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General Instuctions

= Reading time - 5 minutes

o Working time - 2 hours

e Write using black or blue pen

« Board-approved calculators may be
used

o Atable of standard integrals is
provided at the back of this paper

¢ In Questions 11 — 16, show relevant
mathematical reasoning and/or
calculations

» Diagrams are not drawn to scale

o Start each question on a new page

Name :

Teacher :

Total marks - 100

Section 1 - 10 marks

» Attempt Questions 1-10

o Allow about 15 minutes for this
section

Section 2 - 90 marks

o Attempt Questions 11-16

o Allow about 2 hours and 45
minutes for this section




Section 1

L0 marks
Attempt Questions 1 - 10
Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1-10.

1 Thegraph ofy = g(x) is a reflection of the graph of ¥ = f(x) about the x axis.
Which of the following must be true ?

(A) g =[fx)l
B} gl =-f(x)
Qg =7(-x)

D) gl =7

2 The slope of the curve 2x® — y2 = 7 at the point wherey = —3 is

(A) 4
(B) -1
(C) -2
(D) -4



3

If z= —2i,then |z%| and Arg(z?) are respectively
(A) 4and 0
(B) ~4 and w
(C) 4and w

(DY —4and —m

If 1+ 2i is aroot of the polynomial equation 2x3 + bx2 +2x+20 =0,

where b is real, then the value of b is

(A) -3
B -2
(©) 0
(D) 2

The region bounded by the linesx = —1,y = 1,y = —1 and the curve x = y?
is rotated about the line x = —2 to form a solid of revolution.

Which is the correct expression for the volume of this solid ?
(W) m [l y*—4y*+3dy

(B) m [ y*+4y>+3dy

C} = f_:y‘* —4y* + 4 dy

0 7w [lyt+ay?+ady



The x axis is tangent to an ellipse at the point (1, 0) and the y axis is tangent to the
same ellipse at the point (0, —2).

Which one of the following could be the equation of this ellipse ?
—T132
W Errgear=1
2
B St y-22=1

© G+102+E2 oy

D) (x—1)2+ 2=y

Which one of the following relations does not have a graph that is a straight

line passing through the origin?

(A) z+z=0

(C) 3 Re(z) = Im(z)

(D)  Re(z)+ Im(z) = 1



The point W on the Argand diagram above represents a complex number

w where [w| = 1.5. The complex number w1 is best represented by the point

Im(z)

H
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> Re(2)



x
6

9 With a suitable substitution, f cos® (2x) dx can be expressed as

0
3
2 2
(A) %f 1—u? du

10

z
6 station

launching pad
500 m

An ascending space shuttle rises vertically from a launching pad. As it rises the

shuttle is tracked from a station at ground level 500 metres away. When the angle

of elevation of the shuttie is g radians from the horizontal, and is increasing at a

rate of 0.5 radians per second, the speed of the shuttle is closest to

(A) 144 metres per second
(B) 289 metres per second
{C) 333 metres per second

(D) 577 metres per second



Section 2

90 marks
Attempt Questions 11-16
Aliow about 2 hours and 45 minutes for this section

Start each question on a new page.

In Questions 11-16, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (15 marks)

a) letz=-14+i{V3 and w=+3+i

i) Find z+W ,insimplesta + ib form.
i) Find Arg(z).
i) Find |z].
iv) Find the smallest value of n, given thatn > 1,

such that Arg(z) = Arg(z™)

b) Find f S dix
22X —x

c) Find J- x sec” x dx

d) Consider the polynomial P(z) = z3 + 922 + 28z + 20 .

Giventhat P (—1) = 0, fully factorise P(z) over the complex field.

e} Without the use of calculus, sketch the curve 9y? = x(3 - x)2.



Question 12 (15 marks) Start a new page

a) Find the equation of the hyperbola with foci at the points (= 8, 0} and

vertices at the points (£ 5, 0)

b) Solve the equation x* — 5x% — 9x2 4+ 81x — 108 = 0

given that it has a triple root.

c) If @, B andy are the roots of the equation x3—5x+3 =0

1 1

1
find t ial ti i a .
ind the polynomial equation with roots 7t i1 nd i1

Nl

d) i) Giventhat [, =f X" sin x dx
0

n—1
showthat [, =n (—g) —nn—-11,_,

n
2 4

i} Hence, or otherwise, evaluate X sinxdx
0



Question 12 {continued)

e)

; —

In the Argand diagram above, intervals AB, OP and 0Q are equal in length.
OP is parallel to AB and angle POQ = 90°.
If A and B represent the complex numbers 3 +5i and 9 + 8i respectively,

find the complex number which is represented by Q.



