Lecture 31
INTEGRATION

Substitution.

Example 1.

22 dx _ .3 du_
fm(letu—x +5 ..%—
lf3x2d:r
3J Vx3+5

I

dr

sIn(3z+5)+C. O
fxmdx(letuzl—ka,',
%fmzz:dx

3 [ Vudu

%fu% du

%211%-!—0

e

(1+12)3\/W+G 0

32% . du = 3x* dx)

[72 (let u=3z+5.. 2 =3 - du=3dz.)
1
3
1
3

dx

w _ 9y -

du = 2z dz)
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Lecture 32

Integration : Substitution (cont’d).

Example 1. [ % (let w=1+sinz . 2 =cosz . du=cosz dx)

— [ du

= [ du

= [u™? du
=—utl+C
1
—--lic

=—_+C O

1+sinx

Example 2. [ % (let u=log, x .. ili_'g =1 . du= de

zlog, x

:floglex df
Sy
=log,u+C

= log,(log, z) +C. 0O
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Lecture 33

Partial Fractions.

Example 1. Express % in the form ﬁ + ;%3.

S eTs = vz T 3
_ A(z—-3)+B(z—2)
T (z-2)(z-3)
S20—1=A(x—3)+ B(z —2)
Substitute z = 3. . B=>5. Substitute z =2 -, —-A=3 . A= -3.

Alternatively, (A + B)x — (34 +2B) = 2z —1 = A+ B =2 & 34+ 2B =1
=3(2-B)+2B=1 .. B=5 . A=2—-5=-3.

. 2x— _ =3

e =ietis O

Note: The degree of numerators is less than the degree of the demominators for breaking
up of partial fractions.

Example 2. Decompose % into partial fractions.

2x+3 _ Axz+B
(z242)(z—2) — 2242

+ :CCTQ (since the degree of the numerators are at most, one less

than the degree of the denominators.)

(Az+B)(z—2)+C (2% +2)
(@2+2)(z—2)
S22+ 3= (Az+ B)(z —2) + C(2® +2)
S T=6C=C=1
When 2 =0, 3=-2B+2C .. 3=-2B+% - B=—
When z = 1,5 = —(A+B)7+c(3) =—(A-3+IB). A=-1

: 2043  _ ~§%"3 4 & _ 71 Ta+2 [
o (2242)(z—2) 242 z—2 6x—12 6x2+12°

W=

Example 3. Decompose m

1 _ A B C
GG — -2 T a41 T @1

1=Az+1)?+ Bz —-2)(x+1)+C(z —2)
When 2 =2,94=1.. A=09.
Whenx:—l,—BCzl,',Cz—%.
When 2 =0,1=A4-2B-2C,..2B=A-2C-1=4{+2%-1-B=-

1 1 1
o 1 _ 9 9 -3 _ _1 1 _ 1
c(z—2)(z+1)2 T z—2 + z+1 + (z+1)2 = 9z—18 9z+9 3(z+1)2 0.

/‘#_/
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Lecture 34

Integration with partial fractions.
Example. Find [ Mﬁ.

e —a Tam =A@ -2+ Bz -1).fr=2B=1Ifzr=1,-A=1_

_ 1 _ -1 1
A——l Hencem—ﬁ—km.

ey =S G+ ake) de
=—Injz—1/+Inlz—-2/+C
=h|2=2|+C O

/‘7%/



Lecture 35

Example. Find [ fﬁiﬁ% dz.

First, (z —1)(z —2) = 2% — 3z + 2, which has the same degree as the numerator. So divide:

3
2?2 —3x+2)32* +5x+7
322 — 92 + 6
14z + 1
Now use partial fractions:
Mol  _ A | B
(x—1)(z—2) z—1 x—2

_ A(z—2)+B(z—1)
- (x—1)(z—2)

Sldr+1=A(x—2)+ Bz — 1)
S.—A=15A=-15& B =29.
So,

32745047 g _ 1441
/(x—l)(ac—Z) dx = / (3+ (:C—l)(:r—2)> dx

=3z —15Injz — 1| +29In|z - 2|+ C
2l c O

(z—1)15

/‘7%/

=3z +1n




Lecture

Integration by Parts.

%(uv) = u%v + v%u

coud = () — oyl

cofudr =uv— [0 da
ie., [udv=uv— [vdu.

Example 1. Find [ ze” dz.

