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SPECIMEN MATHEMATICS : HONOURS PAPER ISSUED BY THE EXAMINERS,

1. A point moves in a straight line so that its distance at time 't' from a given point O of the line is x, where
x =t2 sint+ 6t cos t -12sint. Find its velocity at time 't* and prove that the acceleration is then -

-t2sint -2 cost + 2sint, :
Determine the time (t > O) at which the acceleration has a turning value, distinguishing between maxima
and minima. 3

cos™ X 1
2. (i) Integrate the functions; (a) (by ————
4 sin x X+ VX
12
(ii) Evaluate f 2x + 6 dx to three significant figures, (Log,& <0.4343).

4 Gx=F@x+D

3. A lighthouse AB of height c feet stands on the edge of a vertical cliff OA of height b feet above sea level.
From a small boat at a variable distance x feet from O, the angle subtended by AB is©.  Prove that
tan® = %  and thatif @ is the maximum value of ©, then: op = ¢

x>+ b{b + ©) 2,/B(b + O

4, Write down the series for log, (1 + x) and state for what range of values of x the expansion is valid. Prove
that within the range of validity of the expansions x2 0

00
(1-x) loge(l-% + (1+X) 1oge(1+x)=2§j1 @D
n= ”

1+X)Il d 2n f
) e & - T

5. (i) Prove that if £x) = (
Thence or otherwise prove that if f(x) = a5 + a;x + ag x2 + eeens

then (r + 1) ap+] = 2nap +(r-1) ar_y-

(ii) The numbess 1, 2, ..., n are arranged in random order. What are the probabilities that: -
(a) the number 2 immediately follows the number 1 ; and (h) the number 2 follows the number 1 and there
arer, = n - 2, numbers between them. Sum the values of the probabilities obtained in (b} for the values
r=0,1,2, ..., n-2, and compare your result with the probability that 2 should appear later in the arran-

gement than 1.

6. (i) By adding together suitable multiples of the columns show that a + wb + wZc is a factor of the deter-

minant a b c .
c a b w being any of the roots of the equation wd =1,

b c a

Express the determinant as the product of factors linear in a, b and c.
(b) In the sequence of numbers aj, a9, ..., a,>0, for all sufficiently large n, and

. an —> 0, asn = . Prove that ap — 5 O, asn_—»

7. (i) If f (x) is a function of x, give an approximartion to f (a + h) correct to the first order in h. Show
how this result may be used to improve on an approximation x = a to a root of the equation f(x) = 0.

(ii) Without using tables calculate 3\/8.05 to four significant figures.
(iii) Show, graphically or otherwise, that if n is a large positive integer, there is a root of the equation
x sin x = 1 nearly equal to 2070 Show that a better approximation is 2n7%  + 1 .
2nTY

8. Find the turning points on the graph of the function y = , and the equations of the inflexional

2 +
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tangents, Sketch the graph and calculate the area enclosed by the curve, the x-axis and the ordinates to
the curve at x = 1 and x = 2.

9. (i) State what is meant by the modulus and argument (amplitude) of a complex number. If z is a com-
plex number for which |z} = land arg z = ©, find the values of 2
' ‘ —1—2- d arg
-z

2
1-2z
(ii) If |z1 - zzlz ‘z1,+ 22" prove that arg z; and argzzdiffer by g_ or §2l_f
(N.B. Arg w denotes the principal value of the argument of w).: P
: , 1
. z
10. Give the formula for integration by parts and evaluate the definite integral f x2 cos x dx.
' 0

The portion of the curtve y = sinx fromx =0 tox = v revolves around the y-axis. Prove that the
volume described by the area between the curve, the y-axis and the line y = 1is § 7T mz - 8).

HOMEBUSH BOYS ' HIGH SCHOOL ,
TRIAL LEAVING. SEPT, 1956

MATHEMATICS 1 HONOURS

1. An empty dam, of depth 30 feet, has a horizontal circular cross-section whose diameter diminishes uni- -
formly with depth. At the top, the cross-section is 1600 square feet and at the bottom it is 100 square feet.
If water is pumped in at the rate of 1 cubic foot per second, find (a) how long it takes to fill the dam,

(b) at what rate the level is rising just as it reaches the top of the dam.

2.  If f(x) is a function of x, give an approximation to f(a + h) correct to the first order in h. Show how
this result may be used to improve on an approximation X = a to a root of the equation f(x) = 0.
(a) Without using tables ,sh%w that cos 31° = 0.857 (b) Determine to two places of decimals that
root of the equation x/3 - 3.2104 whose value is nearly 8.
X+ 2

3. (a)E in partial fract ! show that ! 1+x3+2x6 + 2x%
. Y > T = + +

(a) Express in partial fractions (l-y)(l-yz)’ . (1-x3)(l-x6) 3}55( X i

8s
¢ 3 -

+ eseee

(b) If a, b and c all have different values and] a ag 1
: b b 11=0
c 1
prove that abc ='1.

4. If x| <1, write down in ascending powers of x a series for log (1 + x) and show that

@

l1+x _ x2r"1

log 1-x -2; 2r -1

Deduce that if n > O, hal 00 1

1 +1 o= 22 -1

8 n 4 (2:-1)(2n+l)2r I
Hence show that log 2 1 1 1 1 R- whereR( ! 9- nd

, B2=43 * 3,38 "% 5_ 3 * q_37|" | 4.3% 2

establish that 0.69312 < log 2 < 0.69316.

5. (a) Ifo& ¢ ﬂ and ¥ are the roots of the equation x3 -x -1=0, find the equation whose roots are

1+ 1448 1+Y% . l+ot
X2 10 and . H te d the val f E .
l-x l—ﬁ 1-‘ ence write down value O l-x

(b) Prove that if y = (sin Tlx)z 303_
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-3 (%)2:4;/. e (1-20) Ldi_ig x 8-

a a e
6. (a) Show thatf f(x) dx ':f f(a -x) dx. Deduce that I__Sﬂ dx =] tanx dx, and
0 0 0 1+ sin 2x 0 —

evaluate the integral.
(b) Evaluate (7f/o
J cos X - sin X dx.

0 I +sinxcosx

1. (a) Two fixed points’A and B, and a variable point P represent the complex numbers &, ﬁ and z.
Find the locus of P in each of the following cases illustrating with appropriate sketches:

]z-&l lﬁ‘ i [z ARE lz -ﬂl fii. am(z-d)zamﬂ

(b) 'f"( ) and Q,( are two complex numbers., Express each in the form x + iy, and find
their moduli and amphtudes. Show each on the one Argand Diagram. Hence, without tables, show that
the argument of 1+ 2 +i s 31\'

1-i g

8. (a) Prove that ifO< x< 7T, xsinx +cosx > 1 +1 x2¢

(b) Prove that the slope of the curve whose equation is y = 1+ X + 3 + 1 43 i always positive. Show
that the curve has a point of inflexion where x = -1 and find the equation of ® the inflectional tangent.Prove
also that the tangent at the point (0, 1) meets the curve agaln at the point (-3, -2). Use the information
obtained in order to sketch the curve.

9. (2) INTEGRATE the following functions :

i, e cos3x . I-x iii. 1 iv. 1
S x+9 5 - 3 cosx X2 /1 - 2

(b) Sketch that part of the curve y = 2x2 which lies within the area bounded by the x- and y-axgs,
x=2and y =8, Calculate the volume formed by the rotation of :
i. the area bounded by the curve, the line x = 2 and the x-axis about the x-axis, and
ii. the area bounded by the curve, the line y = 8 and the y-axis, about the y-axis.

10. (a) If x =1+ at where t is small, show that:

29
X -e” -(e-e)+at(e+ )+ ia 12 (e --) (Correcttotermsmt)

1
(b) i. Discuss the convergence of the series Z—; and 2 (-ptt 1 T

o0 o9 .
ii. Sum the series : Z 1 and Z 1
n(n + 1) 9 o{n + (0 + 2)

FORT STREET BOYS' HIGH SCHOOL ’ 1956

MATHEMATICS 1. HONCURS
1. (i) Show that {a + b + ¢) is a root of the equation | x+a b c :

b X+C a ‘= O and solve the
c a x+b

equation completely,

3+px2+qx+r=0,

(ii) 1f o4, B, ¥ are the roots of the equation x
304
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express 1 U‘ﬁ ¥%| in terms of p, 4, L.

,{,ﬁlﬁh’

¥x £Y !
2 .
2. Integrate with respect to x  a. (i) f x logx dx (ii) f 1 dx
ﬂ A x -1
1 2 ,
dx = < 1V (B -of
b. Prove that f Vv (X -Z)(/j - x) 8 (ﬁ ) HINT substitute x = o cos20 +
" ' A sin” ©
: 2
3. (a) Prove that the coefficient of x" in the expansion of (it :) is4n, except forn =0 and n = 1, and

find it in those cases
(b) Write down the first five terms in the expansion of pe9* + qePX in ascending powers of x. If p,
g are the roots of the quadratic equation Az -apA+ b =0, show that the first four terms

of the expansion are  , | oy , § abx? +—:-5 b (a2 - 2b) x3 and express the coefficient of x4 in
terms of a and b, ‘ g

a
a-X

- 1
4. (i) Given c%t}- =k(a-x)andx =O whent=0, provethatx=a(1-ek')andk=i— log

(iiy If % = k(a - xXXb - x) and x = O when t = O find similar results for x and k.

5. A wall 7'.bigh is 5' from a building. A ladder rests with one end on the ground and the other on the,
building, and also touches the wall. Prove the length of the shortest ladder possible is( .72/ 3, 52/ 3)3/ 2

and evaluate this correct to one decimal place. (Let the ladder make an angle © with the ground).

6. (i) If w is an imaginary cube root of unity, prove that (a + wb + wzlc)a + {a+ wZb s+ w'c:)3 =
(2a -b -c)2b -c - a)(2c -a -b)
(i) If z = x +iy , show that this complex number may be represented in the form r (cos© +isin© .

Prove that if z], zq are 2 complex numbers then z_l =13 | and amp ( |
z Z zZ
2 ' 2 l 2

=amp z; - amp Zy.

z -1 z-1
A point z varies so as to satisfy the equations (i) l z+1]=1 (i) amp(z +1/ = 1718
Find the locus of z in each case, on the argapd diagram

7. Prove that f\“ 1622 - x2 dx =} x v 1632 - x2 + 8a% sin 71 23‘ » by the substitution x = 4a sin ©

in the integral.
2 }_,2_
. x“+ 5
Prove that the area common to the circle X2 + y2 = 4a° and the ellipse =1 s

lGa2 16a2
a2 2 sin 1L + 8 it .
5 ¢ 3

8. Write down the series for log, (1 + x). Find the range of convergence of x, stating carefully the
tests applied. ' '

Expand loge (1 - x ~ x2) as far as x4. by writing it aslog, (1-x+ x2). it being given that x is
positive. Between what numbers may x be in order that the expansion may be valid?

