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2008

YEAR 12 TRIAL HIGHER SCHOOL CERTIFICATE

"MATHEMATICS EXTENSION 2

General Instructions:

* Reading time — Sminutes

* Working time — 3 hours

» Write using black or blue pen.

* Board-approved calculators may
be used

* A table of standard integrals is
provided at the back of this paper

» All necessary working should be
shown in every question.

Total marks: - 120

» Attempt Questions 1 -8
» All questions are of equal value.



Question 1. (15 marks) use a SEPARATE writing booklet

1
a) Show that x* sinx is an odd function and hence find I - x*sinx dx

b)  Find 1

-l x4+ 2x+2
. 4x* -3x -4
C) Find Imdﬁc

d) Using the substitution u = asin@ find |Va®—u’ du whereaisa

constant and ]u| <a.

¢ Find [¢™*sin3x dx

Question 2. (15 marks) use a SEPARATE writing booklet
a)If z=3+4i and w=1+/ find in the form a +ib

z+o
i) zo
iii) 7

iv) ||

Z
V) —
o

b) Find two numbers whose sum is 4 and whose product is 8.

Marks



¢) If two complex numbers Z, and Z, are such that |Z] + Zzl = |Zl - Zz|

VA o
prove that E‘— is a pure imaginary number.

2

n -H L -n

d) D If z=cosf +isin@ show cosn@="""2_ andsinng =2

ii) Hence or otherwise prove sin 48 +sin 28 = 2sin 38 cosd.

Question 3. (15 marks) use a SEPARATE writing booklet

a) i) Graph the function f(x)=3- Ix - 1| .

ii} Use your answer to part (i) to do neat, separate sketches of the following.

®) y=3-f(x
1
B) y_“f(—;S
T ¥y = f(x)
1—-cos@

b) Show that Ling ={

¢) The quadratic equation z2 +(1+1)z+k=0 hasaroot of 1 — 2. Find, in the

form a + ib, the value of k and the other root of the equation.

Marks



Marks

d) The region under the curve y = sin x, bounded by the x axis and the
ordinate x = g is rotated about the y axis. By using the method of cylindrical

shells find the volume of the solid generated. 3

Question 4. (15 marks) use a SEPARATE writing booklet
a)

A

.
N AN

B 0™\

2 2
i) Show that P(acos®&,bsin ) lies on the ellipse x—2~ +%— =1].
a

ii) This ellipse meets the y axis at B and B'. The tangents at B and 5’
to the ellipse meets the tangent at P at the points Q and Q' respectively.
Prove that BO.B'Q’ = a’

xcos@ . ysinfg _

b 2

( you may assume the equation of the tangent at P is given by



Marks

b) A particle of mass 12 kg rests on a smooth horizontal table, and it is attached
by a string 1.2 metres long to a fixed point on the table. If the particle describes a
horizontal circle at 3.6 »/s find the tension in the string. 2

AB is the diameter of a circle. Chords AC and BD intersect at M. H is a point
on AB such that MH is perpendicular to 45.

i) Prove that triangle 4BC is similar to triangle AMH. 2
ii) Show that AB.AH = AC.AM. 1
iii)  Provethat AB*> = AC.AM + BD.BM 3



Marks
d)

The figure shows a “spherical segment” of height % cut off from a sphere of radius »
by a horizontal plane. Show that its volume is

V=%ﬁ%y-m

Question 5. (15 marks) use a SEPARATE writing booklet
24+x—x°

a) Sketch the graph of y =
) graph of y ==""3

clearly showing any turning points

and any asymptotes.

b) When a certain polynomial is divided by x+1 and x —3 the respective
remainders are 6 and — 2. Find the remainder when this polynomial

is divided by x% - 2x-3.
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L 4

F 3

P(x,,y,) is a point on the rectangular hyperbola

Sand §' are the foci.

i) Show that the eccentricity is V2
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ii) Using the focus directrix definition or otherwise show that

SP =+2x, —a and that §'P = +/2x, +a

iif) Show that SP.S'P = OP?, where O is the origin.

Marks

d) According to one cosmological theory, there were equal amounts of the two
uranjum isotopes “*U and U at the creation of the universe in the “big bang.”

