? —1)xa— [z x

rz -1

ie, ;’L‘iog(:c+m) _ ’%f 2xdx

Va1

ie. zloglr+ V22 —1)—V2Z—-1+C

1
AL u=+2z2+1,du = ———dz or
2V +1

dr =2z + 1du = 2udu

dx 2udu

i.e. =-
(z+ V2 +(z+1) u+u?

2du
1+u

~f

i 2In(l+u)+C=2ln(1+/x+1)+C

zdx 4 (.E +4 — 4)d$

73 J; ;
vr+4 vVe+4

i.e. f;(\/w+ - Ydx

r+4
[(.’L + 4)3/2 4(x 4 4)1/2 4
32 12 I3

i.e.

2(z + 4)3/?
i.e. [Lg—) — 8(x +4)1/2)3

ie. 2(z + 4)1/2]

(:c—:;—4) _4]3

ie. 2(x +4)1/7]

I

(x —8)
3

i.e. =(z+4)Y(x - 8)3

Cooll\')

e, (3292127} — (222128}
i.e. 1?6(2 - V?2)

P Let 1 =2+ba:+c

(1+22) T 1+22

Then 1 =a(1l +22) 4 (br +¢)x
= (a+b)z’+cz+a

By equating coefficients

2X:a=1 ... (1)

zl:c=0

2?2:a+b=0 ... .. (3)

From (1) substitute a =1 into equation (3)

1+b6=0,.6=-1



2 1 9.1 x
= - — dzx
fl (].+.'l‘-2) fl((l? 1+x2)
9. dr 1 . 2zdx
ie. [[(——= =Ilnz—
r 27 1422
=In(1+ x?)}2

V2
2v/2 8 8
i.e — ) — = -
V5 VE] 5
1
i.e e1n§-
2 5

1
Let u = logz,du = ;dm—

Ifr=1u=0;if 2 =2,u=log?2

. 2
. g logz log 2 U™ 1log 2
ie i — dr= [, udu= [-5-]0

2]10g2 —

0 [(log 2)* — 07]

00|

. 1
i.e. ={u
2
1
i.e. §(log 2)?

78 Let u = cos™ ! z,du = — dx and

V1—x2
dv=1ldr,v==x

. 1 P
i.e. fo cos? xdx = uv — [vdu

1.

V1 —x?

. _ 1
ie. coslzxa)j— [Hxx— dx

xd:
i.e. Tcos™! :L'](l)-{—fol e

1— a2

1 1 2xdrx
11‘]6"‘5.[0 o

1 .1 —2zdx
zlh—

2 70 J1— 22

i.e. xcos™

1

i.e. xcos™

i.e. [zeos™ z)} — V1 -2}

ie. [(1cos™t1 —0)—
0

(0 cos™10 —v1—02)]

w2

je. 1

d(-2+ 3z — z?)
T If
dx

=—-2r+3

Also
243z —22=—(22 -3z +2)

9 9
=—(:L'2—3;B+Z _Z+2)

(x-3/2)*  (1/2)
— 1 2 . 3 2
-5 - (== 3)

o (x+1)dx
L2+ —22

i.e.

2(x + 1)dz
V-2+3z - 22

. 1 .2
1-8.51

(—2z — 2)dz
V=2 + 3z — 2?

1 .o {(—2z+3-5)dz

. 1 2
1.€. —E 1

i.e. ——
20 VI
. 1,0 (—2z+3)dr
Le. —= |, +
5 dx

f2
27 213z -2?