- ' d -
9. Giveny = e at sin (bt + c), prove that 3¥ = -e at‘/ a2 +b2 sin (bt + ¢ -~ ©) where -
Yo 0= j%.. '
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9 4 - o
Express d_2X in the same form, and write dewn a result for 2—% » the result obtained by n differentia-
dt L
tions. ®-c ;
Denoting p by ¢ , show that the turning points for y occur at intervals of t which are in
arithmetic progression, and the corresponding maxima and minima are in geometric progression,

Give a rough sketch of the curve, without consideration of the actual dimensions of a,b,c.

10. In work on bending of beams under uniform loads E is Young's Modulus, I is the moment of inertia
constant for the given case, and w the load per unit length of the beam,

A beam of length - L is clamped at both ends. Axes x'ox, y'oy are taken along the beam, and
along the perpendicular bisector of the beam. The beam is subjected to a load of w per unit length, and
it is found that the beam bends. It is known that the equation representing the curvature of the beam is
is given by g4
EI FX =w,  Explain why the initial conditions in this case are:

X :

(i) y=0 whenx=t 1L, (i) 'gl =0 when x=% lL
2 X 2

Use these initial conditions to prove that the equation of the curve assumed by the beam is
w (4)‘:2 -L 2)2, and prove that the maximum deflection of the beam is VL

Ely = ———
384 384EI
EXTERNAL LEAVING CERTIFICATE
1956
MATHEMATICS 1 HONOURS
1, (i) State the comparison test for convergence and use it to prove that the series
1+1 +-§1. ¥ 13, + ..., 18 convergent to a sum less than 3
* . I\n :
(ii) By considering the binomial expansion of (1 + 0 ) for positive integer values of n, show that
n n 1/n
(1 +l) < 3 andso (l + _1_) < n for n =3, 4, 5 ..... Deduce thatn continually
n n
decreases as n runs through the values 3, 4, 5, ....
2. () (a) Show that 11 1 ‘ : :
: ab c = (b-c)(c-a{a-bh)
a2 b2 2
(b) Solve the simultaneous equations o
X+y+2z=1; ax+by+cz=4d; a2x+b2y+c2z=d
(i) Ifz=x+1y, expressw = 1+Z in the form X + iY where x, y, X and Y are real numbers.

: 1-2 :
Find the path of the point which represents w in the Argand diagram when the point which represents z
moves along the y-axis, x = O,

, X '
3. Ifforx> 0O y= 5 leg x , find 97, Examine the behaviour of y and 9y as
' 1+x dx 2, 1 dx
x —» O and as x —>» OO . By considering rough graphs of the two functions X2+ »  log x show
d x¢ -1 X

that dx is zero for just two positive values of x. Hence draw a sketch of the graphy = |, ;2 log x.

4. (i) The figure ABXY is a trapezium and the angles ABX, BAY are right angles. AX and BY meet at
Cand /ACB= o& . By considering the variation of AY + BX as C moves in a circular arc through A, B,

o
prove tha_t AY + BX > 2AB cot 5 unless AY = BX.

306
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(ii) A set of twelve cards contains three cards each of four different colours, white, black, red, and
yellow. Apart from colour the cards are indistinguishable. Three cards are drawn at random from the
set. Find the chances that the cards are (i) all white, (ii) all of one colour, (iii) of three different colours.

5. If the functional relation y = f (x) can be expressed in the form x = # (y), what is the relation between
the derived functions f' (x) and ¢ ' (y)?

- 2
Hy=% (ex - ¢, find (g—i— - y2 . By expressing x in terms of y, deduce that

j _dy =log (y + \/1+y2 ).

Jiof
l+y
6. Find the indefinite ihtegrals: i. L+ x dx [/ wﬁ( sec x dx
1+ %2 x(x + 1)
1
7. Evaluate the definite integrals: - i. __dx ii. X sin x dx P
0 x2-x+1 AN
1 +1
mJ log x dx iv:l 2¥ dx
0 1

8. Explain how an approximation to the value of a definite integral may be obtained by the formation of
a suitable finite sum. By con31der1ng the integral
f Vx(1-xdx
prove that
lim r(n-1 =
£ v

n-pmomr=1 n

9. A quadrant of a circle of radius a is rotated about its chord. Show that the volume of the solid of

. s . 5 77 a3
revolution which is formed is (3 5 ) NeH .
, . _
10, Explain the method of integration by parts, If uos o xe dx, prove that
n_a e -X

a =e (un_l-un), and that e? ~(l+a+ a.'+.....+—)"' e x'e “dx

! a n +21. 0

Fora > 0, show that f o e Xax < an : and deduce that the infinite series

+
2
a a
l+a+ — + eeseeses converges to the sume®.

HOMEBUSH BOYS®" HIGH SCHOOL
TRIAL LEAVING CERTIFICATE, ' ‘ AUGUST, 1951.
MATHEMATICS I HONOURS

@
i
1. (a) Discuss the series 2 up whereu = (x_n_ll_ :
' n=1 .
th 3 V3 V3
(b) Investigate the convergence or divergence of the seriet whose n termis(n +D -(n -I) .
12 1.2.4,5 1.2.4.5.7.8

(c) Show that | | = e e1/3
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. d . d d
2. (a)Prove that, if y =e®™" %, then: i, 'Eix =y(l+ ) il # =(1+ 92 -3;{ where t = tan x.

2 1
~ (b) Integrate the following functions: 1i.x seczx. ii. ‘1-x.“,'{6 o i, —e—
v x(2-x%).

3. (a) A point z = x + iy in the Argand Diagram is such that | |=2,x=1andy > O. Determine
the point and find its distance from the point 172, ,

(b) X+a b c
If c x+b . a = O, find X interms of a, b, and c.

a . b X+¢C

4. (a) Explain how the calculus may be used to determine the volume of a solid of revolution,
The radius of a sphere is 5", Two parallel planes. are drawn at distances 2" and 3" respectively from
the centre and 1" apart, Use calculus methods to determine the volume of the slice of the sphere between

the two planes. 3

(b) Find an approxims tion to that root of the equation x° -4x + 1 = O which lies between O and

1,
_ X1-x ' . - . A
5. If y = T find the maximum and minimum values of the function and any points of

inflexion on the curve.

Use the information obtained in order to sketch the graph, showing clearly the poinis determined .
and the position of the curve relative to the line y = x,
24

1 : 2 4dx 2
6. Evaluate the following integrals:  (a) ] % e¥ dx ; (b)) ] -— (0 f X sin x dx.
. 0 0 X +4 470
2 4 a ,
(d) I (e) /.2 _.2
1 xZ(x+ D). 2 ¥2 -x Jdx

a a
7. (a) Show that j f(x) dx = j f(a - X} dx. Hence prove that
0 0

iw 2 2 i 2 2

'f (a cos x + b sin"x) dx =J (a sin“x + b cos “x) dx, and deduce that each jntegral equals
0 0
171 (a+ b).

(b) Ifxandyarepositivesothatx+y=1anda=1+x+x2+....;
b=1+y+y2+.....;'
rc=1+xy+x2y2+..

prove thatab =a+b and abc=a+b+c.

' 8. (a) Show that n-1 1 1 gy
Lim ) —T—n = .
1+( =) 2 ] 0 1+x2
n 2>or = 0 n

Deduce that:

n-1 1 '

n —5 —> 77 when n ~» .
n o+r
r=0 _
x3 ‘ %

(b) Prove that if x is positive the value of sin x lies between x - —3-' and x - TR
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a~x a2-1 a
el = X
a(l - ax) a 2a 3 a3
For what range of values of x does this series converge?

Show that lo " tan 3x B 8 2 1+§ tanzx +
g 3tan x 3 3 T

9, Prove that if a # O, then log,

and find the next term

in the expansion.

n

Prove that when = = ry < x < %‘. the series converges,
‘ro

10. Prove that if n > 1, f

, 0] 2
- -2 X
P e x2 dx= $(n- 1)] x0 e dx. Hence show that
0 ’ 0
b3

2

xeh+1 o dx = } n!

if n is a positive integer, j
0

FORT STREET BOYS' HIGH SCHOOL ' 1957,

3 ;
1. (i) Solve the equation 4x ~ 24x2 +23x + 18 = O, given that the roots are in A.P.

(ii) Show that the equation x2 + 3% - 7= 0 has a root between 1 and 2 , and find an approximation
for it correct to two decimal points.

2. Prove thata seriesz up is convergent if (a) its terms are alternating in sign, (b} Jupjcontinually
decreases as n increases, (c) up approaches O as n approaches infinity, Investigate the convergence of
the series: -

(H 3 + 5 + T 4 eves +2n +1

— +.-.
i veh  ved A3

() 2.x. + 3x2 + 4x3 4+ oiieen o+ nel. X oa...
12 22 32 n2

3. (a) Prove thatja-b-c 2a 2a '
2b  b-c-a 2b is a perfect cube.
2c 2c c-a-b

(b) Write ,ap + bq ar + bs

as the sum of four determinants and hence prove that it equals
cp + dq cr +ds :

a blklp 4
c d A

(c) Express in the modulus - amplitude form (1 + i)™

(d) IfP represents the complex number z, what facts about the position of P are expressed by
() Jz)= 5 (i) |z -i [ =2qi)fz+ 2] =3 (iv),2z -1,:3
™ jz-2- 3i]= 4 (vi) am(z) = 0.

4, (a) From 20 tickets marked with the first 20 numerals, one is drawn at random: find the chance
that it is a multiple of 3 or of 7. 309 ' '
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4, (b) 2m whlte counter and 2n red counters are arranged in a straight line on each side of a central
mark. Find how many of the arrangements are symmetrical with respect to this mark,

1 1 1
(c) Sum the series ~———————— + - S e S R
1 . 2 . 3 2 . 3 . 4 3 . 4 . 5

5. (i) Write down the expansion of log (1 + x) in ascending powers of x and find the range of conver-
gence. Prove the theorem you use in investigating the convergence for the case x = 1,

(ii) Obtain partial fractions for 1 and find the sum to infinity of the
nf n+)(n+2)( n+ 3)
series for which this expresslon is the n th term.
. X
6. Differentiate the following functions: (a) ae ~kx sinkx (b) sin':l log x (c) log e 9 2
- a -
(d) sin lrex e'x)
eX 4 eX *

dx
7. Find the indefinite integrals (a) Jcos X vsin x dx. b ] 5-3cos x (c) jlog x dx.

(d) xe2¥dx.

8. (a) Find the volume of the solid generated by the rotation about the x-axis of the part of the curve
y =sin x betweenx =0O and x = TV

(b) The circle x2 + y2 = 4 cuts the positive side of the x~axis at A and cuts the parabola 3y = X2
in the first quadrant at P. Find the coordinates of P. Then find, in surd form, the volume generated
when the area AOP revolves through TV radians about the x-axis

val YAl
L xsinxdx  _ (77 - x) sinx .
9. (i) Show that f — - g dx, and hence evaluate the integral on
1+ cosx 1+ cos®x
the left hand side. (o] (o]

(ii) Supposea+b =1, a>0, b> O, Iff(x)=bx logx -(a + bx) log(a + bx), show

and deduce the minimum value of f (%) is zero.

