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General Instructions Total marks (84)

o Attempt Questions 1-7

o Reading Time- 5 minutes o All questions are of equal value
o Working Time — 2 hours

o Write using a blue or black pen
o Approved calculators may be used

o Atable of standard integrals is provided at
the back of this paper.

o All necessary working should be shown for
every question.

o Begin each question on a fresh sheet of
paper.
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Question1 (12 Marks)  Start a fresh sheet of paper. Marks
. . — 2X
@ Solve the inequality <2 3
X+5
sin (£ x
(b) Find lim (2 ) 2
x—0 2X
(©) Find the acute angle between the lines: X—2y+1=0 2
y=5x-4
(d) Differentiate  In (sin ™ 2x) 2

(e) Find the Cartesian equation of the parabola given x=t—-2 and y=3t*-1. 1
5
)] Find the value of j secxtanx dx, giving the answer in the simplest
i
exact form 2

End of Question 1
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Question 2 (12 Marks) Start a fresh sheet of paper.

(@)

(b)

(©)

(d)

i. Prove that sin @ sec @ =tan @

ii.  Hencesolve sin@secd=+3. (0<6<2n)

Use the process of mathematical induction to show that:

143494 s +3”‘1_£(3”—1)
i) Express cosx — +/3sinx in the form Rcos( x+a ) where R >0
and O<a<Z
2

i) Hence solve the equation cosx — v/3sinx =- 2 for 0<x<2x

From the top of a cliff an observer spots two ships out at sea. One is north
east with an angle of depression of 6° while the other is south east with an
angle of depression of 4°. If the two ships are 200 metres apart, find the

height of the cliff, to the nearest metre.

End of Question 2

Marks
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Question 3 (12 Marks)  Start a fresh sheet of paper. Marks
(a) R M Q 8 P 2
4
O X
5
T

PT is a tangent to the circle, centre O. OM is perpendicular to the secant RQ.

Find the value of x.

(b) If a=sin?! @j and B =sin ! (g) find the value of sin (a + f) 3
(c)  Evaluate J. cos 2 4x dx 2
. _ G
(d) Using the substitution u = x —2, evaluate I —— dX 3
* (x-2)
(e)  Find the value of 1+ cos2x+cos®x+cos®x+............. (0<x<%) 2

End of Question 3



2008 Trial HSC Examination Mathematics Extension 1

Question 4 (12 Marks)  Start a fresh sheet of paper. Marks
B
(a) C
N
D
A
M

(b)

(©)

ABCD is a cyclic quadrilateral. MAN is the tangent at A to the circle through
A, B, Cand D. CA bisects ZBCD.

Copy the diagram.
Show that MAN is parallel to DB. 4

A first approximation to the solution of the equation x* —3x* +1=0 2

is 0-5. Use one application of Newton’s method to find a better

approximation. Give your answer correct to two decimal places.

2
Let P(2ap , 2ap®) and Q(2aq, 2ag”) be points on the parabola y = %- 6

I Find the equation of the chord PQ.
ii. If PQ is a focal chord, find the relationship between p and g.

iii. Show that the locus of the midpoint of PQ is a parabola.

End of Question 4
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Question5 (12 Marks)  Start a fresh sheet of paper. Marks

@ The polynomial x* —4x? +5x —1=0 has 3 roots, namely o, p and v.

I. Find the value of a+p +vy 1
ii. Find the value of afy 1
iii. Find the equation of the polynomial with roots 2a, 23 and 2y. 2

(b)  Consider the function f(x)=x+ % for x>1
(1)  Show that the function f ( x ) is increasing and the curvey =f (x)

is concave up for all values of x > 1 2

(ii)  On the same diagram, sketch the graphs of y =f ( x ) and the
inverse function y = f ™ ( x), showing the coordinates of the

end points and the equation of the asymptote. 2

(iii) Find the equation of the inverse function y = f *( x), iniits

simplest form 2

(c)  Giventhat v= dx , prove that d (1 VZJ =— 2
dt dx\ 2

End of Question 5
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Question 6 (12 Marks)  Start a fresh sheet of paper.