ie. —v/—2+3r— 22|31+

5 2 dx
o 3 - -3
2 2
- 3
i.e. —\/—2+3m—$2%+ésin_l ; 2]%
2" T
2



. 2 — % i.e. -l—[tan 1Vo( tan.r) — tan” 1V/3(tan 0)]
be. [( - V=2FB—d4zsint —2)- V2 ~ —
2
1. 7 o V2 w2
3 A PRy Ly
5 1-2 V2 2v2 V2
. 2
—/=24+3-1 +=sin?
( 2 l ) fALet u=1—22 du=—2zdx
9 Hrz=0u=1Lifz=1u=0
.
i.e. [(0 -i—-;— sin™!1) — (0 + :;- sin~1(—1)] i.e. fol 2vV1 —z2%dz = —% fol_ 2zv1 — 2%dzx
5 . _ 5 . _ 3/2
e. [(0+§ sin”11) — (0 + 5 sin 1(—1)] je. —= fl Vadu = _Eu_](l} = _%[u:l/z](ll
1['/2 —’Ii'/2 3/2
57 bw  Bw : 1 3/2 3/2 1
i D e —=|07" -1 = -
i.e. 1 + 13 1 3[ ] 3
|
= - 1
[78 Let ¢ = tanz Let u = logz,du = =dr and
Hz=0,t=0ifx=7/2,t =00 T
2
dv =zdx, v = ol
2
i.e. f;wlog zdr = uwv — [vdu
ie. logz x — -] _[
) z2 1 4 z? z?
fe. fw/2 dx ie. [? loga — 5 L= [—2- logz — Z-]%
cos?x + 2sin’z
o iz i.e. [(8log2% —4) — (2log2 —1)]
° 1—sin’z+2sin?z i.e. 14log2 — 3
dt
1 a b
e [T _qeo _1H0 2 +bc+4 s+l z+4d
1+sin?z 2
+1+t2 Then 1 = a(z + 4) + b(z + 1)
= (a+b)x+4a+b
f By equating coefficients
= 0
0 Ho l‘ tda+b=1  ...... (1)
A5+ 1 Catb=0 ... 2)
1 Ot 1 Equatlons (1H)—-(2)
Le,EfO —— =35X 3a=1,.a=1/3
24 (—)2 ° Substitute a = 1/3 into equation (2)
2 1/3+0=0,b=—1/3
1 a1t 1o /3 1/3
- ten 8 Thus —L - U
—_ —_ z2+5x4+4 z+1 z+4
V2 V2
1/3 1/3
1 » i.e. f—l—d :ff(L— / Ydix
je. —tan~! \2(tan )| z2+5r+4 r+1 z+4
V2
1/3 1/3 1
. - L Vde = =1 1)-
© fl(:v—i—l :L‘+4) * 311(:c+ )



In(z +4))3

(U] e

r+1
r+4

i)

i.e. -:1;[111(50 +1)—In(z+ 4 =

1
i.g. %[(ln %) - (lng)] = =[(In %)]
5

ie 115
€. =In=
3 4

x 1 T
B2 Let t = tan =, dt = = sec? =dzx or
TR Y

. 1
dz = 2 cos? St = I m——)dt
cos 5 (1+t2)

24t

T2

Ifz=0t=0if z=n/2,t=1

1 1
Alsot2+t+1=t2+f,+.4.__+1

4
1 V3
= (t+ =V2 4+ (—)2
¢+ 52 +(5)
U
\'4
. /2 1. -1 w/2 dz
1.€. fO (1+58111:L') dr = 0 D —
]_+:2"Sin:l.'
2dt
i.e 1 1+t2 1 2dt
e L BRI
2 144
dt
1.€. f(;. 2 \/_ = 92%
1 3
t+ =)2 —_)2
(450 +(5)
1
t+§
~— tan™!( o
3 V3
2 2

) 4 7 & 4 n 27
Lem—|m — =] = —[=] = —
V33 6 /36 33
. 273
ie.
9

Let v = x2, du = 2xdr and

dv=e"%dx, v=—e""

ie. [r2e "dr =uv— [uvdu
ie. 2 x —e % — [—e* x 2zdx
ie. —z?e T + [2ze"dr

If v =z,du’ =dr and
dv' = e *dz,v' = —e™*

o fre S de = v — [o'du

=zx—e%—[—e*xdz

=-—ze "+ [eTdr=—we " —e "

ie. —22e 4 fol 2re *dr = —z?e %+
2w~z — e~
ie. —e %(x2 + 22+ 2))) = {—e 1 (1%+
2x1+2)}—{-e%(0%+2x0+2)}
ie. {—e 1(5)} - {-1(2)} =2-5e!

