AMC 2025 Senior Solutions
by Ty WEBB

1.22=4-8B
2. 12 — 660 . C
3. (47— ()= (47 - (22 =) - (#°)*=0.. A
4. V/243V4=/2+6=v8=2V2 . A
5.a=3,a+20=34+20=7..b=2,20+3b4+4=6+6+4=16...1=1..C
6. St=1-¢g=3and 22 =4 p=2-pg=2x3=6..C

7. Each of A, B, D, E have parts decreasing whereas C is always increasing .". C

O
O

8.

0.25 _ 20+5 _4 5 _ 16425 _ 41 _ o1 _ .
+ 020 = 25= 57L 511~ 25 —a0 =25 —205. A

D
O‘l

9. AABD = NADE = ANAEC (SSS) and so
LABD + Z/ADB+ ZADE + LAED + ZAEC + LZACFE + L/BAC
=6LADE + 60° = 3 x 180° = 540° (angle sum of pentagon)

LADE = 3000 —80° - E
10. 107 is an increasing function and —1000 < =30 < 1955 < o0 = = < 1000

s0 1071000 < 10730 = 1000710 < 10w = *Y10 < 1016 = /1000 < 101°%0 = (—10)100 - B

11. 12345+ 23451 4 34512445123 + 51234 + 54321 + 43215 4 32154 4 21543 + 15432 = 333330
maximum digit is 3 .. B

12. 14+ 1 =2.025

171—1025
! 41
— 10
1 _ 40
l-0=a0
1_1_40
n 41
1
— 41
n=41. E

13. ZMXY + ZNY X = 180° (cointerior angles)
QXY 4+ ZQY X = 90° (complementary angles)
L /MXQ+ ZQYN = ZMXY + ZNYX + ZQXY + ZQY X = 180° + 90° = 270° . D

wr? 1 1 4 s . .
14. TAB e = TE1 — 125 — 5 50 ratiois4:5... D




15.
Method 1. Table

With z € {0,1,2},y € {0,1,2,3,4,5,6},2 € {0,1,2,3,4,5,6,7,8,9,10},
p = 500x + 200y + 50z, ¢ = 36z + 16y + 10z and ¢ < 100 consider the table

Tyl = p g |[T|Yy|=z| P g |T]|Yy|=z| P q
0]0|10] 500 | 100 || 1 |1]3| &0 | 8 || 1]0|1| 550 | 46
010 9] 450 | 90 |1[0]3] 650 | 66 || 0]5|1]1050 | 90
0|1 8]600 |96 |[0[4]3] 950 | 94| 0|41 80 | 74
0|0 81400 | 80 |03 3] 750 | 78 |0 |3|1| 650 | 38
0|1 7] 50 |8 |[0[2[3| 550 |62 |0[2 1] 450 | 42
010 7 ]350 | 7 |JO|1]3] 350 |46 ||0]1]|1| 250 | 26
110] 6|80 | 9 |[0]0]3| 150 | 30 (O[O | 1] 50 10
0126 |70 |92 |2]02]1100] 92 || 2| 1|0 |1200 | 88
0|16 | 500 |76 |[1[{2]2 1000| 8 |12 |0]0]1000 | 72
0]0] 6 ]300 |60 112|800 | 72| 1 4]|0] 1300/ 100
1105 |70 |8 || 1]0|2] 600 | 56 (|1 |3]0]1100| 84
03] 5|80 |9 ||[0]5|2]1100| 100 1 2|0 900 | 68
0125|650 |8 ||[0[4]2) 900 |8 ||1|1/0] 700 | 52
015 ] 45 |66 |[0]3[2] 700 | 68 |1 0|0 500 | 36
010 5] 250 | 50 ||[O]2[2] 500 | 52 | 0|6]|0]1200 | 96
11114190 92012300 |36 ||0]5]0]1000 | 80
1104|700 | 76 |0]0|2] 100 | 20 |0|4]0]| 800 | 64
0134|800 | 8 ||2|1]1]1250| 98 || 0|3 |0 600 | 48
0124|600 |72 2011050 82 ||0|2|0] 400 | 32
0|14 ]400 | 56 ||1|3]1]|1150| 94 ||0|1]|0| 200 | 16
0|0 4] 200 |40 |1 (21950 | 7@ ||0]0|0] O 0
11203 1050 98 ||[1{1|1] 750 | 62