(@)

(b)

(©)

Consider the polynomial P( x)=x®—kx?+kx —1, where k is a real

constant.

(1) Showthat 1 is a root of the equation P (x) =0

(i) Giventhat a,a # 1,isasecond root of P (x) =0, show that

1. :
— is also a root of the equation.
a

(iii) Show that o +i:k2 -2k -1
2
o

Given P = 2000 + Ae",

. Prove that it satisfies the equation % =k (P —2000)

ii. Initially, P = 3000, and when t = 5, P = 8000. Use this information to
find the values of ‘A’ and ‘Kk’.
iii. How long does it take the value of ‘P’ to double and what is the rate of

change of ‘P’ at this time.

The two equal sides of an isosceles triangle are of length 6¢cm. If the angle
between them is increasing at the rate of 0-05 radians per second, find the rate

at which the area of the triangle is increasing when the angle between the equal

sides is E radians.

End of Question 6

Marks
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Question 7 (12 Marks)  Start a fresh sheet of paper. Marks

a) A bomb is dropped from a helicopter hovering at a height of 800 metres. 8
At the same time a projectile is fired from a gun located on the ground
800 metres to the west of the point directly beneath the helicopter. The
intent is for the projectile to intercept the bomb at a height of exactly 400m.
(Use acceleration due to gravity = 10 m /%)
I. Show that the time taken for the bomb to fall to a height of 400m is

4./5 seconds.

ii. Derive the formula for the horizontal and vertical components of the
displacement of the projectile.

iii. Find the initial velocity and angle of inclination of the projectile if it
is to successfully intercept the bomb as intended.

b) A particle moves so that its distance x centimetres from a fixed point O attime 4
t seconds is x = 8sin 3t.
I. Show that the particle is moving in simple harmonic motion.
ii. What is the period of the motion?
iii. Find the velocity of the particle when it first reaches 4 centimetres

to the right of the origin.

End of Examination
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STANDARD INTEGRALS

1 .

Jx“a’x = ™ op=-1 x=0, ifn<0
n+1

]

—dx =lnx, x>0

X

i ]

e dx =, a=0
a

J

~ 1 .,

cosaxdx =Esmax, =0

[ ]

sinaxdx = - cosax, a=0
o

' 2 l

secaxdx =Etanax. a=0
J

i 1

secax tanaxdy = Esec ax, a={}

1 1 3 X
5 5 dx ==rantZ, a=0
a” +x a a2

1 L1 X
— dx —sin’lZ, a»0, -—a<x<a
[ 2 2 1]
Na© - x

L 1 [x2 - g? 0
—"2,_: X =Ipnlx+~vx ~-a” | X=d=
Vx© —a

1 )
f—,?‘T”d’C =nlx+vx" +a
VX FaT

NOTE : Inx=log,x, x>0
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Solutions Question 1 2008 Marks/Comments
a. 4-2x <2
x+5 ”
x7-5 1 forx?-5
w4~ 2e=2x+ 10 1 for other limit
-6=4x
x=-15

solutionisx<-5, x2-1%

1 for correct

inequality
sin { & sin (£ x
b. lim (4 = 1ml£ (4 ) 1 — working
x>0 X x02 4 %x
_r 1- correct answer
8
1
c.x—2y+1=0 7 y=ox+y ? m1=—2- 1 — substituting
y=5x-4 m=5 gradients into
correct formula
tma=h“—mﬁ=|%_ﬂ=—4%=2
‘1 +m,m, I ll + 5(%)! 340 7 1- correct answer
?=52°8’
1 2

d L (sin N 20)] = —————
dx sin 7' 2x | Ji—4x?