5

ie 2—-—
€
BAf 1+z+22+2°=(1+2z)+2%(1+x)
=(z?+1)(z+1)

T+ _a +b;r.+c
(22 4+1)(z+1) z+1 2241

Then 7+ x =a(z? +1) + {bx + ¢)(z + 1)
= (a+b)x?+(b+c)z+a+c

By equating coefficients

Piat+e=7 ... (1)

zl:bt+te=1 ... 2)



z?ia+b=0 ... (3)

Equations (1) + (2) + (3)

2(a+b+c)=8ora+1=4, -a=3
1

Substitute a = 3 into equations (3) and (1)
34+b=0,b=-3
Also 3+c¢=7,.c=4

Thus T+zx _ 3 + —-3z+4
@+ 1){z+1) z+1 2 41
. 1 7T+z
i.e. =
o (sc2+l)(z:+1) b z+1
—33:+4)d$
z2 41
1 3xdx 1 4dx
ie. 3n{r+1 +
( )]O '2+1 fo :U2+l
3 1 2xd:r 1 4dx
ie. 3nfz+ 1)} — = [ ——— +
( )]0 0 22 +1 fo 2 +1

ie. 3In{z+ 1)} - %111(.’32 +1)+4tan~tz]}
fe [ 3 2 1,11
ie. Bln(z+1)— 3 In(z* + 1) + 4tan~ ! x|}

: P -1
i.e. [(31n2—--2-1n2+4tan 1)—

/4
. 3 1
(3 lr:)l -5 h:)l +4 tano 0)]

ie. [(%1n2+7r) —(0—0+0)]

3
ie. 3 In2+x

ie.z—Inz+Infe-1)+C

Let u=¢"% du = —e %dz or dr = _du
17
Ifr=0u=1Ifs=1u=e"!
du
222
. 1 e dr e )
ie. fj — = fl
e +1 u+1
e~ udu
== u+1
-t (u+ 1 —Ddu 1
- — ="f1e du+

w41

uw+1

ie [—u+in(u+ 1))
Le. [{—e7t+In(e™ +1)} — {-1+Wn(2)}]

1
ie. 1+ = +ln( +1)—1112

In2
1
i.e. 1+ +£n ;—e
e
d d
a—y a—y
_f(l/? (G,— _a')dy
= 5 P
. a/2 a a
e — f37%(1- m)dy = —yls*+
fa-/2 dy
0

ie. [—y —aln(a —)|%/°
ie. [{~a/2—aln(a— a/2)}—

{0—aln(a — 0}]
i.e. —a/2—aln(a/2)}+alna

ie. ~a/2—aln(a/2)+alna = —a/2—
alna+alm2+alna

i.e. —a/2—aln2+aln2+alna
i-e. —a/2+alna=a(lna-1/2)

i.e. g(Qllla—l) = §(1n4—-1)
ie = g;(zln:z ~1)

a—z)idzx (a? + z% — 2ax)dx
Q — Q

87 |
Jo o2 + 2 0 a? + 2
2axdzx
ie. fydz— [ = =z —aln(a? + 22))¢
(12 _I__.rz

i.e. [(a —aln(a? +a®))—
(0 — aln(a® + 0%))]

ie. a—alm2?+aha?=a—aln2—



alna® + alna? Ifr=0u=0ifz=1u=1

i.e. a—aln2=a(l1-1n2} ie fl z’dz =—f 31251»"3
O 2641 O (23)2+1
3 b
BN Let ———— S +
(x+2)(z+1)2 z+2 (x+1)° _ lfl du
390 4241
c
s 1 1
z+l i.e. 3 tan"!ul§ = g[tan_l 1 —tan—10]
Then x + 3 = a(x + 1)? + b(z + 2)+ )
e(r +1)(x +2) ie. l[z _0]=1
=a(2? + 2z + 1)+ b(z + 2)+ 3'4 12
c(x? + 3z + 2)
={a+c)x?+ (2a + b+ 3c)z+ o0 de = 1 +cos2mz., .
242 B0 [ cos® madr = [ ( — Yz
By equating coefficients
:a+20+2c=3 ... (1) Lo 1 " d Loome
€. = T+ = 2ma)dz
2l 2a+b+3c=1 ... ) ire. 5 Jo det 5 Jo (cos2ma)da
z:a+c=0 ... (3)
From equation (3) substitute a = —c into f.e. 1 T+ 1 X sin 2ma |5 = [_ .
equations (1) and (2) 2 2 g2 10
—c+20+2¢=3o0r .
26+c¢c=3 ... (4) = sin 2mz]%
Also 2(—¢)+b+3c=1or 4
b+c=1 ... (5) ) 1 .
Equations (4) — (5) : b=2 ie. [(=7+ = sin2mn) — (= x O+
Substitute b = 2 into equation (5) 2 4~ 2