4 - 1 X
f(x) = b log e

2
10. (i) By making the substitution x =_1.i_iL2 , find (as a function of u) the indefinite integral
3-u

dx .
j 5 . and hence verify that the value of the definite integral taken between the
Xy 3x2 4 2x - 1

limits § and 1 is IT/G

. . n '
(ii) IfIn=]sinnxdx, prove that I, = - =2 nx COSX 4 “;1 In -2,

T 2
Hence, or otherwise, find f _ sin8x dx
0

EXTERNAL
MATHEMATICS I - HONOURS PAPER : 1981,

1. (i) Suppose that z; , 22, z3 are three complex numbers and that Zl' 22, 23' are the corresponding
points in the Argand diagram. If z;7, = 232 show that OZ_3 bisects the angle Z,0Z,.
(ii) Solve the quadratic equation 22 . 12 VvV 2z +i2 V'3 = 0 obtaining each root in the

form x + iy where x and y are real. 340
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(iii) Prove that
b1 +Cp Cl’ + al, a1 + b1 a1 bl ’cl
b =2
0 +02,' Co + a2, a2 + b2 a2 b2 c2
b3+c3,c3+ ag 2 +b3J z=13b3 Cq
2, (i) Ifp+q =1, prove that - n
@3 r Re FT -
T=1
< 2 I n-
® 3 1" onc_pa = mpa + PP
r=1

(ii) Six dice, each having faces marked 1, ... 6, are thrown together. What is the chance that the

dice show six different numbers?

-

9 | ,
3. If y = xX4 - x) find dy ) -d—-% and determine the values of x for which these vanish.
—g dx d

X

Taking 1 inch as unit on both axes sketch carefully the complete curve 3y2 = x3(4 - x) and mark the
turning péints and the points of inflexion.

4. (i) A line is drawn through the fixed point (2, b) in the first quadrant, to cut the positive parts of
the axes A, B. Find the minimum value of the length AB,

g2

. X
(ii) Sketchthe curve y=e *
ordinate axes is rotated about OY.

The area between this curve and the positive parts of the co-
Find the volume of the solid of revolution which.is formed,

4 [ e dx ' x* dx :

5. Find the indefinite integrals - (i) - tan x dx; (ii) | ————; (iii) ’

VIi+eX T f(x2+1)(2x - )

(iv) fox x dx
» n

6(i) Show that, as n tends to infinity through integer values, (1+ }—l) tends to a limit which lies between
between 2 and 3. :
w 2

s . . ' . : n 1
(ii) Determine whether the series gun converges or diverges in the cases - (a) up =(1+ F{ ) - 3n
(b) uy = 27m:
nn .

2
7. (i) Prove that lim ( 1 +o0. + 1 ) = [ - dx . Prove also that for all positive

n—>»0din + 1 2n 1 X
- wesofn 1.1 . L 1 1 11 1 1
integer values of n, 53 it T eI m - el t T Yt
P . 1 1 1
Deduce that the infinite series 1 - g*+g "F - converges.
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7. (ii) Write down the power series expansion for log (1 + x) and specify the values of x for which .the
expansion is valid.

Evaluate the limit lim 1-x+logx
' x>1 1-/8%x <42
1 1+x .. c )
8. Evaluate the definite integrals - ) = dx; (i) I x sin(c - x) dx;
0 w/l - X ' 0
1 9 i ¢ 1
(iii) f (log x)“ dx; (iv) dx . Puty= -
0 1 x*

x.fxz + 2x -1

y/x

9, (i) Assuming that y is a function of x which satisfies the relation xy = ce’ ~ where c is a constant

show that x (x - y) %}X( +y{x+y)=0

(ii) The curve y = f (x) is a parabola whose axis is parallel to OY, and y;, yo, yg» are ordinates
comresponding to Xr Xg» x3. Ifx - xl = Xgq = = h, show that

X
o1
| fxl ydx = /3h(y1+4y2+y3).

The calculation will be simplified by setting x1 =z-h, x =z, X =2+ h,
. -2

_ cos nx dx , ‘ _5
10. If u = fo e ar e show that, for any value of n, u,,, +up = 5 Un-

Calculate u, ‘91 directly and hence find Uy and ug.

HOMEBUSH BOYS' HIGH SCHOOL

: 1958,
MATHEMATICS I HONOURS

1. (i) Ifa= 3(-1 +iy3), finda -1in the form a + bi. Hence show that a2 - a™2 = ~i V3

(ii) Show that|(b + c) a a
b (c + a) b = 4abc
c c {(a+Db)
then solve the equations
(b+c)x+ay + az=1
bx +(c+a)y + bz=1
, cX + Cy + (a+b)yz=1
(iii) Solve the equation}z i 2 _
2i z 3f=22-iv 3 -2
z i 1
for z in the form z =2 + 1b1 and Zg = g + 1b2 .
' 2
2. (i) Find the sum to "n" terms of the series 1+ 2(1 - a)+ 31 -2a) +4(l - a)3 + eanne
(ii) Show that 6 7
1.2.3 + 2.3.4 + 3.4.5. + .uee
sesaneca n+4 + .J.. to infinity is equal to 1}

n+1)(n+2)
(iii) An urn contains 30 black marbles and 20 white marbles. What is the probabxhty of drawang (a)
o white marble then a black marble in succession (b) three black marbles in succession.
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EXAMINATION PAPERS

3. What are the limits of y = asx % +©, Xx-». = o, andX-—> orespectively.

1 + X X
€
Find %X and d%Y hence find any stationary values of the curve y = ;— . Draw this curve. On the
” !
dx2
same graph page draw y = -e™¥ . By using the above two graphs, on a separate graph page, sketch the
graph of y = e*  _. -x . Mark any maximum or minimum points clearly.
1+x ,

4, (1) Write the series for log (1 + x) where o¢ x <1 Hence by substituting y = i X " show that log

2
aexy=y + LB L
X : .
(ii) If m=1loga express a  interms of "m" and "x" where a > o. Hence prove a

2 2
g =1+ XI%C:L X(21:0ga) + xaglc;g'a)3 +oaeens

1.3 ¢ L3.
+§._Z X

-
(iii) = Test for convergence the series (a)z' : (b) ix

X dx 2
5. Integrate the following (i) j (ii) S X 7108 xdx (iif) 5 a2 - x2 ax.
+1)(x-2) " |
2x
e dx -X
(iv) S eX -1 (v) S xe " dx

6. A square of side "2a" with a semi-circle on one side is rotated about the opposite side. Show that the
volume of revolution generated is
| olution g Vz%'ﬂ (26+3ﬂ)a3.

dx 7
7. (1) —_— (ii) 9 (iii) log x dx
S'l x’2+2x+2 So 5+4cosx SJ
I , ' ‘ /2
(iv) SO 2" dx , (v) go eX sin x dx.
8. (i)Prove that Lim “Z 1 = Ty
n-» . an _ I2
=\ .

. , 3 "
(ii) Prove St f(x) dx = St f (t - x) dx.  Use this principle to evaluate St x2-(t - x) /2 dx.
0 0 o :

o
9. (i) Show that 1, 1 R L converges to log 2 asn -» ®
) n+1 n+2 * m+3 Hrocer * 2n
(if) Evaluate 1im x logx+ x -1
x 2| (x - Jlog x .
n-1 m _ .m _n . -
10. Prove sx (logx) ~ dx=y e~ Y-m fym 1 ey dy where x = Y. Hence
' n n

integrate 5 x2 (log x)3 dx.
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FORT ST. BOYS' HIGH SCHOOL
' 1958.
MATHEMATICS I, HONOURS PAPER

1. (a) Prove that if x, y, z are not all zero, then the result obtained by ehrmnanng X, y, 2 from the

equations
: X =cy +bz
y = az + ¢cX
9 2 o z = bx + ay X2 y2 72
isa®“+b +c“+ 2abe =1, and hence that 0 = =

1-a 1- b2 1~ c2

3 .
(b) Divide x -2 -2ibyx +1- i and hence prove that the 3 cube roots of 2 + 2i are

i-land%{ 1-it (/3 +i./?)}
(c) Prove thaty1 1 1
Xy (x+y+2)(x-yNy-2(z-%)
lx y323‘
2. (i) Two persons A and B throw a die with the understanding that the one who first throws an ace is
to receive a prize of £1. Prove that A's expectation of winning to B's is as |- lf A'throws first ,

(i) If "a’ is small, show that the equation cos x = ax has 2 roots in the range 0< x <277 , and that a

closer approximation to the root near /g, is ﬁ/g (1 - a). Find to the'same order of 'a‘, an approxi-
mation to the second root

2111) Two similar triangles have corresponding vertices in the order given, ( 0‘1 042 o) and
( 3 ) Land 1n the came sense) in the Argand Diagram.

Prove that l 1 1
o] #3 | = 0
A ﬂz A3
log x ) dy d? , o d
3, Ify= find and —% . Find the limits as x —» o of y, =L | Drawa
X dx dx . dx

raph of the function y = log x and mark on it the maximum and the point of inflectior‘ir.ﬂ If the part
grap y X p p

of this curve for x> 1 be rotated about the x-axis, show that the volume of the solid of revolution which

oo ‘ 2 .
is generated is'!\' : ‘—lﬂ) dx. Evaluate this result by writing x = e" or otherwise.

4. Find the mdeﬁmte integrals (i) I dx . (i) Itan‘:’ & do
Vit x
(3% + 1) dx
(iii)J 2 oxe5 (iv) sz . 3 dx

5.(i) Write down the series for loge(1 + x) and log,, (1 - x) and state carefully for what values of x, each
series is valid. ] 1 1 1
Prove that -(1-—3)-i(l+ ) + —(1-2-5) -....=‘-8
(ii) Find the range of values of x for which the series 0 n
(n+1¥2n+1)) -’-‘ﬁ— is convergent. Find
n=1
also the sum to infinity of this series when x lies within this range.

3 -3
6. F d the definite int 1 ; ii - - } :
ind the definite integrals (3 I 500 (ii) jl {(x I3 - x) dx.
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EXAMI NATION PAPERS

(111)j' (1v)f x sin 1x dx
x (l+ x)

X
: du
7. (i) Considering the definition of log x =] == (x> 0) prove that

L1 1 o1t 1 K=
1+z+§+--- * o >10gn>z+§+.... + one Hence show that if n

s 2 L ¥ ¥n > Explain how thi
b+z+g+..0 + = ~-logn then 1 > 0n+1 > n 0 . Explain how this
inequality implies the convergence of the series x n as n—>» .

(") The acceleration through water of a ship is k times the square of the speed of the ship. Write
down an equation connecting the speed (v) with the distance (x) run after the engines are stopped.
If the speed was u when the engines were stopped, and is v when x=a, find k. What is the sign of k?

8. (i) A sphere is cut by 2 paraliel planes distance h feet apart in circles of radii a and b, Prove that

the volume of the sphere included between the planes is 1\’ h {h 3 (a .\ bz)}
dx 0 dx
(ii)If x = csin(4t -%)and 4 1zt 9 PR 100x = 36 sin4t (0<ac<—)

find the values of the constants ¢ and o .