We see from this maximum p is 1300 when x =1,y =4,2=0..D

Method 2. Unbounded Knapsack Problem

We may more efficiently find the maximum of 5002+200y+50z given that 36x+16y+10z < 100
and x, y, z are non-negative integers with an Unbounded Knapsack Problem via a python script
as follows

def solve_knapsack():
W = 100
items = [(500, 36, 'x'), (200, 16, 'y'), (50, 10, 'z")]
dp = [(0, O, O, 0)] * (W + 1)
for w in range(W + 1):
for val, weight, label in items:
if w >= weight:
prev_val, px, py, pz = dplw - weight]
new_val = prev_val + val
if new_val > dpl[w][0]:

© o2 ~ [} w S w [ =

=
[=}

11 if label == 'x':
12 dplw] = (new_val, px + 1, py, pz)
13 elif label == 'y':

dplw] = (new_val, px, py + 1, pz)
else:

-
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16 dplw] = (new_val, px, py, pz + 1)

17 max_val = 0

18 best_config = (0, 0, 0, 0)

19 for i in range(W + 1):

20 if dp[i][0] > max_val:

21 max_val = dp[i] [0]

22 best_config = (max_val, dpl[il [1], dp[il[2], dpl[il[3]1)
23 return best_config

24 print(solve_knapsack())

This returns (1300, 1,4,0) which means we have 1 pack of 500 and 4 packs of 200 to get
maximum 1300 . D

16. Where z is side length of regular hexagon, y is width of the strip then = + j—% = 20 and

gr,’—f/—?’g:lOsoG—Zézloandy:%g

_ 20V3\ __ .
Now 6x—6(20—m)—100..D

17. As p+t+ x is unique it matters not if each variable is unique. Hence one example suffices.
Such an example is (p,q,r, s, t,u,v,w,x) = (5,7,6,8,9,3,4,2, 1) and p+t + 2 = 15 . B.

18.
Method 1. Shoelace formula

If we place the square w.l.o.g. with side length 1 in a Cartesian plane such that D = (0,0),
C =(1,0),B=(1,1),A=(0,1) then M = (,1), N = (1,1). If P and Q are respectively the

intersections of DM (on line y = 2z) and DN (on line y = ) with AC (on line y = 1 — z)
then for coordinates of P20 = 1 —x so z = % and y = % and likewise for Q.%SB =1—-x
SO x = % and y = % Hence P = (%, %) and Q = (%, %) By the shoelace formula applied to
polygon DCQNM PA,

21 1 1
_1({j00 10 33 L3 5 1 12 01
Shadedarea—2(|1o\—|— IR F S P e F Y R + 100

=304+3+04+24+0+43+0)
_1_7.C

— 24 . .
Method 2. Pick’s Theorem.




Method 3. Cross Products.

Using coordinates from Method 1 we have

L(|DC x DA| +|DN x DM| — |D@ x DP))

= 5(li x gl + |+ 35) x (Gi+ )| = G+ 35) x (51 + 35)])
S(IFI -+ 13F] — 14D

-l

19. @ = tan~! % soa+b=tan"! % +b=tan"! % and b = tan~! % —tan~!

W=

2_1

Now tanb = —3;3+ = % and so b = tan~!

3
1+4+2x 11

Wl

a—l—b+c:tan*1§—|—c:tan*1§:tanfllsoc:tanfll—tan”%

1-2 _
3. =1 and soc=tan!

—_ 3 1
Now tanc = Tz = :

a+b+c+d=tan'14+d=tan"' =tan'2s0d =tan ' 2 —tan"'1

221 — 1 gnd sod =tan™!

_ 1 _
Now tand = Tiol = 3 s =a

a+b+c—|—d+e:tan_12+e:tan_1%:tan_15 soe=tan !5 —tan~!2

_ 5-2 _ 3 _ 13 _
Now tane = To5a3 = 11 and so e = tan = b

f=tan'l=¢
Soa=d,b=ec=f. A
20. Surface area of original cone is 27(2 + 4) = 127 em? and height /42 — 22 = 2/3 cm. If

the cut is made h cm below the apex the small cone has base radius r then % = %g =+/3 so

r= \% If slant height of small cone is [ then ﬁg = % sol = 3—% and slant height of frustrum

of cone is —3—%@—%(%%—3—%)27%(2%—%)( —\2/—%)+22+(\%)2)
RP=12-0 - 4 12 - p2=9and h=3 " E

21. PS =2 = PT =169 — 22 . 12v/169 — 22 = 2?2 . (3V/169 — 22)* = (22)?
9(169 — 2?) = 42% - 132> =9 x 169 .22 =9 x 13 =117 -. B

22. 2 —-10=502 . E.



23.

(r+y)?=3x4=12 . a=tan™' —W = tan~! —V13279 = tan~! \/Tg

SIE]

8=
x+y:\/E:2\/§sox:2\/§—y:2\/§—2:2(\/§—1),',E.

