HSC 2023 Mathematics Extension 2 Solutions
by Ty WEBB
1.C2.D3.B4.C.5. A6.B7. A8 D9.D10. B

Reasoning for Multiple Choice in HSC exams is not required however it is instructive
to include them here.

For this reasoning, elimination (eg. it is not A, B nor C' . it is D) followed by validation
(giving reasons for why it is D when D is the correct answer) is provided for each
question.

Efficiency of reasoning: For Q1-9 validation is more efficient. For Q10 elimination is
more efficient.

1. Elimination.

(a+ib)® = a® + 3ia®b — 3ab® — ib®
= (a® — 3ab®) +i(3a®b + b*) — 2ib?
# (a® — 3ab*) + i(3a*b + b) . it is not A

(a+ib)® = a® + 3ia®b — 3ab® — ib®
= (a® + 3ab®) +i(3a*b + b*) — 6ab* — 2ib°
# (a® + 3ab®) +i(3a*b + b*) . it is not B

(a+ib)® = a® + 3ia®b — 3ab® — ib®
= (a® + 3ab®) + i(3a*b — b*) — 6ab>
# (a® + 3ab®) +i(3a*b — b*) . it is not D

It is not A, B nor D hence it is C.

1. Validation

(a+1ib)* = a® + 3ia®b — 3ab® — ib®
= (a® — 3ab*) +i(3a®b — b*)
it is O

2. Elimination
p = an animal is a herbivore, ¢ = it eats meat.

The statement is p = —q



A is p = ¢ which is not the converse .". it is not A
B is =p = ¢ which is not the converse .". it is not B
C is ¢ = —p which is not the converse .". it is not C'
It is not A, B nor C . it is D

2. Validation

D is =q = p which is the converse .-, it is D.

3. Elimination

i _2m

—z=¢.e 5 =€ £z it is not A
—B=eM. e = 147 itisnot O
=20 =2(1)=2+#z. . itisnot D
It is neither A,C nor D . it is B

3. Validation

=5 =% =7 - itis B

4. Elimination.

A is “Whichever number = greater than 1 you pick, it is possible to find a positive
number r such that 12—39” <r’

s it isnot A

B is “It is possible to find a number x greater than 1 such that for whichever positive
number r you pick, 1;1—3”” <r”

it isnot B

D is “It is possible to find a positive number r such that for whichever number x

Inz

greater than 1 you pick, 7 < r”

s it is not D



It is not A, B nor D .. it is C
4. Validation

C is “Whichever positive number r you pick, it is possible to find a number x greater
than 1 such that f—f <r”

sitis C.

5. Elimination

3 -1
lo=|—-10| —p | 3 | and so ¢; and /¢y are parallel and so it is not B nor D
1 1
-1 -1 3
With A=—4, 2 | =4 3 | = | —10| and so (3,—10,1) is on ¢; and so it is not
5 1 1

correct to say they do not intersect, hence it is not C'

It is not B,C nor D . it is A

5. Validation.

(3,—10,1) is on ¢; and they are parallel and so they are the same line. Hence it is A
6. Elimination.

For A, x = 1(cos2t + 1) — sin2¢ = 1(cos 2t — 2sin2t) + 1

& =2cost(—sint) —2cos2t = —sin 2t — 2 cos 2t

i = —2cos 2t+4sin 2t = —4(1(cos 2t —2sin 2t)) = —4(z — ) which is simple harmonic
so it is not A

For C, 2 = 6cos 3t + 12sin 3t

# = —18sin 3t+36 cos 3t = —9(2sin 3t —4 cos 3t) = —9(x—5) which is simple harmonic
and so it is not C'

For D, & = —8sin(2t + ) + 10 cos(2t — §)

&= —16cos(2t + ) —20sin(2t — §) = —4(4 cos(2t + 5) + 5sin(2t — T))) = —4x which
is simple harmonic and hence it is not D.