9. By imtegration by parts, if I = J; " ¥ dx prove that 2l =e-(n-1) I, 0. Hence evaluate

1 2
j’ x5 et dx .
0

10. By considering the graph of x = tan 8 , and ‘defining the inverse functiony =tan x  for values

between -T/2 and /2, draw a rough graph of the inverse function,  Find its derivative. -Show that
the functions

(i) tan”} {% (eX - e'X)} (ii) 2 tan "1 (e¥) - L97 (iii) 2 tan -1{eX/2 - e "‘/2}
X2, o x/2
all have the same derivative and deduce that they are equal for all values of x.

EXTERNAL MATHEMATICS 1 HONOURS 1958 LEAVING.

1. P is the point on the Argand diagram for which OP = a. Angle XOP =0f. A circle is drawn on OP
as diameter, and on it Q and R are the points such that angle POQ = angle QOR = 8 . The points
P, Q, R, represent the complex numbersz , z , z,. Express each of the numbers z, in the form
gy 1 2 3 i
z = i{cos ok + isined),
Prove that zlzscosze = 252 cos28 |,

2. Prove that the determinant a b ¢ 3
/\ =]c a b] vanishes when a+ wb+ wlc = 0. Wherew™ =1.
b ¢ a
Thence express A as a product of three linear functions of a, b, c.
is a product of two of these factors.
a b w
c a w?
Given A # 0, solve the equations ax+by+ cz =1
cx+ay+bz=w
bx+cy+az=w
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Prove also that lb c 1
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EXAMINATION PAPERS

3. (i) Ifa, barerealanda =c +d, b =c - d,prove that ¢q is less than zero is a necessary and sufficient

condition for |a{ < Ib] . 02 . ‘ ,
(ii) a, b, ¢, d are real numbers, Prove that.. (a) a~ + bt 2 2a°b™ (b) atibdic +d4 Z  4abcd

(Drfadsbtectsd® <4, thena Teb o™ d? 24,

4 4 4 4 -4 -4 -4 -4
(dhifa +b +c + d > 4 what statement can be made abouta  +b +c¢ +d ?
4, (i) What is the number, Q (n, v), of different sets of r pairs that can be formed from n different
objects?

(ii) Either using this answer, -or independently, prove that, forr 2 1,

$, = Bo-1L,+(m-1 § (n-2,r-1) taking F(n, 0) =1).
(iif) using this formula, or otherwise, complete the following table of values of § {n, 1):-

r 0 1 2 3
n=2 1 1 0 0
3 1 3
4 1
5 1
6 1
7 1

5. Write down the series for loge (1 + x) and state its range of convergence, Find a,b,c,d such that

(1+ax+ bx2) log, (1+ %) =x+ cx® + dxd + .... Show that the coefficient of x

(-)" (n-2Xn-3) .
én{n2 - 1)

error less than 2 x 10 -4 .

n+l . .
in the series on

. Sy 3 5
the right hand side is Using these results show that log, (z) = —;—7 with an

8. UpsUgseenans, Up, o.. 5.2 sequence of positive numbers (i) State precisely what is meant by the

statements: (a) up —» Oasn -2
(b) = uconverges, with sum 1.
(ii) Prove that if up, —~3 0O asn —» 00 then n( y+ugt....up) =» O0asn—>

-+

(iii) Show that if u, —> 0asn—> ® and uy; > up,; foralln, then the series u) -%(u1+u2)

1
) (u1+ uy + us) - .ee... is convergent

7. Prove that the curves 6y = x3 + 8x2 -9x - 27, and 3y = x3 - 3x2 + 9x - 27, have one common
peint, that they have a common tangent at the point, and that they cross one another there,

Sketch the parts of the curves within the rectangle bounded by x = 3.5, x = -3.5, y= - 10, and y =1,
Find the equation of the common tangent and the coordinates of all the points in which it meets each
curve.

. . . Sl 9 i ) S tal .
8. Evaluate the definite integrals i) J-1 (1-x“) cos 5 dx (ii) o CosxX - sinx
1 + sinxcosx

2
(iii) SO°° xe ~Ix" dx

9. (i) Find the area enclosed by the x-axis, the ordinates x=2 x=3 and the arc of the curve

3
Y& -D(4 -9
(ii) Find the volume of the solid of revolution obtained by rotating this area bout the x - axis,
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EXAMINATION PAPERS
10. (i) .

- (X m 2m . -1.2m-1
U, ‘S 1-(h v dv showthatU —-Up_j=(-) M ! Deduce a power
1+ t2 2m -1

-1
series for tan "X (valid for -1< x < 1)
{(ii) Find the indefinite integral, for a> 0, S Ja+ X dx ; use thisresult to find S b+u d&

va - x c -4
stating any assumptions you have madeabout b and c.

HOMEBUSH BOYS' HIGH

TRIAL LEAVING CERTIFICATE ' AUGUST 1959
MATHEMATICS I HONOURS

1. (a) Solve for x and y : 1 i 0
x y 2 =4+ 3i
y -=x 1
(b) Factorise: X-a o 1 1
(x - a) X x2

x2 - a2 X+a (x+.a.)2

(c) Two complex numbers z = (x + iy) and w =(u + iv) are connected by the relation
2 +z
w = g - 5 Prove that when x = 0, the locus of w is a circle and find its radius.

2. Differentiate : i. y = %2 cos 3x.

y o 1
11. y sin Lj(—'l__:‘z)—]

(b) Prove that when y = oax sin bx, izg -oa Ay, (a2 + b2)y = 0., Show thatif
dx

dx
' @ 2ac 2 .
eaX sin bx = Z € X0 then “n+2 - n+l + (a” + bz) c, =0, and find the values of
n=1 n.
Cys Co» and c3.
. 1 1 1
3. Show that when - 1< x<'1, 1§ log lt i = X+3 x3 + 5 x5 + ... and deduce that wt;en
. -1 1 ‘u-1\3 5
u>1l log u = E+l+ 3 (]‘11+1) + 1 fu-1 + e Hence prove that
S u+1
1
logz Vil =0.100335 approximately
t t
4, (a)Prove that (1) = Gl -1 * 5~ is an even function of t, and show that
2
t @ n
o) =f#(t o - g
B =80 * gy (b show that (¢ - % = S (———n—)—i——

n=2

'3+J§_+\/7—+-..

5. {a) Determine whether the series X ' converges or diverges.
2 22 g2
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EXAMINATION PAPERS 3 .
X

5, (b) Investigate the convergence of the series S x X
’ X+ 3 + 5 t 7 1 eee

(i) the range of convergence and (ii) the range of absolute convergence,

and state

7 10 13 toue and find

(c) Find partdal fractions for the 'n'th term of the series

- + -
the sum of an infinite number of terms. L2 2.3 3.4 45
6. (a) Evaluate the following integrals:
® & b g _xdx
(i) f x2 e Ndx. (i) f S S 131 f sin*x cosx dx  (iv) f (x+1)(x%+4)
o 0 Vo 3Xz il 0
(b) Evaluate the limit: Lim ( X _ 1
x —=>1 {x-1 log x

7. Explain how an approximation to a definite integral may be obtained by the formation of a suitable
finite sum. 1/n

1 dx i n-1
By considering f T, 2 show that kli])oo ST —— T iw
0 r=0 1+ (r/n)

, — X
8. (a) Find the indefinite integrals: i, f sin xv/ 1+ cosx dx ii. [ 2 x dx
(1 +x%) 2

Hence, or otherwise calculate f % _d&Zﬁ_
| 0 (1+x)¥2
7 7w

a a ‘
9, (a) Prove that f f(x) dx :[ f(a - x) dx. Hence prove thatf X sin% dx = Z;—] sin x dx,
0 0 0 0

dx ,
(b) If up =f;n ~ ol wheren» 3 , show that (2n - 2) u, = (2n - 3) Upy

and evaluate the integral.
in
(b) Evaluate f x2 cos x dx.
0 .
The portion of the curve y = sin x from x = 0 to x = }7 revolves around the axis of y. Prove that the
volume described by the area between the curve, the y - axis and the liney =1is 77 (112 - 8)

10. Prove that the cufve y = 7 X goeeres (i) has a maximum at(l, $) and a minimum at (-1, -§).
+ X
2 . . ..
The curve y = axS+bx+ cx+d ciunrnns (ii) hasits maximum and minimum values at the same
points as those of curve (i). Find a, b, c, and d. . '
Show that (i) has a point of inflection at the origin, and find the difference between the gradient of (i)
at this point of inflection and the gradient of (ii) at its point of inflection.

Give a sketch of curve (ii).

FORT STREET BOYS' HIGH SCHOOL

1959
MATHEMATICS I. HONOURS
3 2
. (a) Ifl+iisarootofx -x +2=0, find the other two roots in the form A + iB.
(b) A point z moves so as to satisfy the equations
W |z -1 .. z -1 7w .. .
(i) ZTI_‘ =4 (i) amp( ——3) = 5 Find the locus of z in each case on the

Argand diagram,
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EXAMINATION PAPERS

2. (a) If the equations ax + by =1 and cx2 + dy2 =1 have only one solution prove that

b

2 2
i a b = 1 il = .a_ = —
(1) —'E + —E (l.l.) X C ’ Y d
(b) If X, A, ¥ are the roots of the equation X~ + pz»c2 +qx+1r=0

1 & ¥ in terms of p, q, I.

,g‘g 1 Ay
¥ A¥ 1

3. (a) Differentiate xxx .

express

(0) If y = m cos (log x) + n sin (log x) prove that xz f_x +x & L y = 0.
dx® dx

10 ~
(0) If £ (%) :f ox3 4y, evaluate '(2).
p

4, {(a) Factorise 1 1 1
bc ca ab
l b2c2 2,2 a2b2 1.3 13.5
(b) Find whether the series 1- 3 +2'. T sagt is convergent or divergent.
: 2 3 2 3
5. (a) Ify =1—}; - —X— + % -v... showthatx=y +-%'- +-g— + ...y being numerically less
than unity.
(b) (i) Using wr ,an imaginary cube root of unity express a2 + b3+ c3 - 3abc  asthe
product of three factors,
2 5 '
X_3 + )ie__ + eese, b=x+.}.{j + xT T ves andc=}-(--+x—-+x—8- 4+ eass
4! 1 2. 5. 8!

ifyIf a=1
( TET o
3 3 3
evaluatea + b + ¢ - 3abc
2
-x2 . 9y, d
6. For the curvey=ex(X+X3) find gx &XZ
Find the maximum value of y for x > 0 and find the co-ordinates of the point of inflexion on the curve
Sketch the curve for x > 0 and find the area between this part of the curve and the x -axis.