Question 13 (15 marks) Start a new page

a) Solveforx, tan™'3x — tan~*2x = tan-t

(LR

5
b)  Use the substitution x = 10sin @ to evaluate f J100 - 57 dx
0

c) Find the volume of a solid whose base is a triangle with vertices (0,0),

(2,0) and (0,2) and whose cross sections perpendicular to the base

and parallel to the y axis are semi-circles.

x2 yZ
Show that the equation of the tangent to the hyperbola T E s 1
xsech tan @
at P(asec@,btand) isgivenby -2 o 1
xz yZ
if the tangent to Pl 1 atthe point P(asecd,btand)

. . PA ;2
cuts the x axis at 4 and the v axis at B, show that 5 =sin“6

10



Question 14 (15 marks) Start a new page

344
a) Consider the function f(x) = sz
i} Find the coordinates of any stationary points on y = f{x) 2

and determine their nature.

i) For what values of x is the curve y = f(x)is concave up? 2
iii) Sketch the curve y = f(x) showing any important features. 2
iv) On a separate diagram, and without the use of further calculus, 2

sketch the curve y = ?(x_)

b} A particle P is projected vertically upwards from the surface of the Earth

with initial velocity u. The acceleration due to gravity at any point on its path

k
is given by ——, where x is the distance of the particle from the centre
x2

of the Earth and k is a constant.

i} Explainwhy k = gR?, where R is the radius of the Earth and g is the 1

acceleration due to gravity at the Earth’s surface.

i} Neglecting air resistance, show that the velocity v of the particle is given by 3

2,2 201 _ 1
v =u°—2gR (R x)

iii) If the initial velocity of the particle is given by u = ./2gR , show that the 3
7Y2R

time taken to reach a height 3R above the Earth’s surface is given by Vo

11



Question 15 (15 marks) Start a new page

d
a)  Fortherelation x*+ y3 = 6xy , find -5% in terms of x and y

b)  Sketch the region on the Argand diagram defined by

(z—=3+D)@EZ—-3-1)<9

¢} The followingis a graph of y = 2

0.5 -

The area bounded by the curve y =

P ,the linex == 1 and the x axis
xe+1

is rotated about the y axis. Using the method of cylindrical shells, or otherwise,

find the volume of the solid of revolution formed.

12



Question 15 (continued)

d)

ABC s an acute angled triangle inscribed in a circle. Pis 3 point on the minor arc AB
such that PL is perpendicular to CA {produced) and PN is perpendicular to BC.
LN cuts AB at M.
Copy or trace the diagram into your Writing Bookiet.
i) Explain why PNCL is a cyclic guadrilateral.
ii) Showthat ZPBM = /PNM .

i} Show that PM is perpendicular to AB.

13



Question 16 (15 marks) Start a new page
a) If wisacompiex root of the equation x> = 1.
i) Show that the other complex root is w2 .
i} Showthat 1+w+w? =0,
iii) Find in its simplest form, the cubic equation whose roots are

3, 2w+ w? and 2w? +w .

b) i) Giventhatfork >0, 2k+3>2/(k+ 1D +2),

n

Use mathematical induction to show that Zi > 2 («/n +1 -1 )
r=1
for all positive integers n.
; _1
i} Usethe graph of y =% to show that
n n
R
— < 1+ — dx
& T . I
10000
i) Hence show that 198 < 2—1— < 199
r=1 r
End of paper

14



STANDARD INTEGRALS

Jx”a’x = ! x" e, x#20,ifn<0
n+1
1
—dx =lnx, x>0
X
ax 1 ax
e dx =%, az0
1.
cosaxdx = sinax, az0
1
J'smaxdx m—Ecosax, a#0

1
sec?ax dx :Ztanax, az0

1
secax tanaxdx = —secax, az0

a2

.1 X
dx = sin P a>0, —a<x<aqg

J 1

faz_xz

[—a—dx 21n(x+\/x2——a2), x>a>0

/xz_az

J =ln(x+\/x2+a2)
2+ a2

NOTE : Inx=log,x, x>0
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