It isnot A,C not D . it is B



6. Validation
For B, © = 4 cos4t — 8sin 2t
T = —16sin4t — 16 cos 2t and & = —64 cos 4t + 32 sin 2t

If it were simple harmonic we would have # = —n?(x — ¢) for some positive number n

and a real number ¢ in which case Z—i would be the negative constant —n?.

But ¢ = £ — =6dcosdid32sindt )i} i5 not constant and so it is not simple harmonic
dx T 4 cos4t—8sin 2t

in which case the answer is B

To see that it not constant we can substitute values for ¢ and get different results, eg.
di _ dit _
%’t:() = —16 but £|t:,% = 8

7. Elimination

Arg(—i) = Arg(—2i) = —F and so Arg(—i) + Arg(—2i) = —7

But Arg(i - 21) = Arg(—2) =7 # —7 so it is not B

e% = e?™ =1 but 0 # 27 so it is not C

—1—i=+/2e""% and arctan(=1) = T # —3% 5o it is not D

It is not B, C nor D hence it is A

7. Validation

If 0 = arg(x + iy) and = # 0 then tan§ = £ and = + iy = re where r = Va2
Hence it is A.

8. Elimination

For A, shaded region includes 0 but |0 —i| =1 <2 =2|0 — 1| so it is not A
For B, shaded region included 1 but |1 —i| = /2 > 0 = 2|1 — 1| so it is not B
For C, shaded region includes 1 but |1 — 1] = 0 < 2v/2 = 2|1 — 4| so it is not C

It is not A, B nor C' and hence it is D



8. Validation

For D, (z —1)* 4+ y* < 4(2* + (y — 1)?)

st =20+ 14+ y? <42+ 4y -8y +4
S8+ 20+ 3y —8y+3>0
R R TR S R

)P+ y—3)7>3

2v2
3

which is outside a circle with centre (—%, %) and radius which concurs with the
S

shaded region in the question and so it is D.
9. Elimination

r and Proj,v are in the same direction and so r - Proj,v > 0 . r-v > 0 and so it is
not A nor B

Proj,a and v are in opposite directions and so v - Proj,a < 0 .. a-v <0 and so it is
not C'

It is not A, B nor C' hence it is D

9. Validation

As from above we seer-v >0 and a-v <0 and so it is D.
10. Elimination

For A, if @ and b are unit vectors and a¢-b =1 then ¢ = b and then b- ¢ and ¢- a should
be the same but they are 2 and 3 respectively

If @ and ¢ are unit vectors and the angle between them is « then ¢-a = cosa = 3 but
—1<cosa<l1

Likewise if b and ¢ are unit vectors and the angle between them is § then b-¢ = cos § = 2
but —1 <cosf <1

Hence it can’t be A

0-b=0%# 1 hence it can’t be C'



For D, consider a - (ra + sb+tc) = rla|* + sa-b+tc-a =rlal* + s + 3t > 0. Now if
the proposition were true a - (ra + sb+ tc) = a -0 = 0 - contradiction, hence it isn’t
true and it can’t be D

It is not A, C nor D hence it is B
10. Validation
Suppose A = (2,0,0), B = (3,
Then A, B, C lie on the sphere 22 +y? + 22 =4
Check A:224+024+0%2=4
Check B : ()% 4 (¥5)% + 0% = 4 and
Check C': ()% 4 (Y2)? + (28)2 = ¢4
Now checking the dot products

h=2 x%%—OX@%—OxO:l

Ix 34 VI5 5 V15 | g x 28 = 9

o
'
||

a=3x24+YB x4+ 28x0=3

1('3

Hence the answer is B

34++/32_4x1x4 i
1la. z — 3£V3 24><1><4 _ 3:|:;\ﬁ

-1 IX—142x4—-3%x2
11b. cos N LRGN

_ -1 _1 o
=C0ST o 87

1lc. If O = (0,0,0) and the line is r = OA + MB VA € R then

-3 0+3
r= 1 1 +A12-1] = 1
5 3—5

11d. Since ABC'D is a parallelogram A D
Since ABEF is a parallelogram 1@ = ﬁ
" ﬁ = ﬁ Cﬁ = E7 and so CDF'E is a parallelogram.