© dx ‘)/’1
—— K« sin ( log x) dx.
b2 e 0

3
-x2
7. Evaluate (a) f sinx e L (b)[
-3 0 a2eX +

(i) Explain briefly why a function f (x) is continuous at x = a iflimf(a -¥) =1{(a)
¥—>0

=limf(a+Y¥),
¥—> 0
(ii) The function f (x) is defined as follows: f(x) = -x2 whenx< 0
f(x) = 5x-4 when0< x%1
f(x) = 4x2 - 3x when 1< x < 2.

8. (a)

Show that f (x) is not continuous at x = 0 but is continuous at x = 1.
n
(b) 1f fp) =f xm-1 (1-x P dx prove (m+np)f (p) = npf (p-1).
0

9. (a) Any two particles of masses m ,m, at 2 distance r apart experience equal forces of attraction

of magnitude
& 3_"_21@ where ¥ isa constant.

2
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9. (a) contd. EXAMINATION PAPERS

A particle of mass M is situated at a distance b from one end of a homogeneous rod of mass m and
length L in the same line as the rod and outside it. '
Find the force of attraction on the particle due to the rod.

: ©
(b) If Um=f x" e " dx where m and a are both positive prove U, = % U .

0 m-1
[vs)
Hence if m is a positive integer evaluate f x Me ~3X gy,
0
1
10. (a) Prove ] X < log (.1+x)<x and hence show that_sﬂ.. - _}1_ log 2< lo U*"W"q log2
+X :

0 1+x

(b) By using the two transformations x = tan ﬂ and x = tan (-; - ¥) and equating the results

log (1
obtained provef —O-EL(:—XJ:Z}— dx = T log 2.

8

EXTERNAL LEAVING CERTIFICATE

1959
MATHEMATICS I HONOURS

1. Find formulae for (i) the sum and (ii) the sum of the squares of the numbers1 to n.

n-1 n-1
If s(n,a) = z (a +71), sz(n,a) = > : (a+ 1%  prove that
r=20 r=0

ns, (n,a) - isl(n,a)}»2 = 1/3sl(n—1,1) sl(n,l).

2. Prove that a single solution for x, y, z of the three equations
ax + 2y - 6z = 1
-2X +ay + 3z =
6x-3y+az=n
can be found, whatever the values of 1, m, n, provided a does not take any one of three particular
values (possibly complex).
Prove also that if a takes one of these values, then the equations can be solved if
(a%49) 1 - 2(a-%m + &a+Dn = 0,
Giventhat1 =0, m=3, n = (a-9)/ta+1), and that in addition to the relations above x, y, z satisfy
X -2y -~ 6z = 0, solve the equations for each of these values of a.

3. Find (as surds) the values of x at which occur the stationary points and inflexions of the curve A

y =E(ZX—'1-11 . Sketch the curve for the range -5€ x <5, marking in approximately the
X"+
positions of the stationary points and inflexions,
4, Find the indefinite integrals - (i) __—d_u__ ; (ii) /rmlog rdr, m # -l
vu - 1
1 - 2
f i (iv) / X dx
(11D V(5 -4x - 4x2) 1+ x2 + x4
1 5, |
- 8t (i) Find the definite integralf e’ “sinrrt  dt,

0

(i) Find the indefinite integral sec36 do, and verify that the value of the definite integral
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EXAMINATION PAPERS
5. (ii) contd. f%ﬂ

sec30 de is%{,/2_+log({_2_ + l)f.
0

6. Given that x and a are positive and that xr(1 *'.;) = ar where 5 is small, snow that

X=a {‘I-AJ + (A +%R2.)£2 -....} where A =log,a. Find the term in53
in the expansion above
Find the solution of the equation x
2. 7828 of e.

10.1 . 10 45 accurately as you can, given the approximate value

gy

7. Define the derived function gx ©f a function y 0f x.
If x and y are given as functions of a parameter t, prove from your definition that, if

X #0, %}% = _%_ , where )7 = dy/dt, x = dx/dt. Find the equations of the tangent and the normal

to the curve x = x(f), y = y(t) at the point of parameter t_.
. ‘ 0" 2 -1 -
The tangent and normal at the point t_ to the curve x = ct®, y = ct " meet the x axis inP and Q.
Find an expression in t, for the length of P&, and prove that this length is shortest when the normal to
the curve at t, passes through the origin.

8. For each of the following series state whether it converges or diverges; prove your statements care-

fully. 1 11 3 11 1 1 1
(D) 1+§— +g g e (ii) 1--2—+—3»T+5—-€+, ..

iy @ +1y - ALy o oAy -L L.
2 3 4 5 6

(two terms in each bracket; alternate + and - signs between the brackets).

: 1 1 1 1 1 I 1 1 1
(iv) 1-(§+§) + ('4"+5‘+'6‘) -(',7+§‘+—9+T0)+...

(successivly 1, 2, 3, 4, . . . terms in the brackets; alternate signs between the brackets).

9. A functiony = f(x) , for which f(a) < 0 and f(b)> 0, satisfies the following conditions in the
range a< x £ b ; whenever xy > x; then f(xz) > f(xl) and f° (xz) > f' (x)- Sketch a graph which
represents such a function.
Prove that under these conditions: if f(p) > 0 and @ =p -f(p)/f(p). then 0 < (P < {p).
Show that the function x3 - 18x + 11 satisfies the conditions in the range 3< x<4, and find a
better approximation than 3.9 to the largest root of the equation 3 ~ 18x + 11 = 0,

de . .
10, (i) Transform the indefinite integral O RKcos o) where 0 < k << 1, into an

integral with respect to u by means of the substitution tam 16 = j%) tan u.

1 ,

(ii) Find the area of the region bounded by the curve y = — —
5+ 4cos X

X = 7 , and the x-axis.

the ordinates x = 0 and

(iii) Find the volume of the solid of revolution formed by rotating this region abour the x-axis.

s—
-

HOMEBUSH BOYS " HIGH SCHOOL
TRIAL LEAVING EXAMINATION 1960
MATHEMATICS I HONOURS

. ()z=il-iv3)y(/3+ 1), Expresszinthe form a + ib and i(cos 0 + i sin 8). Hence find

22+ 2 %in a + ib form. )
Write down the two square roots of z in the r{cos 8 + i sin Q)form and iltustrate them on an Argand Diag.

‘ 3214



'EXAMINATION PAPERS

1. (ii) Solve X i 2 1=8+2ifor x in the form x = a + ib.
: 1-1i 2i 3
ix 1-1 i+l
(iii) Show that the equations (l+w)2x + Wy +wz=0

X + (w+w2)2y + 5 =0
WEX + WOy + (W +1)27 = 0
have non-zero roots for x, y and z. (w is a cube root of unity).

' . 1 1 1 1 C 4
2. (i) Show that rQ—Q.—3+?:-4_4Ts+ ...... '....—loge (_e_)
- t o 13 14 a2 a3 a4
(iDIfa=x-5x% + ox° - x* +... showthatx=a+E+§T+_T+”.’|‘ 1< X €N

(iii) f m and n are the roots of x2 + px + q = 0 show that loge(l-px + qxz) =(m+n)x -
2 2 1 3 4 4 4
lm+nz)x+ m” +n3)x3 - L (mSn)x" + ... -
i A 33 - § (m*n% s < <2 < Yo

3. Write the nth term of each of the following series, then test each for convergence. ad =Y L_x <Y

venns (b 1+2x + 3}(2 + 4x3 4
3 2.32 22,33 93,34
1 1 1 i 1 1 1 1 1
Q (I+ =) =(=-+ =Y+ (=-+ -~(-+=)+(=+ =) + ....
() ( ,2) (3 4) (5 ) (,7 8) (9 10)
Two terms in each bracket with alternate + and - signs between brackets.

(d) (X--l)+(x_1)2 (x_1)3 +(X-1)4+

v T /B Ji

4. (i) Test for maximum and minimum values the function y2 = x2 (4 * x) . Hence draw the curve
of the function , 4-x

(ii) The above curve is rotated about the x-axis from x = -4 to x = 0.  Show that the volume of
revolution formed is 12811‘( log 2= % )

@ L ovlelelaled
2 6 12 20 30 42

5. Find each of the following indefinite integrals:

(i) f xnlog xdx; (i) f “'-jf“}'('—:; ; (i) [sin 2x cos 3x dx; (iv) j & : (V) ll-cos2x dx
x X 2% - x 1+cos 2x
w - .

i T .
6. (i) Show that[ f(x)dx‘=[ f(f - x)dx, Use this ta evaluate f et - M%) dx
0 0 %24 (K- x)2

0
PO .y '

dx ' (iii) Evaluate f e cos(x+M)dx-
0 4

: +1 T
(ii) Evaluate / X
-1 1 + X

n
(iv) Evaluate f02 (sec @ -tan 6 )d6  Putt =tan g

7. (i) A variable line passes through the fixed point (a,b) and meets the x~- and y-axes in P and Q
respectively. If O is the origin, find an expression for OP + OQ. Show that the minimum value of
OP +OQ isa + 2 vab + b.

(ii) Taking x = O. 5 radians as a first approximation, solve x + sin x = 1 correct to 2 decimal places.

8. (i) Show by graphical consideration that if f (x) steadily diminishes as x increases from zero to
infinity, the series f (1) + f(2) + f(3) + f (D + ... + f(X) + ... is convergent, and its sum is between
Iand I+ f (1), provided 100
‘ 1 =f1 f(x) dx is finite,
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8, (i) Cond. Show thatif a is large ~ __1 1 1 1

. 2 t
a2+l 212+22 T a2

a +32+...+3.2+x2+'---

ﬁ

is approximately 5

(ii) What is the probability of drawing two red marbles in succession out of a bag containing 3 red
and 2 white marbles. What are the odds against this happening?

. _e*re™® andq= eX-¢e7¥
9. () Hp= —2+-——-- 4 —5—— (a) Prove x=élogeg—% (b) If p = sec @ show that

tan 8 = q. (c) I p = sec 0 show that x = log, tan (4£+ g)

2 2 )
(ii) The ellipse 52_ + yz— = 1 has a variable chord PQ drawn parallel to the x-axis. O is the centre
. b = -

a -
of the ellipse. What is the maximum area of the triangle OPC.

‘E_ -1 - )
10. (i) If u = [2 9 cos9 de show that u =2 W pln-2 . Hence prove thatug = .2694 ...
n

0 .
(ii) A particle moves according to the law gf. = voe'ktcos nt. Prove that the space described
t
from time t = 0 until it first comes to rest is _kn
41 g
[ ne +kiy .

) o

n + k

FORT STREET BOYS®™ HIGH SCHOOL

1960
MATHEMATICS 1 HONOURS

1. The sides AB, BC, CD, DA of a deformable but plane quadrilateral are of fixed lengths a,b, c, d
respectively. Show that its area is greatest when the shape is such that A,B,C,D are concyclic.

2. Ifn straight lines are drawn in a plane so that no two of them are parallel and no three of them pass
through the same point, the number of regions into which the plane & divided is Genoted by f(n). What
are the values of f (1), f(2), f(3)? 9

Prove that f (n+l) - f(n) = n + 1 and deduce that f(n) = 4(n +n+ 2).