Letu:x_'_fl—gzl,v:ew

o Jwe® do = ze® — [e* dx
=zxe’ —e"+C
=e“(z—-1)+C O

Example 2. Find [z cosxz dz.

[ xcosz dx = fwdi sinz dx
T
:a:sin.r—fsinxdix dx
X
=zsinz — [sinz dz

=gsinz +cosx +C O

36
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Lecture 37

Integration by Parts (cont’d)
Example 1. Find [log, = dx.

Let u=Inx,v==x

CSollog.xdr=[1-log x dx

[ log, 8e
=zlnz— [1dzx
=zlhz—-—a2+C 0O

Example 2. Find [sin™'z dz.
Let u =sin" 'z, v = .

fsin_lx de=[1- sin™!'z dx

:xsin_lx—f\/ﬁTda:lethl—xQ.'.da::

T —dw

—sin o — [ 2 ()

. 1
= xsin lx—l—%fw 2 dw

. 1
=gsin 'z +w:+C

:xsin_lm+(l—x2)% +C O

/‘#_/
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Lecture 38

Trigonometric Integrals.

Powers of sin x

Example 1. [sinz doe = —cosz+C O

Example 2. [sin’z dz =

Example 3. [sin®z dz =

Example 4. [sin'z dr =

00| Lo [ [ s | = S —y

Example 5. [sin®z dr =

1 [(1—cos2z) dx

$(z—3sin2z)+C O

i sin? zsinx dx

J (1 — cos? x) sinz dzx (let u=cosz .". du = —sinx dx)
— (1 —u?
—(u— Fu )—|—C

%Cos3m—cosa:—|—0 O

(sin? )2 d

(1(1 = cos 23:)) dz

(1 — 2cos2z + cos? 2z) dx

(1 —2cos2z+ 3 (1 + cos4x)) dx
—sin2z + 1(z + {sindz)) + C
- isinZw—f— —sm4x+C’ U

N

&&%%

fs’n4xsinw dx

= [(1 —cos?z)?sinz dz (let u =cosz .". du = —sinx dz)

— [(1 — u?)?du
— J( 1—2u —|—u)du
—(u+ 2w+ L)+ C

5
= 2cos?r — COSSx cosz+C [

3

For sin™ z, for odd powers, use the substitution method u = cos .
For even powers, use the fact that sin? z = %(1 — €08 21)

/76[_/



Lecture 39

ftan"z dz forn=1€ Z*

Example 1. [tanz dz = [ 222 dy
= —1ncosx+C’
:ln COS T +C

=Insecx+C O

Example 2. [tan?z dr = [(sec’z — 1) dx
=tanz —z+C U

Example 3. [tan®z dr = [tanz(sec?z — 1) dx
= [tanzsec’ z dv — [tanx dx
= [tanz d(tanz) — [tanz dz
= %tanzx—klncosx—l—C U

Example 4. [tan*z dz = [tan®?z(sec?z — 1) dx

= [tan® rsec’ x dx — [tan?z dzx
= [tan®z d(tanz) — [tan®z dx
3 tan?
:x-l-%tan r—tanz+C U

Example 5. [tan®z dz = [tan®z(sec? z — 1) dx

= [tan®zsec’ x dx — [tan®z dzx

= [tan®z d(tanx [ tan® z dx

= ttan’z ( tan?z + Incosz) + C
= 1tan4:1:— stan’z —Incosz +C O

/76[_/



Lecture 40

Trigonometric integrals

Example 1. [sinzcosz dz (u = cosz,du = —sinz dz)

Alternatively,
[sinzcosz dx (v =sinz,dv = cosx dz)
= [vdv
-2 4K
in?
— S 5 x + K

Note: # and —% differ only by a constant, so although the answers look different,
they are really the same, only expressed differently, because C and K are arbitrary
constants.