11le. Period= % = %’T and centre is x = 4



U oy =gt =5 —3=A—3)+B@+1)=(A+B)r+ B34

SA+B=5and B—-34A=-3".A+B— (B

and B = 5 — 2 = 3 whereupon % z+1

> br—3 2702 3

/0 (x—l—l)(x—?)):/o (:ic+1+a:—3> d
= [2In|z 4+ 1|+ 31n|z — 3|2
=2In3+3Inl1— (2In1+31n3)
=—1In3

12a. If /23 € Q then 3 coprime p, q : ’5’ =23 . Z—z =23 .. p? =23¢% ... 23|p* ... 23|p

3A) =4A=5+3=8andso A =2

Hence 3z € Z : p = 23z . (231)? = 23¢* and so 232% = ¢* .. 23|¢® and so 23|q
contradicting coprimality of p, ¢

Hence v/23 is irrational

12b. Va,y € R: 22 + y? # 0 we have

2

(r—y)?=2a" -2y +y
>0
= 2? + 2y +y° <227+ 27
2
(@ +y)°
2 +y?
2
(@ +y)”

<~

From the diagram sin # = % and as F'is in the opposite direction to i,
F = —(mgsin6);

12cii. With acceleration a(t), F' = ma(t) = —mgsin 07 and so we have



a(t) = —gsinbi

t
y(t):/ —gsin@idT
0

. At
= [—¢T sin 6],
= —gtsinfi + 0
= —gtsinb;
12d. Tf 23 = 2 — 2i = /22 2Zeitan" § = 2,/Be= T 27k = 2./2:F Whe 7
(8k—1)

then z = V2e @ = for k=0,+£1
:>z:\/§e_71%, 6121 \/_e s

12ei. Coefficients are all real and so non-real zeros occur as conjugate pairs and since
241is azerosotoois 241 =2 —1.

2=3.

12eii. If remaining zeros are o, f then a+ 8 +2+i+2—i=a+3+4=—3

a+ 8 =—1. Also af(2+1)(2—i) =5af = =2 = —30 and so a8 = —6

f=-1l—asoa(-1-—a)=—-a—-a?*=—6andsoa’+a—6=(a+3)(a—2)=0so
w.lo.g,a=2,0=-3

13a. Let + = =2+ 3sinf. Then dx = 3 cos 6 db, stilrf“”T+2 and 1 —x =3 — 3siné.

Also cos = — (2£2)2 = ¥ode=2® ence

/ 11—z /3 3sind 3cosfdf
\/5—433—1’2 3cosf

:/(3—3sin9)d0

=30+ 3cost + C

2

:381111%4-\/5—437—1324-0
13bi. L (k* — 2k —3) =2k —2 > 0 when k > 1 and so is increasing for £ > 1. Also
K2 =2k —3=(k—3)(k+1)=0=k=—1,3 -k —2k—3>0for k > 3.

13bii. The statement is true for n = 3 since 2> =8 > 7 =32 -2

If the statement is true for n = k then 2¥ > k2 — 2 and so

F (k412 +2=202" -k -2k +1
>2(k* —2) —k* -2k +1
=k*—2k—-3
> (0 for k > 3 from 13bi



and so 281 > (k + 1)? — 2 which means the statement is true for n = k + 1.

Therefore by the principle of mathematical induction the statement is true for all
positive integers n > 3.

40cos30°\ _ (20V/3
13 v(0) = (40sm30°) _( 20 )

13cii. If r(t) = (Zgg) then # = —41 and §j = —10 — 4y
[% = [—4dt - Ini=—4t+Cand t =0= & =20V3 .. C; = In(20V/3).