3. (i) Show that lim x logx = 0 (ii) Evaluate lim x
x>0 » x-? o log x

(iii) Evaluate lim na® for 'a’ poéitive and<| (iv) Evaluate lim i forb>1and a> 0
n-»m : n3wm .a

y ]
4, Find the stationary values and points of inﬂexion for the curve y =x? e # . (Use tables to give answefs
correct to 2 decimal places.) Sketch the curve.

5. (a) Show thatthe series 1 + 1 + 1 + ...+ 1 + is convergent if p > L

1p 2 P 3P np
‘ 2
n4 +5n -6
(b) Prove s‘ 6 is convergent
- n +11

(c) Find the range of values of x for which the following series is convergent:

leaxs 2312 | C .+ E_*_ﬁ_'_l x"+.  Prove, also, that the series is divergent when

X
x=1lamnd t%at it is non-convergent when x = -1,
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- b) Find:
6. (3) vae/ sinmx sinnx dx = 0 (m¢ ﬂ) ®) H i) fsec 6 db
A | :

(ii)f_.__g.__dx .
1+ x" +x

1 z
(111)‘[ (— —-1)dx
%2

7. 1nthe Argand Diagram ABC is a triangle with vertices at the points em‘f eiﬂ , el¥ where dvﬂ . ¥
are real numbers. d . )
e+ e I ) e - e -ide 1A
Assuming cosef = — 5 and sing¢ = —5r—, prove that e2{# +¥) iga unit vector

perpendicular to BC.
8. If nis a positive integer, show that |1 1 1

a b c

n+2 m+2 n+ 2
a b c

T
has the value (b - c)c - a)(a - b) S where S =Z a'b’c’ summed over all values r, s, t satisfying
r+s+t=n, -

k
—_— 2
9. (i) Ify-= {x+ v 1+ x2 }' , prove that %L 1+x“=ky and that —d—-% (1+X2)+X%X=k2)’.
X dx X
1

n -
n

3 T 1
(i) Ifu, = ] /o 8 cos 6 d6 , prove u T+ Un -2
0

l+u .
10, (i) If log (1 + u) where (1 + u)> 0 is defined asf xi , prove < log(l+u) < u,
1

+ U
Taking n to be positive and > 1, show that (1 + ln_)“‘ e < (1- %)-n
: 1
1- =
(ii) Write down the (1 + 1)'th term in the expansion of {1 +—1}1 )n= 1+ T'- + 2'H +u...ifn 1
1 .0 1 .o+l | ) '
and show that (1 + 5 Y& (1+ i )
»
EXTERNAL MATHEMATICS1I HONOURS 1960
1. (i) A sequence Uy Ugs Ug e is defined by the relations 0 =1
u, =95
u2Il =5u__, -6upg,for n=2,3,....

. . . . n
Prove carefully, usingthe method of induction or otherwise, that u, =3 - o

(ii) Prove that, for n a positive integer, '72n - 48n - 1is divisible by 2304.
2. Show that on the Argand diagram a general circle can be represented by [z -al=r;
What is the locus represented by arg(z - k) =o£?

State clearly which of the constants, a, k, r, o¢ are real and which complex, and what restrictions there
are on their ranges of values.
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2. (contd) The two circles
lz -al=r
lz -bl =s
are given. What geometrical relations have the circles (i) when fa - bl =1 + §?
(1i) when ja - bjf = \/(r2 . 2)

Find an inequality which is necessary and sufficient to ensure that the circle )z - al=r lies entirely
inside the circle|z - b =s.

3 .2
3. Sketch the curve x=acos't, y=asint betweent = 0 andt =477

Find (i) the area enclosed by the curve -and the two co-ordinate axes,
(ii) the volume of the solid generated by rotating this area about the x-axis.

_ d dx
4. Find the indefinite integrals (i) f cos 1x dx, (ii) / m) (iiiZ/.x( 44 gxz)
3

5. Find the values of the definite integrals 3

vy e 1 "
(i)/(; tan'x dx, (i fl x log X dx,’ (iii}[o S 3=,

VT =39 -g 3+ 2x

6. Write out the first three terms and the general term of the series for log(1 - x), stating the range
of convergence. Deduce that for two positive numbers p, q

3 .
- 1 -
log p - log q = 2{(H)+?(-g+_al-) +}

3
Ifp>aq, and logp -logq = ZH + & , prove that J\C (5P§pq(;)+q) -

. S P .
By taking p = % + 47 F7 , or otherwise, find log, 71 to six decimal places, given that

log, 2 = 0.693 147 2, log.3 =1.098 612 3, log. 5 = ..609 437 9, log, 7=1.945 910 1,

7. Find the stationary point and inflexion of the curve x + a 2 and sketch the curve ’
=25
(assuming a >0) over a sufficient range to make its shape clear.
Find the equations of the tangent and normal at the point of abscissa x, .
Prove that two normals pass through the origin, namely those at the points whose abscissae are the

roots of 2 _ 38 atx+ a) = 0.

8. ABCD is a square of side a. Points H, K, L, M are taken on the sides AB, BC, CD, DA
respectively such that AH =BK = CL =DM - x, [BAK = 9.

AK meets HD and BL respectively inP and Q, and CM meets LB and DH respectively inR and S.
Express the area, T, of the square PQRS '
(i) as a function of x, and (ii) as a function of 6 .

a i
Find _lf T dx, and éf T d8
a*0 7JO
9. Giventhat S = 1 a
' (-a)l-a) " (L-aD)(1-ad)*eene
4t 2

+

Fooat 2 9
/ a- ar+1) (- a”z) (- am+l)(1 . am+ ) prove that
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9, contd

1 1 1 :

Sm = - } Prove that, if 0<a < 1,
al-a) { 1-a 1-aM™2 :
. 1 .
Lim S, == *  Find the value of lim
m Sm when a 1.
m —>o00 (1 - a)2 m-mwo >
' o aMlym
. . 9 i i-
Discuss the convergence of the series }0_, - am+1) (- L ) s a being assumed posi

tive and not equal to 1,

10, If, forl1 € x = n, f(x) = Oandf"(x) < 0, show, by comparing the area under the
curve y = f (x) between x =1 and x = n with the area of a region consisting of a suitably chosen sequence
of wapezia, that

n n-1 '
f f(x)dx> E :f(r) + (D) + 3 (n).
1 r=2 '

Taking f (x) = log x, deduce that for na positive integer, n; < nfi+t, gD+l

LEAVING CERTIFICATE 1961
1. Find the indefinite integrals—— |
@) f = z;’( ld‘” 5 (ii) f z costr do;  (iii) f a _x;if/m
2. Calculate the deﬁmte ;x;tegrals—- 6 f, (z + 1)dz .
)] : vV —2 + 3z —a®

0 cos’x + 2 sin?z’

3. Write down the power series expansion for log (1 + #). For
what values of # does this series converge?

Express the sums of the series
1 1 1

a'—-lT)"*'m"f‘m'i'....,

y_ 4 42 43 |

=joo " 2700 t 3008 T : ¢

e L L o1 ‘
8  280¢ T 3808

as logarithms, to base e, of rational numbers.

Deduce that log,10 = 23a — 6b + 10c. )
Calculate the numerical value of log.10 to five decimal places.
4. A sequence i, u;, s, . . - is derived from its first term u, by
means of the relanon
Unyy— n = (L —k}A — un),n =0,12,.

where A # u,. Prove that : = kn,

(i) If the sequence contains tcrms less than A and also
terms greater than A show that k < 0;

(ii) If un approaches a limit as n —=> o show that
—1l <k< L

326



P

T, SO,

EXAMINATION PAPERS

Draw a sketch of this curve, on a scale and over a range,
which shows its essential features. On your sketch mark the
maximum and minimum points, the pomts of inflexion and

the asymptotes.
6.() Ify =0 whenz = 0 and if
a— & _ 2
dz i

find the value of « for which y = 1.
Taking e = 2718 calculate this value of z to three
significant figures. ‘
(ii) Find a definite integral which represents approximately the
sum

Z" /(2 — 19
Sn - n3
r=1

when n is a large positive integer. Deduce that "=«

7. Sketch the curve
‘ y = e %sing
for0 < z < 4.

Show that y has infinitely many maxima which lie on the
curve
1

e e-'z.
Y= V2

Show also that the successive areas enclosed between the
curve and the z-axis form a geometric progression, and that
the sum of the absolute values of all these areas on the
positive side of the y-axis is

}_ e + 1

2e — 1

" 8. (i) Find the limit
-p
lim n{l — (1-+'1) }.
B ) 0o n
(i) If un, v are positive terms and if Z—’-‘ approaches a finite

n

limit as n=» co, show that the series
U +u, +ug+ ...

converges, whenever the series

vy + v + v3 + ...
converges.

(iii) By taking |
1
T T (m o+ )P

and making use of the results in (i) and (ii), show that the
series

1 1 1

11+p+21+p+31+p+o..

converges when p is positive.

) ].im Sﬂ—_—

ok

3‘.

1822

" 5. Find the coordinates of the stationary points and the inflexions of the curve y = ms
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9. (i) The numbers z,, z,, zg are represented in the Argand diagram
by the points Z,, Z,, Z;. Explain carefully the geometric

meaning of
Zy — Zg
and arg (—————1 )
Zg — Z3g

21— 23

Zy — Z3
in terms of distances and angles in the diagram.

(ii) The points which correspond to zy, z,, 25 and w,, Wa, W3 in the
Argand diagram form two similar and similarly situated
triangles. Show that

zy wp 1
Zg W2 1
23 W3

= 0.

(iii) Show that the points which correspond to z,, z,, 23 form an
equilateral triangle if and only if

Z:% 4 z.2 + 22 = 2,24 + Z37, + 212,

10. Through the vertices A, B, C of a given triangle are drawn lines
B'C/, C'A’, A’B’ respectively to form an equilateral triangle
A’'B'C’ which circumscribes the triangle ABC. If
/ACB" = 6, /ABC' = ¢ show that

v 2 . .
B'C = Tj(b sin 6 4 ¢ sin ).
Prove that if the triangle A’B’C’ has maximum area then " !

bcos®—ccosgp=0.
Deduce that this maximum area is

I
2S + ——(a® + B + 2
2’\/3(a 2

where a, b, c are the sides and S is the area of the triangle ABC.

LEAVING CERTIFICATE EXAMINATION, 1962
1. (i) Show thata + & + cis one factor of

a—>b-—¢ 2a : 2a
2b b—c¢c—a 2b
2c 2¢c c—a—»>

and find the value of the determinant in its simplest form,

(ii) Show that the equations
2+ y+2z=2
2 — y + 3z = 2
5 —y + az = 6,
have a unique solution if a is not equal to 8. Find a// the
solutions if a = 8.

-2. (i) Show that if m and n are positive integers and m %= n, =
19
f cosmrcosnrdr = 0.
0

What is the value of this integral whenm = n?