24c=1, .c=-1
Substitute ¢ = —1 into equation (3) 1.,
a—1=0,".a=1 -4-s1n2mx0)]

z+3 1

Thus = +
(z+2)(z+1)2 x+2

.. m
ie. =
2

2 S = ! T O Let u = x,du=dzx and2
(z+1) v dv = sin 2xdz,v = —COSQ o

: 1 /2 4y sin 2edr = uv — [ vd
e=f031 z+3 ‘dm=fol ie Tr/,491751112.1%1.7: U deu
(z + 2)(z + 1)?

€os 2T .7 /2 f,r/z cos 2z

9 1 ie. X ———] = [/ ——— xdz
- Ydx 2 ™! 2
(z4+1)2 zx+1 .
. T COS LT n/2 n/2
€. — - 2zd.
o i.e 5 ]w/4 3 fn/4 cos 2zdzx
ie. [In(z+2)+ ————— —In(z +1)}§
-1 . 2cos2x 72 1 sin2x z/9
L.e. — ¢ }71'/4 5 % _]71'/4
2 2 2
z+2 2 4
e. [In - l6
z+1 z+1 . rcos2x 1 /2
i.e. [— - sin 2z|_
2 u/—i
3
. 3 2
ie. In=—1~(ln2-2)]=[ln= +1] w/2cos2 X /2
2 2 ie. [(— 5 Zs1n2><7*/2)—

. 3
i.e. hlz'*‘]. w/dcos2 x /4 1 |
— 5 + 1 sin2 x w/4)]

Let v = x°, du = 3z%dx



iie [(Z+0) = (<04 )]

ie. =(mr—1)

Let 2 = asinf.dx = acosOdf
If2z=00=0if x=0a/2,6 =7/6

a/ 2 22/aE — 22de
i;e, /6 a?sin? 0\/ a2 — a? sin? fa cos 0df

i.e. fow/ % a2 sin? 8 cos fa cos d6
i.e. [ /6 o4 sin? B cos? 0d6
e [oa 08
24
ie. at [T/ "(S‘“ == )26d6

4
Le. -‘;— J7/® sin® 2646

1 — cos 46

4
- a G 6
i.e. —-fOT/ ( 3

d9
1 )

at /6
ie. — [0/ (1 —cos48)df

8
e, g Sy
4 sind x /6
i.e. %[(7‘&'/6 — _4L)—

sind x 0

0-—

)

ie. o [(7r/6 - \/_—/) - (0-0)]

. at 4w —3V3 a4
i.e. —8-[(——) = 182 (4 — 3/3)

Let u = tanz, du = sec? zdz and
dv = sec? zdz,v = tan

- T[4
ie. fo / sec? rtan xdr = v — fvd:u

. 4 -
i.e. tanz X tanz]; / fo tan X sec? zdz

. 7r 4 :
i.e. tan?z]}’ fo * tan zsec? zder

2.
i.e. tan? .1]7/4 m]gﬂ [

= [tan? x—
2

t-an2;2:],r/4

2 0
tan? 1, .

i.e. [% 3/4 = E{tanz m]g/4

1

i.e. =[tan? T tan? 0]= -1—[1 — 0]
2 4 2

. 1

ie. =
2

B Let u= %+ 4z +5,du = (2r + 4)dzx
= 2(x + 2)dz
Ifr=0u=5ifr=1u=10

ie. [)(z+2)(a? + 4z + 5)/2dr
ie. fo = % 2(z + 2)(x? + 4z + 5)1/2dx

(2 + 4z 4 5)3/2
X
3/2

i.e.

