Sydney Bopg’ Bigh School

MOORE PARK, SURRY HILLS

4 UNIT

Time allowed: 3 Hours (plus five minutes reading time)
Total Marks: 120

Examiner: C.Kourtesis
DIRECTIONS TO CANDIDATES

ALL questions may be attempted.

All necessary working should be shown in every que stion. Full marks may not be awarded for
careless or badly arranged work.

Standard integrals are provided. Approved calculators may be used.

Each question attempted is to be returned on a separate answer sheet. Each answer sheet must
show your name.

Additional answer sheets may be obtained from the supervisor upon request.

NOTE: This is a trial paper only and does not necessanly reflect the content or format of the
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Question 1. (15 marks) (Start a new answer sheet)
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(ii) Jf (1+Inx)’dx
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(b) Evaluate [ xsec’ xdx by using the substitution u =1 +Inx.
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Evaluate 73 ~ dx.
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Question 2. (15 marks) (Start a new answer sheet.)

(a) (i) Express z=2+ 2i in modulus-argument form.

(b)
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In the Argand diagram point 4 corresponds to the complex number 1+ V2. Ifthe origin,
A, and B are the vertices of an equilateral triangle what complex number corresponds to
the vertex B?

Find the locus of z if Re (z)=|z|.

ibY

if a, b, ¢, d are real, and ad > bc , show that un( )

.C

If P represents the complex number z, where z satisfies

|z-2|=2 andO<argz<§:

(ii) Find the value of  (a real number) if arg(z-2) = karg(z* -2z) .
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(i) Find the valuesof mandnif 1+i isarootof P(x)=0.
(ii) Find the zeros of P(x).
A monic cubic polynomial when divided by x> — 9 leaves a remainder of x + 8 and when

divided by x leaves a remainder of —4 . Express the polynomiai in the form
3 2
ax”+ bx" +cx +d.

N Ds; H PR - vy 1
() By letting ¢ =cos 8, show that the equation cos 49 =cos 30 can be expressed in
4 3 2
the form 8¢” —4¢” -8¢“+3¢c+1=0
. 2nw . )
(ii) Showthat 8 == where » is an integer, satisfies the equation cos 40 =cos30.

(i)  Using parts (i) and (ii) above, find the equation whose roots are

2n 4z 6 . . .
cos— , COS—, COS—, expressing your answer in polynomial form.
7 7 7
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Question 4. (15 marks) (Start a new answer sheet.)
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sketch the graphs of:
2+x

If f(x)=

(i) y=[f(x)] byfinding the turning points.
(i) y=vf(x)
(iv) y=In[f(x)]

(i)  On the same set of axes shade in the region satisfying both
2 2 2 8 A
x“+y <1 and x"<—y. > 3%
3 7 2
€

(i) The area in part (i) is rotated about the y axis through one complete revolution.

Using the cylindrical shell method find the volume of the solid generated.
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Question 5. (15 marks) (Start a new answer sheet.)
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An ellipse has equation — +=—=1.
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(i)  Find the equation of the tangent to the ellipse at a point P(3cos6,2sin8) on it,
where 0 is the auxiliary angle.
(i)  The ellipse meets the y axis at the points 4 and B. The tangents to the ellipse at 4

and B meet the tangent at P at the points C and D respectively.
Prove that AC.BD =9.

(i)  Ifeistherootof z° ~1=0 with the smallest positive argument, find the real
quadratic equation with roots @ + " and @° + @’.

il Giventhat z= X+ (Y and w = x +iy whexe z=w" for positive integers », prove
) po g P

« 22 <2 {2 2\
that X" +Y" =[x“+y') .
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and a resistance e where v is the velocity of the projectile at a given time . The initi

velocity is 10(20 ~ g) .

. s ) . . o ... odv v
() Show that the equation of motion of the projectiie is Z = -1—0 -g.

(i)  Prove that the time 7 for the particie to reach its greatest height is given by

T= IOln[ 20]

\N& /

(i)  Show that the maximum height / is given by

H =2000 - lOOg[l+ln(—O-ﬂ.
\& /]

(iv)  The particle falls to its original position under gravity and under the same law of

resistance.
(a) What is its terminal velocity?
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time taken to fall to the original position from the maximum height?
(Give reasons for your answer.)

(Hint: Conside
int; Lo

siae I
upward d downward motions of the particle.)
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Question 7. (15 marks) (Start a new answer sheet.)

(a) Assume that ten distinct points are drawn on a number plane, no three of which are

collinear. Find:

wAsaiiiawian
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no restrictions other than that e

ach line must include two points.
(i) How many diagonals a convex decagon would have if these ten points were the
vertices of the decagon?
(b) Ifthe roots of the polynomial equation x" - 1=0 are 1, &, ,,...,_, prove that

(1-a)l-a)1-a)..(-a,)=n.

( c) _ rx ¥ n-1 "
Show that if x > 0, then j ——dt < —, (give reasons).
0 141t n
(d)
T —

=
N

Points 4, D, Y, B, Z, Z' lie on the circumference of the circie with centre O. The line OXY
from the centre of the circle is perpendicular to the chord 4B and meets this chord at X
Given also that AC' = BC and ZZ | AB;

(i) Prove that C', X, ¥, D are concyclic.

(i1) Prove that CY 2 XD .
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Question 8. (15 marks) (Start a new answer sheet.)

(a)
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The diagram represents a hili A5 of uniform slope making an angle of & with the
horizontal ground. From a point B at the top of the hill the angle of depression of a point
T on the ground below is 30° and from a point D, three-quarters of the way down the

slope the angle of depressio n of the noint T is 15°

Vv iy Quagiv Vi e Vi AT pvasat £

_ 2
Show that the slope of the hill is given by: cotf =3 —§ .

(i) State the binomial theorem for (1 +x)" where # is a positive integer.
. Y 1 1
(i) Prove that hm(l+— ISR PR S S S
e\ p 20 3 4
FE3HAN QL. L. 1 1 A : 41 1 1 1 £
(iii)  Show by using mathematical induction or otherwise that =< > for integers n
n

(iv)  Deduce that lim{ 1+ N where2 <N<3.
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This is the end of the paper.
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