(i) Differentiate sin®—! 6 cos 6 and express the result in terms of Sin © only.
Deduce that /2 — rr/
f sinode = L1
[+]

2 ~/2 .7 B ,
= = A sin"~20d6 . Evaluate f sin®od0 .
o
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3. Find the indefinite integrals

@ f ate~tdzr , (i I il et
| (“)fl +x+m2+w3d$, (lll)fg:x—_l_l dz .
4. (i)FSkdetch the graph of the function ¥, where k is a positive constant
ind the equation of the tangent to th : .
e curve y = ek? yhich passes through the origin.

Deduce that the equation .,
= ¥
has 0, 1 or 2 real roots according as k is greater than,

equal to or less than 1/e.

1 — =z

(1 — 932)%(1 — 553)5

(ii) Show that i -
atiffz ]| <1, e — = qr® + b2® + ...,

where @ and b are constants. Find the value of a.

5. (1) ?how that the greatest value taken by the function
+ 22 — e*is 0-386, to three decimal places. -

area of curved surface, . S,

(ii) Prove that the volume, V, the
of a right circular cone are

and the radius of the base, r,
connected by the equation

vz = r¥St — nr). Sigl'
Show that the maximum volume for a given area of curved surface S, 15 I3t

6. Sketch, referred to the same axes, the curves

_ a ' __a#
>
whereais a positive constant. The finite area between these
curves is rotated '
(i) about the z-axis,

(ii) about the y-axis.
Find, in each case, the volume generated.

7. () ffz == + i and

z — 1

w = Z ’

m u -+ iv where u and v are real
z | = 1,then | w—1] = 1.

of the locus of the point in
ing the complex number z

express w in the for
Hence show that if |

(i) Give a geometrical description
the Argand diagram represent
which satisfies the condition

\z+i| =|z+3+4i|.

(iii) Find the greatest value of arg z, when

|z—i| =1%.

(v) Z,, Z, are the points in the Argand diagram representing
the complex aumbers z;, Za, Where :

1
4+2.

22=21_

What is the locus of Z, as Z., describes the circle centre

4 and radius 37
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8. For the curve given by the parametric equations
= qg(0 — sin 0)
y = a(l — cos 9),
where @ is a positive constant, find the equation of the

tangent at the point 6 and show that the normal at this
point has the equation -

L ad sin 0
2 2°

P is the point ¢ and Q is the point  + A8 on the above
curve; R is the point of intersection of the normals at P
and Q Show that as A8 tends to 0 the limiting position
of R is the point

{a(® + sin 0), a(cos 6 — 1)}.

. 8
a;sm = + ¥y cos

9. (i) By considering a definite integral as the 11m1t ofa sum, show

that
. 1 1 1 1 dz
Jm Gt tm T s
and give the value of this limit correct to three decnmal
places.

(i) By means of a frechand sketch, show that if f(z) is a positive
function which is steadlly decreasmg as z increases, then

0 < Zf(r)— [ f@)ds < f(1).
r=1

Deduce that
0<1+%+...+;11—.1og(n+1)<1.

10. (i) Write down the first four terms and a general term of
the series for e”.
‘Show that

o0 oo

2”"‘1 3Z(n-——-1)' Zr%'

1
and deduce the sum of the mﬁmte series on the left.

(ii) State the comparison test for the convergence of a series of
positive terms. Discuss the convergence of the series
having general term—

1 .
(a)un=’;sm—1't—

Vn

(b) uy = i) for positive values of z .
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ANSWERS, SPECIMEN PAPER [poag 202)

pe v=t2cost -4tsint -6 cost; t=2n7s + v give minimumn=1, 2, 3, ....
o )
t =2n7% - 7Tgive maximumn=1,2, 3....
2
2, (i) - cosec x - sin X, 2 log (Vx + 1) (ii) loge _2__L - 9.94 5,(ii) (2 1 n-z-l
0 Y5 n? n{n-1)
(i) 3 factors are (a + bw + cwz)(a +b +c)a + bw" + cw) 1, (i) 2.004

5

8 Min(-1, -D, max (1, D, infl_ex(O, 0, (-v3, ¥/3)(J3, ¥3) equations of inflexional
tangents are 2x -y = 0, X + 4y = 3/3, x+4y-= - 3/?32' Areazz log 2.5

2. modulus = | cosec B’and argument = ;i‘ -8 if0<8< TV or -772 -0if-r<o<0

10, (1 2 _9
== _4.7T

ANSWERS ( HOMEBUSH _ 1956)(poag 303)

L (2) 5hrs. 50 min.  (b) _1 ft/second 2.8.03  3.(2) L 1 -
16060 =y 2A1-9? Aly)

5. (a) 1+0¢ =-17 B.(a) 1-14 (DO . (a) (i) a circle radius B

- T o 2 ""

centre A  (ii) perpendicular bisector of AB (iii) Walf line through A parallel to OB and n
. . the gsowme Sunck
(b) P =1 Q= 1 (+D .modp=1 am. P = 7T, modQ =1, am.Q=Zf
N} : 2 4

S. () () 1 eSx (cos 3x + sin 3x) (ii) 2 [3'/}( +2 =1 J(x + 2)3 ] w 20e¥2 (wp.ﬁ\
- 6 3 3 ¢

(iif) _l__tan-1(2 tanx) (i -1 \/1_ o (b) (i) 1287 (i) 167V
2 2 X X S

0. (b) (i) divergent, conditionally convergent. (i) 1,

1
r

ANSWERS - 1956 FORT ST. BOYS' HIGH (poag 3ok)

L () x = - (a+bec) + (a2 + b2 + c* - ab - ac - boyt (i) 1 - q® + 2pr + 21°

2. (a) (i) x3(3logx -+ C (i) 1 log (x-2 + 1 1 2x+1 +C

9 6 x2+ x + 1 NE Y V3
3. L4 (B(p+a +2pax+x2pa(p+q + 3 pa(p? + @+ x pa(@®+ 4y +.uus
2 Y
1 ab(a? - 3b)
24
~kt(a-b) |
4. (i)x=abl-e ) ; ko= 1 log b(2 - x) S 16.89"' (Note tan 0 =
A t(a -b) a(b -x) 3
a - be <X2°P) )

/%
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ANSWERS
1956 FORT ST. BOYS' HIGH Contd.

6.(ii)3x2+3y2-10x+3=0; x2+y2=l 8.-x-3x2-4x3-'7x4-...;
== —3 — PR —
2 3 4
~ 3 2 _ -at 2, _
o< x & -1+4/5 9. d% =e (a + b2) sin (bt + ¢ - 20) 5
™~ 5

2 &

- n/
dy=(-1"e 3t (224 b2) 2 sm(bt + ¢ -nd)
de?

ANSWERS 1956 (EXTERNAL) (Pose 300)

2.(1) (b) x= (d-b)(c-d) ., ¥= (é.-d)(d-c) , z=(b-dXd -a) (ii)locus is circle
(a-b)(c-a) : (a-b)(b-c) (b-c)(c - a)"

centre origin, radiusl. 3. Asx 50, y-#0, dy —» - ® ;asX > o, y*0, dy 0
: dx d

.1
4 Gp 1,1 .21 3 (wz-y2=1 6. (i) tan x +1 log (1+x2)
= 750 5 88 - & 3

2 o . -1 .

(ii) logx -1 log (1 + x ) (iif) / LG22t 1 sin (2x - 1) (iv) x tan x + log (cos X). -
b3 XX 2

1. () 27C (i) 4-7% (i) -1 (iv) 3/10g4

3J3 2y2

ANSWERS 1957 (HOMEBUSH) (page 207)

L. (a) convergent for0g x<2 . (b) series is convergent. 2. (b) () xtanx + log cos X
(i) 1 log 1+x°  (iii) sin b x-1) 3. ()z=1+iV3, distance = 2 units

(b) x6= 0 or -l(; -}: b+c 4 (2) 13?:_3__,( (b) 0.25 5. mx. (0.4, 0.2)

min(-2r; 41, -1.8), inflex. (1, 0), and inflex whenx = -2 + V3

6. (Je-2 (iDlqc (D2 (V) L+logl (¥ 1ca? g \nl<e ','%:ét.,,,.,kt
= P 3 i P =

ANSWERS 1957 (EXTERNAL) (page 3c)

1, (i) S1+i(VE-v2), 1-i(¥3+42) 2. (i) _5 8. max. and min. when
= 84

x = 3, inflex. when x = 1.27

(i) (a2/3+ b2/3)3/2 (i) 2 7%

4.
. 3
é. (1)x+1 tan X -tanx
e 2"1+ eX (ex -9) (i) 1 log(2x -D+11log (X + 1) +1 tan"x
-3 0 5 B
(ivy 2* tx -

log 2 log 2
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ANSWERS 1956 EXTERNAL Cont
£, (ii) (a) convergent (b) convergent. oL (ii) -1 S (D

: . v
(iii) 2 {iv) %T\- _j_g uo :4‘/3 , u1 :176 . u2 = /12’ ug :724

i+ 1 (i)c-sinc

ANSWERS 1957 (FORT ST. BOYS' HIGH SCHOOL)\Pa4e 20Q)

1. (1) 4%, 2, -¢ (i) L4 2, (i) Divergent (ii) convergent if )x’ < 1, divergent if

X =1, conditionélly convergent if x = - L 3. (a)(a+ b+ c)3 (c) z“/2 {cos 917’+ isin o)
: 4 4

()t 2+ y? =25 (i) x2+(y - D=4 i)+ DZ+y2 =9 (V) (x - bHZty2-2}

(v) (x~- 2)2 +{y - 3)2 =16 (vi) positive x axis. 4, (a)2 (b) (m+ n),
e m. n:
(ck, nn+3) 5, (i) 1 6. (a) kae (cos kx - sin kx) (b) 1
(c n+ € 1 6. -
4 (n+ )(n+ 2)‘3"3.:?”' i3 . N e
/1 - (log x)
(9 -a (d __2_ 4 (2 2(sin x)3/2 +C (b) 1tan™ (2 an¥/2)+C
xy a2 - %2 eX+e™® 3 2
(@x(logx-D+C (d) &% (ax-D+C 38, (a) 12_ cu. units (b) P is(V/3,1)
K 2
vol = 71 (40 - 213 ) cu. units 2. () 7_"_2_ Jdo. (ii) 3577
5 4 a56

ANSWERS (HOMEBUSH 1958) (‘pusg 312)

é.(i)a_1= 1(-1-iy3) (i) x=b+c-a , y=a+c-b, z=a+b-c
4dbhe 4ac 4ab

(i) (-1+3v6) +V,/§ ,(-1-%J€)-i/ﬁ &(i)l-(l-a);(|+cu\\
- a

(iii) (a) 1 (b) 29 3, o, 0,1 4, (iii) (2) convergent (b) convergent
49 140 o
-1&x<l 5 (1) > log (x - 2)2 + 1 tan~t x (i) 1 x3 (8logx - 1)
5 X2 +1 5 9
(i) a% [« +sin”! x (iv) e¥+loge*-1) (v e X(x+D.
2 _a_2— Va2 - x2 a

Lo 2wl @) @ gz miaee) 8 V2
- 4 3 3 — a5

9, (i) o 10, ‘_(logx)s-(logx)2+glogx—}_1
R N 3 9

X
3

ANSWERS - 1958 FORT ST. BOYS' HIGH SCHOOL UN&Q BIH,‘

. .-, 3 -3
2. (i) 37T (1 +a) .3, Maximum (e, 1); point of inflexion (e /2. 3e /2) ; as x-»0,
) = e 2
y=> -0  dy —»+00; as x>0, y=>0, dy—»0; vol 27
dx dx 362

' 4
4, () 21+ x [_3x2 -4x + 8] +C (i) 1 tan® - _1_tan29 - log(cos 8) + C
o 15 : 4 2




ANSWERS

ANSWERS - 1958 Fort St. Boys' High School. Contd.