Now Ini = —4t + In(20v/3) and so & = e~ 4+ n(20V3) — 90,/3e~4

Likewise [ fl—fy = [—4dt -.In(3+y) = —4t+Crand t =0 =y =20 and so Cy = In 2
2

5 - _—4t+In4d __ 45 45 ,—4t
2 ty=e =3

7€ andsoy—

a4t
Hence v(t) = (42_50\—/36_ é)

2 € 2
13ciii. = [20v3e ™ dt = —5v3e™ + C3 and t = 0 = 2 = 0 and so C3 = 5V/3
whereupon = = 5v/3(1 — e~%)

_3
2

Likewise y = [(Le™ - 3)dt = —Le ™ -2+ Cyand t =0 = y = 0 and so

Cy=

2 whereupon y = 2(1 — e™*) — 3t and so

5v3(1 — e 4
r(t) = (@(1 _< e~ ) — )ét)

8 2
13civ. 2(1—e*) =3t =0=1—¢e* =7 and from the graph ¢ ~ 2.25 and so
range ~ x(2.25) = 5\/_( e X225 ~y 8.7m

3 1 2 12
V3. i V2 V2
2 2 2 2

(549

14ai |z +w|? =

2
2 2
3 v6 1 1 2 1
§+§+f

4
4—+6++2
9

D)

14aii. As OACB is a rhombus, OC bisects ZAOB. Hence ZAOC = (3 — %) = %



14aiii.Since diagonals AB and OC of the rhombus bisect each other at right angles,

o %OC’
P97 04
B %|Z + w|
||
1 [4=V6+V2
2 2
18 -2V6+2V2
2 4
_ V8-2/6+22
B 2
14b. If n is the angular frequency then 27” =8r .. .n= i and so the first time they
collide after ¢t = 27 s is such that 4cos £ =4cos =2 = 4sint “ tani =1s0 L =21

Now t = 57 and 4 cos % = —2v/2. Hence they first collide after 57 s at 24/2 m to the
left of the origin.

14ci. If acceleration is a then when going up, Ma = —Mg — kMuv?

s0 a =v% = —g— kv? and so
/0 vdv _i/o 2kv dv —/H—da:
w 9+ k2 2k [, g+kv? )y

1 0

[ﬁ In(g + k‘vz)] . = [—x]gl

1 1 ,
%lng—%ln(g—i-kvo) =—-H+0

1 1
H=—1 2 — —1
S o n(g + kvg) 57 109

_ 1 m (9t kv?
2k g
14cii. When going down, Ma = Mg — kMuv?
dv

soa:vd—:g—kv2andso
X




/”1 vdv 1/”1 —2kvdv /H
—_— = - = dx
o g— kv? 2k Jo g —kv? 0
1 vt
g tnla = k)| = ol
—il( —k )+il H-0
o T MU g I =

1 g 1 g+ kvd
— In =—1In
2k g — kv? 2k g

(9 — kvi)(g + kvg) = 92
g% — gkvi + gkvg — K*vgu} = ¢

g(Uo - 1) = kvovl

15ai. J, = / " sin” 6 df
0

™

= /2 sin@ - sin® ' 0 db

0

= /02 (diG(_ cos@)) -sin""' 0 df

us

= [~ cosfsin™! 0]§ — /2 —cosf - 4 sin"~' 6 df
; df

= /2 (n — 1) cos® @ sin" 26 df
0

jus

=(n—1) /2 (1 —sin? @) sin" 26 df
0

=(n— 1)/ sin"? 6 df — (n—l)/Qsin”HdG
0 0

(

(n 1)Jn 2—(n—1)Jn
Tyt (n—1)Jy = (n—1)Jy_s

=(n— 1)Jn 9

J, ==

Jn for all integers n > 2
n

15aii. I, = fo (1 — )" dx where n is a positive integer and x = sin®

dr = 2sinfcosfdf,1 —x = cos®8, when v = 0,0 = 0 and when v = 1,0 = 5 and now



I, = /2 sin?" 6 cos® 6 - 2sin ) cos O df
0

us

= /2 2sin?" 1 9 cos? 1 6 do
0

1 3
= W/ (2sin @ cos 0)"** - 2.dp
0
1 /7r . ontl
=—— [ sin™" 20d(20)
22n+1 0
1 / "ot
= — sin“""" 6 df
92n+1 [,
L2 o
= sin®**! 0 df by symmetry
0

15aii (alternative solution).