1 —deriving sin ~ 'x

1 — fully correct

Trial HSC Extension 1 Mathematics Solutions

e. x=t—2
y=3 -1 1 — Cartesian

From (1) ¢ =x+ 2 subin(2) .

y =30+ 2)2 o1 equation

=37 +12x+12- 1
y=3<+12x+ 11
Criteria
f. « writes primitive and substitutes for x !
« evaluates in simplest surd form ' &

Answer

5 £
L j;'secxtanxdx=[sccx];=scc

T gooX =
3 S0y

2-2

Solutions Question 2 2008 Marks/Comments
a.i. sin @secO=sinéb. ! ;

0s O 1 mark

=tan ?
ii. sin Osec0=+/3
i.e tan @ = \/g 1 mark for both
,_T Ax answers
373

b 14349 + s +3"“=%(3"~1)

Testn=1. 3=

n=kie 143494 s +3""=%(3"—1)

Prove true for n=k + 1

ie.

14349 4 e +341 43 =%(3* —1) 3o
=%(3* ~1)+3*
=»;-(3" ~1+23%)
s
= 2(3.3* )
2%(3“1 _1)

Which is in the form %(3" - 1) wheren =k +1

~True forn =k + 1 when true forn =k,
But it is true forn =1
s Trueforn =1+1=2
And 2+1=3
Etc.
Hence by Mathematical Induction

-1

143494 o +3"“=%

1 mark for testn=1

1 mark

1 mark

1 mark
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Solutions Question 3 2008

Marks/Comments

[ Solutions Question 2 2008 (Cont’d) 1 _ jﬂ
1 e finds value of R
e finds value of &
ii ® solves equation for x
Answer
i. cosx— 3sinx=2(%cosx—§sinx) ii. cosx —V/3sinx=-2, 2
fL%) z X< T
=2(cos§cosx~sin§sinx) cos(x+ 3)' I, 3<x+3s2m+3
+Z=rx
= 2cos(x + %) *T3
x= n

200 m

2 2
2 h h
Now, (200) =[tan6°J +[tan4°)
1 1
= h2 —_
[tan26° tan24°J

2 1 1
h=J(200) _:{tan 2¢° +’tan 24°J

=11-64381501

1 mark for the
expressions for x and y

1 mark for the use of
Pythagoras

1 Mark for correct

~Remainder = (-3)’ —2(-3)* — 4(- 3)+7
=-27-18+12+7
=- 26

answer
=12 metres (nearest metre)
e. x* —2x* ~4x +7 divisible by (x + 3)
Sf(-3)= ind
f(- 3) = remainder £ mark

a.
By Pythagoras RM = \/ﬁ =3

Since the line through the centre of a circle perpendicular to a
chord bisect the chord , RQ = 6, so PR = 14
Now (PT)’ =PQ.PR
2 =(8)14)
=112

x =112 =10-583.........

1 for length RM

1 - correct answer

=10.6 units _ (1dp)
b. a=sin ™ (g)
3

)

2 3 3 5
a® Be
J5 4
. 2 3
sin @ =— S ==
3 in f 5
5 4
cosax =—— cos ) =—
3 P 5

Sin(a + B)=sina cos B + sin B cos a
_2.4,345
35 5 3

8+35

15

1 for values of cos a
and cos B

1 use of result

1 answer

Cos 2x=2cos 2x - 1

2c0s 2 x = Cos 2x + 1
Cos” x="Y ( cos 2x + 1)
scostdx= Y2 (cos 8x + 1)

Icos ? 4xdx=—;—j(cos 8x +1}x

= %[é(sin 8x)+x] +c

sin8x x
=44
16 2

c. Icos 2 Axdx

Solutions Question 3 2008 (Cont’d)
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1 integral using

u change of variable

=[u+4lnu—4u"]|2 1

=2+4In2- f;—- (1+4In1- %)

=412 - (1+0- 4)