-1 ‘
A1) 3 log (x2 + 2% + 5) - tan (x+1)+C ) 8 [x%?-2x + 2 +C
2 2 log 3

S, (ii) convergent if[x‘<1, divergent if x =1, non-convergent if x = -1; 2x(1 - x)- +

ax(1- %" - log(l - %). 8. () JT (i) 77 (i) 1-log2  (iv) il
V3

A (i) k=1 log—:- 8. (i) c:}(/'z' .pé_='f'74 9 $(e-2)
a

ANSWERS (EXTERNAL 1958)(eeage 315)

k-

zl=a(cosA+isinA) Zg = a COs X Lcos(A+x)+isin(A+xﬂ

Zg = a CO$§ 2X [f:os(A +2x) + isin(A + Zx)]

2. x= -1 , ¥ = -W , Z = -w2
- a + bw + cw2 a + bw + cw2 a +bw + cw2
3. (d) < atipti ety gt < 4 No conclusion about abed or 3 a2,
4 O, r ) = —2 (iii) 0 1 2 3
(n-21! 2% 21 1 0 o
3|1 3 0 o
411 6 3 0
511 10 15 0
6|1 15 45 15
71 1 21 105 105
5. a=1,b=16, c=1/2, d=__1 1. y = 6(x - 3) is common tangent, cuts one
= 180 =
curve at x = 3, - 9. cuts the second at x = +3, - 3. 8, (i) 32_ (i) 0 (ii) 1
2 W= _
9, (i) log4 (i) TT(1+41log?2) 10. ()tan x=x-1%X +1xLommmon
3 T 3 5

— . -1 L
(ii) asin'l_g + 22 y t(b+cysin (2u+b-¢) + Eb + u)(c - ui' * assumption
a

b+c
b+o>o.

ANSWERS (HOMEBUSH 1959) (page 31

Il
:

(a) x=1,y=2 (bya(a -x)a+xX1-x-2a) (c) circle has radius 1, centre (0, 0)

2. (a) 2x cos 3x - 3x2 sin 3:&., - 1 (b) C1 =b, Cg= 2ab, C3 = 3a2b - b3
- 2
1+x

JB. (a) convergent (b) range of convergence -1 x < 1 range of absolute conver-

gence -1 < x < 1() (,,)"'l + 2 ), 2-log2 6. (a) (i) 2 (i) -7T/3 (iii) 2
: n n+l - 9 B
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ANSWERS
ANSWERS Homebush 1959 Contd.

G. (iv) 1 log 2 + 11 M1 8 (a)'(i)-.%(l+ cos x)3/2 (i) x,2% - 2x

10 9 10 log2 (log 2)2

(» 16 () 1T (B) L~—2
3 O Ix

10, y=-1x +3/4xisthe curve,difference between gradients is 1.

ANSWERS - 1959 FORT ST, BOYS' HIGH SCHOOL (fage 319)

. . Sa.w circle K =y o Setond and
() 1-1, -140L(h) 3x2+ 3y2 - 10x+ 3=0; o 0 o8 X+ THord quadhards

A
2.(b) 1+ 2pr+ or? - q2 3. (a) X [xx 1, xx log x (1 + log x):l (b) - 256, using

result d [ f f(u) du = f(x). 4, (a) -abc(a-bYb-c)Xc -2a) (b) convergent,

by altemating signs test. S. (D)) (a+b+cXa+ wb+ w2c) (i) 1

8, Max (1, 2); inflexion (1. 58, 0.45) approx,using e* tables, Area=1 sq. unit,
T e , 1

J. (a) 0 (odd function) (b) 1 7r/2 - tan 1 (@) (@ 1]x { sin (log x) - cos (log xﬂ =-1
o ab ' b 2 o 2

L
3. (3) ¥mm . Him SF= ¥MIm and Sm- m, and thusF =} YmM _ dx
4é+ 1) e+ 02 dx - Uh+ %)
(b) m. ’

am+l

ANSWERS, (EXTERNAL 1959)pose 320)

2. The equations have solutions except whena = 0, + Ti, - 7,
Solution x=t1at -3——3 (a-N% 3= b1):(,’ wfoe €=
3 MM 1=|trsm*&w\a—vw2frf

4. () 2vu +2log(vVu-1) (i) ™1 1ogr- f_“_’i (iii)lsin-l 2x + 1
a T e 2 e

m,m\d w=0 of T 7L

(m+1)

(iv) 1 1log 1+x+x2
2 1-x+x2

fer

(i) ﬂ(ex + 1) (ii) 1 sec 6tan 8+ 1 log (sec 6 + tan 0)
+ A 2 2
Coefficient of § 3is ( A A+ 1 /\3) x = 2.69150,

Equation of the tangent is 2ct (y ct, ]) +cty 2 (x-ct ) =0

k= e

Equanonofthemnnalcht (x-ct )-ct (y - ct ]) 0 length of PQ =

-4

2
lcto +2ct,

2 364



ANSWERS
ANSWERS. (EXTERNAL 1959) Contd.

8, (i) divergemt (ii) conditionally convergent (iii) convergent  (iv) convergent.

, r-1
9 x=3.8%6 10, (D 1=f(1 “Reos ) — g ) Lgr GiD s

i
——

(Q-k) "2 3 21 ~

ANSWERS ( HOMEBUSH 1960)(gone m)

— -2 _
1 ()z=2+12V3 = 4(cos fCeisind0) z2+z = 1(-257T+1.255V3)
- £} 3 32

Jz =2 (cos rf+isin1f)or2(cds ff+isinyr) (i) x=8 (1-9)
3 r3 71' T a1 :

n-1 .
3.(aU = ] , convergent () Up=nx _,-6<x< 6 is range of
- n gn-1g0

n +n

convergence. () Up = ...,-"'" - +._L} = (- =l hm~f  Sem~
( ) an-1 aﬂ. (') un_‘)a“ . Convﬂjent

= - /R
(& Un (‘—/}i_;g , 0T x<2 4 (Yo% (-2°47, (k)] Min (-a-u’l;-l'm

5. (D) ™ 10g x - x (i) log x-1 + 1 + _1 (iii) 1 (cos x - 1 cos 5x)
- n+1 (n+1)2 X X 9x2 2 )

(iv) sin'1 (x-1) (v)tanx - X i (i) 0 (i)~ (iii) yﬁ(iv) log2. 1. (ii) x = 0.51

(i) 7: 3 9 (i) 1ab
2

floo

ANSWERS 1960 FORT ST, BOYS' HIGH SCHOOL (f'&ge 313)

fy=2, £(@=4, £@=T7 J() o (HO (V) @ 5. convergent if fxi>1

(b) (i) log tan (V4 + e/2 orlog(sec 8+ tan 8). (ii) 1log [+ X+ x> \+
g : 2 1+ X+ X

2
Min (0,6 Mox (21,°37) 4 1-x+X

Tagtexions (£154 "a?’\"\t'w’.m' 37}'5—' %‘“-l

:\ ) lb%bw%- "‘Mke'

w el

1-‘2x+tan”1 1+2x

[ST———

V3 V3
ANSWERS 1060 EXTERNAL (ong 334)

2. Locusisa half line through 'k’ with gradient % . /K isreal, ris
real and r > 0, k may be complex or feal and is unrestricted, 'a' may be complex or real
and is unrestricted. The two circles have radii r and s with centres 'a’ and'b’ respectively

(i) circles touch (ii) circles cut (orthogpnally) (iii) l a-b| +1 48

3, () Area- 22% sq.units (i) Volume = g 77ad
7B 35
4 (@ +xcork =fi-x@ (i) log(1+log M (idi) 1 log{ N }
4 + 9x2
5. () lp-2 (i) 1(2 ) i 37 (iv) 87F
= iy 2 S - le + v adiieg
2" 3 | 16 )
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L ' ANSWERS
8. log 7l = 4.2626782

T min. {-a, 0) inflexion( - 38a, a ) Eqns of tangent and normal are
= T Y |
222 (xo +a)x+ xo3y = ax, (xo +a)(x,+3a) and

2
x05x-2a xoz(xo+a) y=x06-2a3(x0+a)3
. 2,92 O, ‘s 2 _ . « 2 _
L (1) a®(a” - 2ax + x9) (ii) a™(1-2cos @sin® s 2 (1-1log?2),
a2 4 x2 :
a%(1-2)
K }I /

9. lim= 1 ; if O<a<l, seriesiscgtif XR& fp d%tf.& x>,
- ’ ’ N
' a(a.-l)2

* >
and if a > 1, series is cgt if x40 ,tl%t A% x=0
1961 EXTERNAL PAPER

1 (1) J4log (1—x) + 14 log (1+ x2?) — Y% tan~" x (ii) % x*+14 x sin 2x + Y cos 2x
(iii) 1 log 2 + 1+ x 2 () y2r (i) 5z
1+ x

V2 - 4 2
élog(1+x)=x-.x_2_+ ﬁ— x4+ ..., +(=1)0+1 gn + e s =1<x <1, a=log 'Y, =log */,, ,
2 3 4 n

c=log ®/y , loge 10 = 2.30258(5) 5 Min (0,0%; Max (2, ®4); Inflexions (3.73, 2.36) and (0.27, 0.64)

g, (iyx=e—1 =0.462 (ii) * f]x dx & (i) p p} (i) length 21 3+ measure of angle
e+1 length 2.7
ZZZ 21 273

1962 EXTERNAL PAPER

L @ @+b+ )3 (ii) Ifa=8, equations are not independent. Solution x =4 —5)A, y=32-—)
N —a 3 ] ?

7 =X for al} real values of . 2 () #/2 (i) 5n 3 @ —*@2+2x+x2y (ii) 3log (1 +x)-—__3flog (1+x3

32
+atank (i) — e+ log( X+ & ) Eanoftanisy=kex (i)a=1/5 § ()
- % . . .
73 (r- 2) (H) 7703 (21log 2 —1) L@ u —.X_z:u@z—_x . v —'ZLZ(H) right bisectorof join of points
representing — i and — 3 — 4i (ilii) 2#/3 (iv) 01rcle centre 2 and radius 1/3 & Eqn of tan is x cos

0/2 — ysin 6/2 =af cos §/2 — 2a sin 6/2 $ () .693 19. () 2e +1'(ii)gcges,(use sin 7 >
- RV

as n - oo ) (b) cges if 0 <x<1and if x > 1, but dges if x =1.
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