Where B is the Beta function, using the identity fog sin** "' 0 cos® 1 0 d§ = 1 B(a,b)
with a = b =n + 1 we have

I,=B(n+1,n+1)

us

=2 /2 sin?"*t1 @ cos® 1 0 db
0

2 3
= W/ (2sin 6 cos 0)*"** df
0
1 3
= T Sin2n+1 QdQ
220 /o

15aiii. From 15ai and 15aii,

1
[n = 2%1]27%#1
1 (2n+1)—1
S onal J2nt1)-2
1 n
P R
1 n
=l o1 1J2(n—1)+1
1 n
- . L=
22n-1 9p 1 '
= Zmnﬁ]n_l for all integers n > 1
15aiii. (alternative solution) Since B(a,b) = Fr(?a)igs) where B is the Beta function and

[' is the Gamma function and I'(z + 1) = z! for positive integers x we have that for

positive integers a, b, B(a,b) = % and so if a = b=mn+ 1 then



I,=B(n+1n+1)
_ (n!)?
(2n + 1)!
B ((n —1)n)?
 (2n+1)2n(2n — 1)!
_on ((n—1)12
in+2 (2n—1)!
= o Pmn)
T dn+2

15bi. LP = LA+ AD + DD

1 1
——§@+d+§(§—

1
=5(=b+c+d)

15bii. [ABP + |[AC]2 + |[AD + |[BCP + |BD2 + |CD|? — 4(LPP + |MO)? + |NEJ)
= b+ el +1dP+]c—bP+]d— bl +|d—c|* —4(5| —b+c+dP + ; b—c+d* + 1 [b+c—d]?)
= [b* 4 e+ dP + (c=b) - (c=b)+(d—b) - (d=b)+(d—¢)- (d—¢)
—(=b+c+d) - (=b+c+d)—(b—c+d) - (b—c+d)—(b+c—d)-(b+c—d)
=102 + |¢|* + |d|* + 2[b]* + 2|c|* + 2|d|* —2b-¢c—2b-d —2¢c-d
—3|b]2—3|¢[2—3|d]2+2b-c+2b-d—2¢-d+2b-¢c—2b-d+2¢-d—2b-c+2b- d+20 d

— 0 - |AB]2 + |AC]2 + |AD[? + | BC]2 + |BDJ? + |CDJ2 = 4(| LB + | MO + |NB|

I, for all integers n > 1

d)

15bii. (Alternative solution 1)

| The sum of the squares of two pairs of opposite
edges of a tetrahedron is equal to the sum of the
squares of the remaining two opposite edges
increased by four times the square of the bimedian
relative to these last edges.

Altshiller-Court, N. Modern Pure Solid
Geometry. New York: The Macmillan Company
1935, page 56.

As a corollary, the sum of the squares of the edges
of a tetrahedron is equal to four times the sum of
the squares of its bimedians.

Nathan Altshiller-Court



15bii. (Alternative solution 2)

3 k-
" Wb ‘
e
v, oy
A,

Apollonius of Perga
By Apollonius’ Theorem in ABMD,2M@Q? = BM? + DM?* — 2BQ?
in AABC,2BM? = AB? + BC? — 2AM?

and in AADC,2DM?* = AD?*+ CD? —2AM? and as BQ = %BD and AM = %AC’ we

now have

4MQ@Q* = 2BM?* +2DM? — BD?
= AB? + BC? — JAC? + AD? + CD? — £ AC? — BD?
= AB? + BC? + CD? + AD? — AC? — BD?

Likewise 4LP? = AC? + BC? + BD? + AD? — AB?> — CD?
and 4ANR? = AC? +CD? + BD? + AB? — AD? — BC? and adding these we now have

4(LP* + MQ*+ NR?) = AB* + AC* + AD?> + BC? + BD?* + CD?