1 ..
1= 3o/

R N

—

1
i.e. =[10%/2 - 53/2) = 5[(2 x 5)3/2 _ 53/2]

w

i.e. % x 53/2[23/2 1]

1
Let u = (log 2)?, du = 2log & % ;da,

= % log zdx

‘,1;2
Also dv = :1;({:1:, p= ?

i.e. flz z(log x)2dz = uv — [ vdu

. z? 222 2
e. (logz)? x 7]% - f; 7 X ;lov xdx
z? 2
i.e. 1 (log x)?)2 fl z log zdz

1
Now, let v =logz,du’ = Ed:z:;

22

2

dv' = zdzx, v =

2
~ J) zlogadr = u'v — ['du’

2 2
x x 1

=logr X —— — —_— =dx
°8 2 f2 z



=£logw—lf:vd:c Then z? +4=mz(x+2) +a(r+2) + bz
2 2 = mx?+(a+b+2m)z+2a
) ) - By equating coefficients
— T gz — = x 2 2%:2=4 .. (1)
2 2 2 zlia+b+2m=0 ... (2)
) 2:m=1 . (3)
_ -ailogx _ _'17_]2 From equation (1) a =2 :
2 41 Substitute ¢ = 2 and m = 1 into equation (2)
240+2x1=0,/b=-4
i.e z (logz)?}? fz;tlog:vdx—
£} > S 1 —_ 1 = ,‘2 . 4
2 2 5 z(z —2) r z+2
., Zz x x
Le. (logz)?]2 - (-2— logT — _Z)]% \
. 4 T°44 4 2 4
ie.f] ——dr= [[(1+~-——=)dx
22 72 72 ;[;(1; - 2) r r+2
i.e,TZ- (logz)? — 5 logz + I]%
e. [r4+2Inz —4In(z +2)]}
.z x? a2,
ie.[ (logz)® — S logz + —li ie. [(4+2lnd—4In6)— (1+21nl —41n3)]
0
e.[(2 (log2)? — 2log2+ 1)—
1 . o e [(4+2 :;42 —4l 1::5 3)—
= (log1)? — —log1 + — n2  In2+h
(5 (og1)? - 5 log 1+ )]
(1+2lnl —4n3)]
i.e[(2 (log2)? —2log2 + 1)— el
12 12 i - —4In3)—
( (logl)Q—T—i— 4)] ie [(4+4In2—-4In2—41In3)
° (1+21Inl —41n3)]
3 0
i.e. 2 (log2)?2 —2log2 + —
4 s
ie 3
O8 Let u =5 —3sinz,du = —3cosxdzr
-1 e — () oy =F if o — .
-f( dib"“f;g Ys)dm z=0u=5if z=7/2,u=2
N x/2 cosTAT 1 /2 —3cosxzdr
e [f S o e 3% 5-seme
ie. [, (1+ )dr— fs dx +f3 N sing sin
a: p—
1 .5du 1 1 -
: ie. —= [ — = —=Inu]j = —=[lnuf}
. 4 5 .4 2dz 5 x—1, 1.e 3f2 o 3 2 3 2
1.€. f3 dl‘+§f3 -‘1:2—_——12[.13‘*‘511'1‘]:_!_1]3
1
iie. —=[lnb—In2]
5 3 5.1 3
e, [d+oln=)—(3+=In=
e, [(4+2In2) ~ (3+ 3 l3)]
ie —liné
3 T3 2
' H
i.e. 1.;.?(111:_3.__1111):1_1._1!12
225 2 2 1 09 Let = 2sinf, dz = 2 cos 0df
2 Ifz=060=0;if 2 =1,u=7x/6
ie. 14 E1n-6- x/6  2cos0db
2 5 ie. fo —= D)
:c2)3/2 (4 — 4sin® §)3/2
2
B7 Let i___*-.4_=7n+2+_b_ ' e, [™/6 2 cos §df
z{x — 2) roox+2 € Jo

(22 — 225in? §)3/2



. 1 a6  cosfdl
le. o [7/6 _COSTTF
19 [ _an2eyr
N e’

cos26

1 .x/6 cosBdf 1
499 o539 4

i.e.

f OW/ 8 sec 6d0

1
i.e. 1 tan 9]3/6 = %[tan-;E — tan 0]
i.e. l[ﬁ -0
43
. V3
ie. —
12

000 Let u = sin 6, du = cos 6d0
fo=0u=0ifz=n/2,u=1

i.e. fgrfz 2sin 0 cos O(3 sin 6 — 4 sin® §)dé

i.e. fol 2u(3u — 4ud)du = fol (6u? — 8ut)du

. Bud  8ub _ 8u®
1.€. [—3— - —5—](1) = [2‘&3 - T]é

] 8 8 x 0°
ie.[(2 — E) —(2x0%—

)]

. 2
ie =
5