=4In2- (-3)
=41n2+3 1
e. 1+cos’x+cos x+cos®x+ ...
5 a 1
a=l,r=cos”x So= =
1-r 1l-cos’x 1
_ 1
sin 2 x
= cosec > x 1

-

CUESTION @

cB
D

Trial HSC Extension 1 Mathematics Solutions

l ZBAN = /BCA (angle between tangent and chord
drawn to point of contact is equal
to angle subtended by the chord in
the alternate segment)

| ZBCA= /DCA (given that AC bisects Z/BCD)

1 £DCA = £DBA (angles subtended at the
circumference by the same arc DA

are equal)
(equal alternate angles on

transversal BA since
ZBAN = /DBA4)

{ -~ MAN it DB

b
f(x)=3x" —6x

f(x)=x’ —3x? +1 £(0-5)=0-5*~3(0-5)% +1=0-375
£(0-5)=3(0-5)* — 6(0-5) =—2-25

f(a) _ 5 0-375

a =a, ——; =
F(@,) 2325

1 mark sub into
formula

=0-67 (2dp) 1 for answer

C.

P(2ap, 2ap®) and Q(2aq, 2a¢’)

y=pxtqx- 2apq

2ap? —2aq* 2(p+ < 1
mo 22200 _Alpiafe=q)
2ap —2aq 2alp=74q
¥~ 2ap’ = (p + @)(x - 2ap)
y- Zapz =px +gx - 2ap2~ 2apgq 1

i

2
yzx—? x}=2ay

44 =2a
2a
4=22_2
4 2
- focusis S (0, 3) 1
2
y = px+gqx- 2apq is a focal chord if passes through S.
. a
Le. Py = p(O) + q(O)— 2apq
a
Z__9
2 apq
a=-4apq
1
=_ = 1
pq 1
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Solutions Question 4 2008 (Cont’d)

2 2 2 2
Midpoint PQ = ap + aq,2ap +2aq
2 2
_(2ap+q) 2a(p® +q’
2 2
ie. x=a(p+q) y=a(p2+q2)
X
pre=— =a[(p+q)’-2pq]
&) -4
—allZl =7/ ==
a 4
_x,a
Y a 2
2
ay=x*+1-
Y 2
2
ay- = =

a
2

1 achieving this step

1 for equation

Which is a parabola with vertex (0, ) , focal length %

- Trial HSC Extension 1 Mathematics Solutions

CPUESTION 5

“Solutions Question 52008 3

Marks/Comments

a x> —4x* +5x~1=0

i a+,8+7:——£:_—(;—4—)=4
a

iii. The equation with roots 2a, 28 and 27 takes the form

ie. x* —2a+B+7)x v4lof +ay + fr)x—8afy =0
Now,
a+fi+y=4

a/}+a7+,8y=§:5

afly =1
. Equationis x* —2(4) x> +4(5)x - 8(1)=0

ie. x> -8x2+20x-8=0

x* —(Qa +28+27)x? +(2a2p +2a2y + 2B2y) x — 22252




2

1 ii.
i f(x)=x+— for x21
x
, 1
f(x)=1-—=>0 for x>1
x
~. f(x) is increasing for x>1 i
f”(x)=%>0 for x>1
x

=~ y= f(x) is concave up for x>1 \

iii. y=x+l , x2land y22
x
Rearrangement gives X—xy+1=0,

Considering this quadraticin x: x

y—y -4
2

2

Clearly the branch x =

_rEy -4

x21 and y22

,x>1and y22 |

contains points for which x <1.

_yHy-4 y22.

Hence expressing x as the subject of y = f(x), x
2
’ 2
Interchanging x and y, the inverse functionis  f~ l(x) = x4Nx -4 ,x>2 |

>

2

Solutions Question 5 2008 (Cont’d)

Marks/Comments

o dx_d(ds
T4t de\ de

i
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Marks/Comments

Solutions Question 6 2008
“> a.