Example 2. fsin1/2 zcosx dr (u=sinz .. du = cosz dx)

= fu1/2 du
. 2u3/2

— +C

%sin3/2x+6’

N

rsin* x dx

cos® 2 sin? & cos x dz (Split the odd power)

(1 —sin? 2)3 sin*

1 —u?)3ut du

1 — 3u? + 3u* — ub)u* du

ut — 3ub + 3u® — u'?)du
3u7 3u9 ull

P e s

sin a:—%sin7x+%sin9x—1—115in11x+0

Example 3. [ cos

cosz dr (u=sinz .. du = cosz dx)

I Il
R S S N S

[S

UIIHCH



Example 4. [ Zj’s 2 dr (u=sinz .. u=cosz dx)

f cos® z cosx da LCOST dx
sm
o f (1—sin m)s cosz dx

Sln €T

_f (1-u~)"du u2)3du

1— 3u —ZBU — du
—f(u —3u"2+3 —u?)du
= +3u_1+3u u3—|—C'

= —%(sm:l:) + 3(sm:1;) ' 4 3sinz — %sin?’x +C

/‘7%/



Lecture 41

Integration using tangents of half angles

2t _ o 1-—¢2 _ 2
Let t = tan— Then sinz = Ty COST = {47, tanx = =55
dt _ 1 2z
% = 5sec” 5 ,
- z
% = %(1 —l—t2an 2)
g = 2(1+¢%)
Cdz 2
dt — 1+¢2
. _ 2.4t
Ldr =
( t2)
Example 1. f3—|—2(:osw /3+2(1:
(35%)
. 142
- (3(1+t2)+2(1—t2))
1+t2
_ f 2 dt
= J 373tz r2—2¢2
2 dt
5+2

-1 _t

— 2
—\/gtan \/—+C

2 tan £ 5

_ 2 -1
—\/—tan 75 +C

cosz dr _ [ 3(3+2cosz)—F
Example 2. [ %528 = [ 250502 dy

:f% 3f3+2cosm

1 3 —1 tan 3

2 5 \/—ta \/—2 +C
1. 3 —1 tan 3

5T \/gtan 7 +C




Lecture 42

Integrals with quadratic denominators

Example 1. [ ¢ op

_f4( +w2>
=1/ 9+$2
=i(3)tan ' 2 4+ C
= %tan_1 %"” +C

d 1 d
Example 2. fi\/4x32:——9 = §f \/m;f%

iy 1)4C

Example 3. [ m2+4m+1 = (m+2)2 z (Letu=x+2.
_ du
u2—3
= 2\/_ In —|—C’

1 r+2— \/_
2\/3 In 4243 +C

Example 4. [ 73x2+2m+1 =1 f w2+ m+3

=3/ 2+ p 111

3f (z+3 )2+2
1 du

3J u2+2

_1({_ 3 —1 3u
—3<\/—>tan \/—+C’
V2 V2

_ 1 —1 3z+1
= ﬁtan NG +C

+C

Example 5. f 1+4x TTde—22 — fm

= [ s mmy

_f5(z 52 (Let u=2—2 ..

du
— J Bu?
— 1 1y V5tu
_Q\f D 5—u . TC

_ 1 \/_ 2+m

Letu:x—k%.'

du = dx)
.du = dx
du = dx)



Example 6. [ 297 — f(2m+6) S da

z2+6x+1 r24+6x+1
T 1 6
=3/ 22—|—6tf|—1 —3) 2+6m—|—1 dx
=sln(z+6x+1)—3[ 2+6m+1
= %m(:c +6x+1) -3 [ 2+6w+9 g
= tIn(z® 4+ 6+ 1) — Sf(m+3)2 s Letu=z+3.  du=dr
=1lln(z?+62+1)—3 [ g
= 1 In(z* + 6z + )——ln<+§>—|—0
cc+3 V8
=1ln(z? +6z+1) — $+3+\/—+C’

/‘7%/



Lecture 43

Substitutions using trigonometry.

- for va? — 22, Va2 + 22, and V22 — a2, use substitutions £ = asinf,x = atanf and
x = asec 0 respectively.

Example . [ j;_% (Let z = 3sinf .. dz = 3cosf df)

— f 9sin® 63 cos 6 db

v 9—9sin? 0
_ 27sin® 6 cos 8 d6
3 cos b

=9 [sin®6 df
=2 [(1 - cos26) db
910 — 1sin20] + C where z = 3sin6,sinf = £ - 0 =sin”'

2 2

=2(0— 3 -2sinfcosh) + C

= 2(0 —sinfcosb) + C N

=3(sin"! 2 —£,/9=%) 4 C UI \3

x

= 9(sin"1 2 — 25— 27) 4 C L \

| W . N
- x*



Lecture 44

Reduction Formulae

Example 1. If [, = f sin” z dz (n is an integer). Express I, in terms of I,,_5 and hence

evaluate foﬂ/ *sin® 2 da (application of Integration by Parts).