(modified from The American Mathematical Monthly, Vol. 25 Issue 3, page 122 (1918)
Problem Section, Problem 522)

Note there is a vector method proof of Apollonius’ Theorem in Cambridge Maths
Extension 1 Year 12 Chapter 8 Review Exercise Q14 page 427 and an non-vector proof
in https://en.wikipedia.org/wiki/Apollonius’s_theorem


https://en.wikipedia.org/wiki/Apollonius's_theorem

15bii. (Alternative solution 3)

Alessandro Fonda
This uses a generalisation found in 2013.

First redefine the term bimedian for n points as the segment joining the midpoint of
one segment to the barycentre of the remaining n — 2 points. Then the sum of the
squares of the @ bimedians is equal to ;" times the sum of the squares of all
segments joining the n points.

In the case n = 4, the six bimedians coincide two by two. This explains why, in this
case, we now have one half of the sum of the squares of its edges, instead of one fourth.

Hence |AB|? + |AC|? + [ADP? + | BCP? + | BDJ? + |CD|? = 4(|LP[ + | MG + |NE[?)

Fonda, A., On a Geometrical Formula Involving Medians and Bimedians, Mathematics
Magazine, Vol. 86, No. 5 (December 2013), pp. 351-357

15c. ¢ = V9 —t2cos(mt),y = —v9 —t?sin(nt),z = t with —3 < t < 3 gives the
equation of the curve C

C is on the sphere because

(V9 — t2cos(mt))? + (—V9 — 2 sin(rt))? + 12
= (9 — t?)(cos?(7t) + sin?(rt)) + 2

=9 —t*+ ¢

=32

Which of z,y has +/— and which has

sin / cos determines the shape of C

and the one given affords the one in

this desmos picture which concurs

with the one in the question.




Also angular frequency of 7 gives the correct number of turns.
16ai. w?—1=e*-1=1-1=0=(w—1)1+w+w?)andw #1 .. 1+w+w? =0

16aii. Rotate b — ¢ anticlockwise by ¥ = (b—c)w =c—a
Sbhw—cw—c+a=a+bw—c(l+w)=0
From 16ai, 1 + w = —w? - a + bw — c¢(—w?) =0 .. a + bw + cw® =0

16aiii. Either a+bw+cw? = 0 or a+bw? +cw =0 . (a+bw + cw?)(a+bw? + cw) = 0
From 16ai, w® = 1 and w + w? = —1

o a? + abw? + acw + bwa + b*w? + bew? + cw?a + cbw? + Fw?
=a?+ b+ 4 ab(w + w?) + be(w + w?) + ca(w + w?)
=a?+ b+ +ab(=1) + be(—1) + ca(—1)

=0

s+ b+ =ab+be+ca

16bi. If y = f(z) = v —Inz then f(x) =1—1 =1—2"' = 0 for stationary points
srx=1ly=1and f'(z) =22 so f'(1) =1 > 0. Furthermore f”(z) > 0 Vz > 0.

Hence (1,1) is a global minimum turning point and so for all x > 0, f(z) > 1 >0 .
x> Inz for all z > 0.

16bii. From 16bi, k > Ink Vk € Z* - 3¢ k> Sp  Ink - "2 S 10 [ k = Inn!

2

Hence n? +n > 2Inn! = In((n!)?).
As e” is a strictly monotonically increasing function, e’ > (n!)2

16c. 2,y € R, z,w € C,0 = Arg(2) = —Arg(2), |z| = |lw| = [5| = [¥| =1, <0 <7

E2
w

= B — g4y 2 =g 4 y(cos(—0) + isin(—0)) =z + ycos# — iysin b

z

and so with 3 < Arg(Z1%) < 7, —ysinf > 0 and z + ycosf < 0

So with —1 < cosf < 0 < sinf < 1 we have y < 0 and x < —ycosf < 0 and hence
—wsect <y < 0. Alternatively, since cost = R(Z), —ﬁ <y<0

If m = —sec then m > 1 and the region satisfied by (x,y) with the condition that
5 < Arg(m%) < 7 will be below the line y = 0 and above the line ¢ : y = ma