60z 60—60z __
24. 105 + 35 =1

(MIE

T _ — T
—5=3soy=4dcosz =2

r=2- C

222(14v2) 1442 3-22 _ 3+3/2-2v9-4 .
25. 422(1+V2)+202 ~ 3+2v2 3-2v2 9-8 =vV2-1..A

26. P(2) = 32a + 16b + 8c + 4d 4 2e¢ + f = 11.
If a = —1,max(P(2) : b,c,dye,f € {-1,1}) = =32+ 16+8+4+2+1= -1 < 11 so
a#—1..a=1and 32+ 16b+ 8¢+ 4d +2¢ + f =11 so 16b + 8¢+ 4d + 2¢ + f = —21

Ifb=1min(16 + 8 +4d+2e+ f : ¢, dye, f € {—-1,1}) =16—-8—-4—-2—-1=1> —21 so
b=—1and —16+8c+4d+2e+ f = —21 and 8c+4d + 2¢e+ f = =5

Ife=1min@+4d+2e+ f:de, fe{-1,1})=8—4—-2—-1=1>—-5s0c=—1and
—8+4d+2e+ f=-5sodd+2e+ f=3

Ifd=—-1max(—4+2e+f:e, fe{-1,1})=—-44+2+1=—-1<3 . .d=1land4+2e+f=3
and 2e + f = —1

Ife=1mn2+f:fe{-1,1})=2—-1=1>—-1soe=—land 2+ f=—-1land f=1
Now P(x) =% —at — a3+ 22 —x+1s0 P(4) =4° — 4 — 43 + 42 — 4+ 1 =717

27. One may recreate the diagram in desmos as follows:



(x—yx+y—36]9—[y+x—36p—x]Vv17 |.max
A= |[x —yw v y% ¥ | //\
B L 30 q \
B=[4|[x~18y 18] .max — 16| {2 <4} | v
s )
© o o

Q 9/'

0 10 20 30

Let Sy be the large square with side length p, S be the small square with side length ¢, S5 be
S5 rotated as in the diagram in the question anticlockwise by 6 and have z- and y-intercepts
X (b,0),Y(0,a). Then using Chebyshev distance from centre and rotation matrix we have

where § = tan™' 2,

S1:max(|2x — pl, |2y — p|) = p,
Sy : max(|2x — pl, |2y — p|) = ¢ and

. 2z—p 2y—p 2x—p 2y—p H _
83 - max (‘ —sin@ cosf cosf sin6 ) =49

)

Alsoatb=pa?+b =g a>b=a=LV2EF 3 vy 0

2 ’ 2

XY intersecting S; at P and @ where x = 254,y = P24 respectively by substituting into Ss

2 2 2 2 2 2 2 2
—q P°—q°+pq+q\/2q°—p p*—q“+pq—qr/2q°—p —
WeﬁndP:(p—q >,Q:< K

20 2(p+q) 2(p+q) ’

2 2 2 2 2 2 2 2
. P*—q“+pq+qy/2q*—p — P°—q°+pg—qy/2q*—p — 2(p—
Now white area = 2 ( p ‘1) ( p=q |\ _ (=9

2(p+q) T2 2(p+q) 2

S

M|

: _ _ ; _282(36—28)
With p = 36, ¢ = 28, white area = =35> = 98

28. 1.3¥3. ((10y2 4 (10y2). 1./102 1 102 + 10° = 375

29. For n diagonals we have 3> Z;:é 1] = 8(& t22))!! parallelograms so with n = 9 number of

parallelograms is 18—1!! =990

30. Considering p(z) —x as p(1) —1 = 0 and p(10) — 10 = 0 then z — 1,z — 10|p(z) — = so
p(z) = (z — 1)(x — 10)g(x) + x for a quadratic g(x).

q(x) = k(2? — sz + r) for integers k,s,r and p(n) —n > 0 for all integers n = for large
z,(x —1)(z — 10) > 0 so for large z, g(z) > 0 and so k > 0

p(=3) = k(—4)(—=13)(9+3s+71) —3=52k(9+3s+7r) —3=2025 . k(9+3s+7r) =39
So k€ {1,3,13,39} and r = 3 — 35 — 9 for integers s.

We also have g(z) < 0 for 2 < 2z < 9 and ¢g(z) > 0 for x < 0 or x > 10 and with these
conditions k = 1,s = 10,7 = 0 and so ¢(z) = z(x — 10)

Now p(z) = z(z — 1)(z — 10)* + x so p(3) = 3(2)(—7)* + 3 = 297