L Px)=x"-k’+k—1
P)y=1—-k+k-1=0 {
ii. Product of the roots is 1.
Hence if the roots are 1, &, 3,

then off=1. .- é is the 3™ root. i

iii. a®+p +y =(a+B+7y) —2(cff+ Py +10)
~a? +$+12 =k?-2k

Lo+ b=k -2k -1

b.
i. P=2000+Ae"
ﬂ)- =kAe®
dt

=k(P - 2000)

3000 = 2000 + 4’
2 A = 1000.

P = 2000 + 1000
8000 = 2000 + 1000
6000 = 1000 &*

6 =¢e*
In6 =5k
k=In6+5
= (-358351893

4 = OIBISIEIN
In4=0358351893t

=1433-407572

=k (2000 + Ae* - 2000)

ii. P=2000+Ac"% whent=0,P=3000

whent = 5, P = 8000

iii. P =2000+ 1000738
6000 = 2000 + 1000735551877
4000 = 1000 e0'358351893-t

t=In4+0358351893

t=3-868528072 i.e. 3-9 years
years
P _y (P —2000)
dt
4P _ 358351893 (6000 - 2000)
dt 1 for rate

1 mark

1 for ‘A’

1 for ‘k’

1 correct
substitution

1 for number of

!
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Solutions Question 7 2008

Marks/Comments

a.

Solutions Question 6 2008 (Cont’d) Marks/Comments
©
do
6 6 —=0-05
dt
A=Y%absinC
=% (6)(6) sin ?
=18 sin ?
a =18 cos @
dg
d4_dd do
dt do dt
é1:18 cos @x0-05
dt 1
When ? = z
6
d—A=18<:os£x0-05
dt 6
=0-779422863 1
=078 cm’ /s (2dp)

12

i y=-10

y=-10t+C

When t = 0, y:O,soC=0

y=—10t
y==5*+C 1 for equation for y
Whent =0, y = 800, so C = 800.
Ly =—5t* +800
When t = 400
400 = —5¢% + 800
- 400 =-57
=80
t=+/80 =4J§ 1 for time
ii.
v J.c;, =vcos?
j}v=vsin ?
?
x=0 y=-10
x=c y =-10t+c
1 for working

Whent=0,x,=vcos?

T Xy= vcos?

x =vtcos ?
Whent=0,x=0,..c=0

lx= vtcos?

When t = 0, jr.,=vsin?
. j/v=-10t+vsin?
y=—5t2+vtsin?

Whent=0,y=20, ..c=0

s 1 mark for each
y=-5t +vtsin? equation (2)

13
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Marks/Comments

Solutions Question 7 2008 (Cont’d)
ii.

Successfully intercepts the bomb if when ¢ =4 Js5,x =800

and y = 400.

b 11 Kin,
800 = 4/5v cos ? —’) or worlang
400 = - 5(45) + 4Svsin 7 ——(2)

From (1)

800 200
v= - - 03)
450050 Scos@
Sub (3) in (2)
400 = - 400 + 445 —-—g& sin?
J5cos @
800 = 800 tan ?
tan ? =1
92 =45° 1 for angle
200 . .
v= ———— =12649m/s ie. 126m/s 1 for velocity
«/5_ cos 45°
b.
i
x = 8sin 3¢.
x =24 cos 3¢
x =- 72sin 3¢
=_ T2x 1 mark
Which is in the form - n’x
ii. Period of motion isz—
n
ie. 2n 1 mark
3
iii. iii. x = 8sin 3¢
Whenx =4
4 =8 sin 3¢
l = sin 3t
2
7 57 137 1
3= 20 & IR
6 6 6 6
7 Sz 137 1771 1 for value of ¢
= .]_8 N 1—8‘ N —K ? R

Now,
x =24 cos 3t
When t = i,
18
x =24 cos 3(1)
18
=24 cos z
6
=123 cnss

1 for velocity




