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MATHEMATICS EXTENSION 2

General Instructions:

* Reading time — Sminutes

* Working time — 3 hours

» Write using black or blue pen.

* Board-approved calculators may
be used

* A table of standard integrals is
provided at the back of this paper

* All necessary working should be
shown in every question. .

Total marks: - 120

» Attempt Questions 1 -8
« All questions are of equal value.



Question 1

a) Find I—dx—.
\/x2 +16

x+5 a b
= +

b) (i) Find real numbers a and & such that =
x“ —-2x-3 Xx—- 3 x+1

5

(ii) Hence evaluate j —Zidx
4 x°—2x-3
T
el s X 2 dx
¢) Use the substitution ¢ = tan — to evaluate —.
2 0 l+sinx

T

4
d) Use integration by parts to find [xsecz xdx.

35

¢) Show that JQ @ (-1 dx = —
1

Question 2.
1-7i

a) If Z=—— find:
3+4i
i) Z in the form a + i
i) ZZ
iii) |Z|

ivyarg Z

b) Find v—8+6i

c) Sketch on an argand diagram the locus of the point P(Z) such that
arg(Z - 1) —arg(Z —i) = g



d) i) Show that cos(% +0)+ isin(% +0) = %(1 +i+/3)(cos @ + isin 0)

0

Let OAB be an equilateral triangle on an Argand diagram where OA = 1.
The point A represents the complex number Z, where Z = cis@ .

ii) Find the complex number represented by B in terms of Z.

iii) The triangle is now rotated about O through g radians in an

anticlockwise direction to become triangle O4'B’. Find the complex
numbers represented by the points 4" and B’ in terms of Z.

Question 3.

22
a) % + —y—é- =1 is an ellipse.

a® b
i) Give the coordinates of § and S* the foci.
ii) If PSP' is the latus rectum give the coordinates of P.
iii) Find the equation of the tangent to the ellipse at the point P.

iv) If the tangent at P meets the minor axis at M prove that the line
joining M to the other focus is parallel to the normal at P.

b) The area enclosed by the curve y = (x + 3)? and the line y = 9 is rotated
about the y axis. Using cylindrical shells find the volume formed.



c)Suppose that a lake is stocked initially with 100 fish and that the fish
population (P) satisfies hereafter the differential equation

%‘; = kP (k a constant).

If after 6 months there are 169 fish in the lake, how many fish will be 3.
in the lake after 1 year? ,

Question 4.

a)
Ay
4 y=f@)
12 \

v

The above graph represents the curve y = f(x). Copy the graph onto your answer
sheet and draw an accurate sketch of the graph y2 = f(x) 2.
b) For the curve y2 =x*(4+x)
i) Find the x and y intercepts. 2.
i) By implicit differentiation show that if y* = x*(4+x)
4 3
then fil = Sx—+¥6i 2.
dx 2y
iii)  Find any stationary points for the curve. 3.
iv) Sketch the curve. 2.

V) By using the substitution u?=4+x, or otherwise, find
the area of the loop of the curve. 4.



Question 5.

a) The base of a solid is the first quadrant area bounded by the line
4x+5y =20 and the coordinate axes. Find the volume of the solid if

every plane section perpendicular to the x axis is a semicircle.

b)

AWC
B

The figure shows a cyclic quadrilateral ABCD with diagonals AC and BD. E 1sa
point on AC such that angle ABE equals angle DBC.

i) Prove that triangle ABE is similar to triangle DBC
ii) Prove that triangle ABD is similar to triangle EBC.

iii) Hence prove Ptolemy’s theorem, which states
BAxDC+ADxBC=ACxBD

3.



i) A particle of mass m that is cormected to a light string of length /
to a fixed point A, describes with uniform speed a horizontal circle,
radius r, whose centre is vertically below A. If the semi-vertical angle
is ¢ show that the tension (7) in the string is given by
T="8
cosoL

and that the linear velocity (v) is given by 3.

v =./rgtana , where g is the force due to gravity.
ii) A string 60 cm long can sustain a mass of 10 kg vertically hung on it.

Find the maximum semi-vertical angle and the number of revolutions
per minute a particle of 5 kg mass can make before the string breaks. 2.

Question 6.

a) P(x)is a polynomial of degree 4 with real coefficients.

1) Show that if the complex number o is one zero of P(x) then its
conjugate © is also a zero of P(x). 2.
ii)  The complex number o satisfies Im(o) # 0,Re(ar) =@ and |o]=7.
Show that if & is a zero of P(x), then P(x) has a factor
x%2 —2ax+r> over R, the field of real numbers. 2.

jii) o. is a non-real double zero of P(x) = x* —8x> +30x? —56x+49.
Factor P(x) into irreducible factors over R and find the four roots

of x* —8x> +30x2 —56x+49=0 4,



b)

ii)

||
E 0 4 metres
x
o
C Dbottom
3 metres of billboard

Given sin{(a. +B) =sinacosa + cosasin 3 and
cos(a + B) = cosa cosP —sinasin 3
tano + tan P

prove tan{c +B) [ tana tanp
A billboard AC, 4 metres high is to be positioned vertically and
parallel to a highway and at a height which maximises tan9,
where 0 is the angle subtended at E. E represents the eyes 2.
of passengers on the top deck of passing double decker buses.
The billboard must be 3 metres from the passengers. Show that :

tan0 = ———12— where x is the distance DE.

9—4x+x2

Find how far below the eyelevel of passengers the base of the
billboard must be for 6 to be a maximum.

A top of billboard



Question 7.

a)

The diagram shows the forces acting on a point P which is moving on a banked
circular track. The point P has a mass m and is moving in a horizontal circle of radius
7 with uniform speed v. The track is inclined at an angle 6 to the horizontal. The
point experiences a normal reaction force N from the track, a vertical force of

magnitude mg due to gravity and a force due to friction F so that the net force on the

mv2

particle is a force of magnitude directed towards the centre of the horizontal

’
circle. By resolving the forces at P into their horizontal and vertical components show
that:

2

=" cos®—mgsind 3.
Ia

b) i) Show that the normal to the hyperbola xy = ¢ at the point P(ct f)

. (&
has the equation y = 2x+ P et 2.

ii)If the normal at P meets the line y = x at N, and the tangent

at P meets y = x at 7, find the coordinates of N and 7. 2.
iii)If O is the origin, prove that OT.ON = 4¢> 3.
c) i) Divide x> by (x +1) 2.

ii) Find I & 3.
x? + x*



Question 8.

a) Show X = vﬂ
dx

b) i) A particle of mass m is projected vertically upwards under gravity (2.

2
the air resistance to the motion being g:

when the speed is v, |

where ¢ is a constant.

Show that during the upward motion of the particle
val-“i = —ig—(a2 +v?)
dx  g* :

where x is the upward vertical displacement.

if) show that the greatest height reached, given the speed

2 u2

of projection u, is: E—ln(l +—).
2g a?
¢) A polynomial of degree n is given by P(x) = x" +ax—b. Itis given

that the polynomial has a double root at x =ct.

i) Find the derived polynomial P'(x) and show that art=-2

_ n
n n-1
ii) Show that (EJ +( b ] =0

n n-1

iii)Hence deduce that the double root is
a(n—1)



STANDARD INTEGRALS

].
n+1

o x 20

It

sinax , az0

A~

a
l- .

= 7 tanax , a#0
d .

= g Secax , az0

x -
= = Ian’I'E , ax0

= sinl= | a> 0,

ifn<0

1
-=cosax , az0

-a<x<a

= ln(x+'qx2-a2) ,» x>a>0

= ln(x + ‘\!xz + az)

Inx=logex, x>0
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