Solution. I,, = [sin" z dz

“lyand v =sinz

n—2

= [sin" ' xsinz dr (Let u = sin”

/

u' = (n—1)sin" “z.cosx & v = —cosx)

:—cosxsin"_lx-l—f n —1)si in" 2 cosxcosx dx

= —cosxsin" (n—1) [ sin” “2cos? x dx

= —coszsin" ! (n —1) [sin"2(1 — sin® x) dx

= —coszsin" 'z + (n—1) [sin" Pz dr— (n—1) [sin"z dr
= —coszsin" 'z + (n—1),_o— (n—1)I,

(n — 1)1, + I, = — cos xsin" " x(n —DI,—2
I,(n—14+1)=—coszsin 'z + (n—1)I,_o
',In:—lcosxsm” Ly n In o O

'_I5:f0 sin® z dz

= [—% coszsin' z + 21 5)7/?

coszsint z + 4 3(—Lcoswsin®z + 21,

L g

coswsin’z + 2(~L coswsin®a + 2 [sinz de)]j/?

2
coszsin®z — 2 coszsin? 2 + 15 5 [sinz dz]g w/

5

Ulll—‘ ml»—t o1|»—t Cﬂl»—t

4 . 4 2 . 8 w/2
cosxsin™ x 15 cos x sin“ x 15 COS.’L’]O
8

5

—15 cos0)

—~

Example 2. If I, = ff(loge x)™ dx show that I,, = 2(log, 2)™ — nl,_; hence evaluate
flz(loge x)* du.



I, = [ (log, )" dz (Let u = (log, 2)" & v/ =1
/ n n—1
: - — 1 =
LU x(ogem) U= 1)

= z(log, x)" — nfl * (log, )" ta dx

= [2(log, z)"]2 — n [}}(log, z)"~* da
=2(In2)" —nl,_

oI = [ (log, )"
=2(In2)* — 413

=2(In2)* — 4(2(In2)® — 31,)
=2(In2)* — 8(In2)® + 121,
=2(In2)* — 8(In2)® + 12(2(In 2)* — 214)
=2(In2)* —8(In2)® +24(IN2)% — 2451 ...\
=2(In2)* — 8(In2)3 + 24(In2)? — 24 fl Inz dx (Let uw =logz,v =1

soul = %,U =)

=2(In2)* — 8(In2)3 + 24(In2)? — 24[[z Inx)? f dzx]
=2(In2)* — 8(In2)® + 24(In2)? — 24[z Inz — x|}
=2(In2)* — 8(In2)® +24(In2)? — 24(2In2 — 2+ 1)
=2 8(In2)* +24(In2)? —481In2+24 O

= 2(In2) — [ dz

— 2(In2) — [o]?

=2ln2—1.
Example 3. Let [, = [sec" z dz. Show that I,, = tanx:ficf_% + =27,
Note: & secz = 4L (cosz)™! = —(cos) ?(—sinz) = JLL = tanzsecz.

I, = [sec" 2 zsec? x dr [Let u=sec" 2z v/ =sec’x

/

o' = (n—2)(secx)" P tanxsecr = (n — 2)(secx)" ? tan ,

v = tan x|
=tanzsec" 2z — (n —2) [tanz(secx)""? dx
= tanzsec" 2z — (n —2) [(sec)" 2 tan’ z dx

=tanzsec" 2z — (n —2) [(sec?z — 1) sec" % x dx

2) [sec x dx + (n —2) [sec" %z dx

So [sec"x dz + (n—2) [sec" z do = (n—1) [sec” x dx
=tanzsec" 2z + (n—2) [sec" 2z dx = tanzsec" 2z + (n — 2)I,_
So [sec"x dx = tanzsec” a4 gjln,g g

n—1

n—2)
n—2)
= tanzsec" 2z — (n — 2) [ tan? x(seca:)" 2 dx
n—2)
n—

= tanzsec" %z — (




Example 4. Let I,, = ftan” x dx. Then:
I, = [tan" 2 zrtan®z dzx

= [tan" 2 z(sec’z — 1) dx
= [tan"?xsec’z dz — [tan" 2z dx
= [tan""?xsec?z drv — I,_5 [Let uw =tanz .. du = sec® x dx]

— fun—2 _ -[n—2

n—1

= n—1 ~ in-2
_ tan" "1z
- n—1 - I’”_2