At present there are 137.7*U atoms for each atom of *U. Using the half-lives

4.51 billion years for 2*U and 0.71 billion years for **U, calculate the age of the

universe.

3



Marks

Question 6. (15 marks) use a SEPARATE writing booklet

a) Consider the equation z> + mz? + nz+6 =0, where m and # are real.

It is known that 1—7 is a root of the equation.
i) Find the other two roots of the equation. 2

ii) Find the values of » and n. 2

b) A railway track has been constructed around a circular curve of radius 500
metres. The distance across the track between the rails is 1.5 metres and the
outer rail is 0.1 metres above the inner rail. The train travels on the track at a
speed of v, m/s which eliminates any sideways force on the wheels.

i) Draw a diagram showing all the forces on the train. 1

ii) Show that v} = 500gtan &, where @ is the angle the track
makes with the horizontal. 2

iif) Taking g=9.8m/s? calculate v,. 1

If the train travels on the track at a speed v where v>v,.

iv)  State which rail exerts a lateral force on the wheel at the point 1
of contact,
v)  Draw a diagram showing all the forces on the train. 1

vi)  Show that the lateral force, F, exerted by the rail on the wheel is

given by :
2
F= ?{;’0 cosf —mgsin@, where m is the mass of the train. 3
vii) Deduce that F is one fifth the weight of the train when v =2v,. 2

-8-
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Question 7. (15 marks) use a SEPARATE writing booklet

a) The polynomial P(x) = x" —6x° +13x* — ax - b has two double zeros
o and B.Find g and b. 3

b) A particle of mass m kg is projected vertically upwards from the ground with a

velocity # m/s in a medium whose resistance is given by mkv? Newtons,
where v is the speed at that instant (in m/s) and k is a positive constant.

i) Prove that the time taken to reach the highest point is \/;c_‘ tan ™ (u ji)
g g
seconds where g m/s? is the acceleration due to gravity. 3
.. . .1 ku?
ii) Prove that the greatest height reached is Eic_]n(l +——) metres. 3
g

A particle P of mass 2 kg at the end of a string of length / = 1.3 metres is suspended
from C a point vertically above the highest point of a smooth sphere centre O radius
R = 1.3 metres. P describes a horizontal circle of radius £Q = 0.5 metres on the
surface of the sphere.

i) If Tis the tension in the string CP and N is the reaction of the surface of the
sphere exerted on P show that:

mv?

=(T —N)sin6 and mg =(T + N)cosé 3

ji) If there is no force exerted by the particle on the sphere find the velocity of P.
(take g = 9.8 m/s?) 3

-9-



Question 8. (15 marks) use a SEPARATE writing booklet Marks
a) Show that the derivative of y =" is [1 +l +1n x]x“1 . 2

X

b) Indicate on an Argand diagram the locus of the point P representing Z when
arg(z s 1] =0. 2
A

—1

<)

A
A 4
X

e

v

The base of a solid is the region in the first quadrant bounded by the graphs of
y=x and y=x’, Each cross section perpendicular to the line y = x is a square.
Find the volume of the solid. 4

d)
i) Show that cos[(—1)8 + 8] cos|[(#—1)8 —8]=—2sin{n—1)dsin 8. 2

2 cos(n - 1)6’

n-1

Wity = Icos n@.cosecf d@, provethat U, -U, _, =

iif) Hence or otherwise prove that |2 00520~ c0s86 4o 142,
0 sind 105 -
End of paper

-10-



STANDARD INTEGRALS

1 -
x"dx = s pe—1; x20,ifr<0
] n+l
(1
—dx =lnx, x>0
X
[ ax ]‘ ax
e dx ==, az0
a
r 1 -
cosaxdx =Esmax, a#0
( 1
sinaxdx =—Ecosax, a#0
r 2 1
sec“axdx =a-tanax, az0
( 1
secax tanaxdx =Esecax, a#0
1 1
2a’x =—tan —, a#0
Ja?+x
! d =sin”'%, >0, —a<x<
R x =sin”" —, @ , —a<x<a
Nat—x
[ 1
—dx =1n(x+\/x2—a2), x>a>0
) Jx?—a?
1
J—u——-—dx =ln(x+\/x2+a2)
x2+a2 '

NOTE: Inx=log,x, x>0
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